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Abstract

Tsokur V.A., Zinoviev Yu.M. N = 2 supergravity models based on the nonsymmetric quater-
nionic manifolds. I. Symmetries and Lagrangians: IHEP Preprint 96-22. — Protvino, 1996. —
p- 20, figs. 2, refs.: 13.

In this paper we consider the N = 2 supergravity models in which the hypermultiplets realize
the nonlinear o-models, corresponding to the nonsymmetric (but homogeneous) quaternionic
manifolds. By exploiting the isometries of appropriate manifolds we give an explicit construction
for the Lagrangians and supertransformation laws in terms of usual hypermultiplets in the form
suitable for the investigation of general properties of such models as well as for the studying of
concrete models.

AuHOTaIMsa

Sunosber FO. M., lokyp B. A. Monmenu N = 2 cynmeprpaBuTaiuu, OCHOBAHHBLIE Ha HECHUM-
METPUYECKNX KBATEPHUOHHBIX MHOTOOOpasusx. . Cummerpunm u arpamxuassl: [IpenpunT

N®BO 96-22. — [IporBuno, 1996. — 20 c., 2 puc., 6ubnuorp.: 13.

B sroir pabore mbr paccmarpuBaem momenu N = 2 cymeprpaBUTaIldN, B KOTOPBIX TUIEP-
MYJIbTUIJIETHL PDEAIN3YIOT HEJIMHENHbIe o-MOOeJin, COOTBETCTBYIOIIINEC HECUMMETPUYICCKUM (HO
O,HHOpO,HHbIM) KBaTECPHNOHHBIM MHOI‘OO6pa3I/I$IM. I/ICHO.]'H)3yH n30METPpUU COOTBETCTBYIOIIINX MHO-
roobpa3mil, MBI JIaeM SIBHOE IIOCTPOEHNUE JIaTrPAHKNAHOB U 3aKOHOB CyIIepIIpeoOpa30BaHUN B TEP-
MUPHAX OOBIYHBIX THIEPMYJIbTUINIETOB B (hopMe yIOOHON Kak IS MCCIIEIOBAHUS OOIIIX CBOWCTB
TaKNX MOHe.]'IeiI, TaK 1 OJId N3YyYEHNS KOHKPETHBIX Mo,ueneﬁ.
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Introduction

Recently an interest to the theories with N = 2 supersymmetry has revived. In the
stringy context the reason was that one could use the same Calabi-Yao manifolds for com-
pactification of heterotic string (obtaining the theory with N = 1 supersymmetry) and
for the type II string thus having N = 2 supersymmetry. The latter leads to the restric-
tions on the geometrical properties of such models like moduli spaces and so on. Another
reason is related with quantum properties of the theories with N = 2 supersymmetry
giving a possibility to study nonperturbative phenomena [1]. From the phenomenological
point of view models with extended supersymmetries do not look promising due to severe
problems arising in any attempts to construct even semirealistic theory. Generally, one
faces three kinds of problems:

e Spontaneous supersymmetry breaking.
Any realistic model should rely on the mechanism of spontaneous supersymmetry
breaking which gives two essentially different scales, in this the cosmological term
must be automatically equal to zero for any values of these parameters. Two scales of
breaking are necessary because the breaking with only one scale (when two gravitini
remain mass degenerate) leaves the theory vectorlike [2,3]. In order to be able to
reproduce at low energies the "standard” N = 1 supersymmetric phenomenology,
such a model should admit, as a particular case, the partial super-Higgs effect then
the N = 1 supersymmetry remains unbroken and the corresponding gravitino —
massless. It turns out that such a breaking is indeed possible [4,5], moreover it
has been shown [6] that there exist three different hidden sectors having desirable
properties. This, in turn, allowed one to consider the spontaneous supersymmetry
breaking in a wide class of N = 2 supergravity models and calculate the soft breaking
terms that arose after the breaking had taken place [7,6].

e Gauge symmetry breaking.
Generally, the scalar field potential in N = 2 gauge theories as well as in N = 2
supergravity models has quite a lot of flat directions giving one a possibility to in-
troduce non-zero vacuum expectation values for the appropriate scalar fields thus



breaking the gauge symmetry spontaneously. However, after the spontaneous su-
persymmetry breaking at least part of these flat directions is lost. For example, one
of the general properties of the mechanism of spontaneous supersymmetry break-
ing described above is that the scalar fields from the vector multiplets unavoidably
acquire masses. Let us stress, however, that analogous problem (the positive mass
square for the Higgs field) appears in the N = 1 theories as well.
e Fermionic mass spectrum.

In the theories with N = 2 supersymmetry this problem turns out to be much more
difficult. First of all, as we have already mentioned, with the unbroken supersym-
metry or even when there is only one breaking scale, the theory is vectorlike and one
has to have spontaneous supersymmetry breaking with two different scales before
trying to lift the mass degeneracy between usual and mirror fermions. But even after
the problem with the supersymmetry breaking has been solved, one has to have an
appropriate set of Yukawa couplings to generate correct fermionic mass spectrum.
As is well known, in N = 2 gauge theories there exists only one type of such cou-
plings, where the scalar fields come from the vector multiplets. In the ”minimal”
coupling of these theories to N = 2 supergravity (based on the quaternionic spaces
that are symmetric ones) the situation remains to be essentially the same — there
are no Yukawa couplings between scalar and spinor fields of the hypermultiplets.

However, there exist quaternionic manifolds that are not symmetric manifolds (but
they are homogeneous ones, which is important for the possibility for such models to
arise in superstrings). For the first time the classification of these spaces has been given
by Alekseevsky [8], later on the properties of these manifolds, especially their symmetry
properties, were studied in a number of papers [9,10,11,12,13]. Two properties will be
very important for us in this work:

e As we will show below, all these models contain as a universal part one of the three
hidden sectors [6] (corresponding to the nonlinear o-model O(4,4)/0(4) ® O(4))
admitting a spontaneous supersymmetry breaking with two arbitrary scales and
without a cosmological term.

e In the most general case (we will denote such models V(p,q), see below) there
exist cubic invariants (due to the fact that part of the hypermultiplets transformed
under the vector representation of group O(p), while others — under the spinor
ones) related to the appropriate y-matrices. This leads to a possibility for Yukawa
couplings to be generated.

The Alekseevsky classification [8] for the quaternionic manifolds is reduced to the
classification of admittable quaternionic algebras with the dimension (always multiple
of four) equal to the dimension of the manifold. This means, that each generator in the
algebra corresponds to the physical scalar field in the hypermultiplets being the coordinate
of the manifold and playing the role of the Goldstone one for this transformation. In the
cases when the quaternionic manifold is symmetric, the isometry algebra turns out to be
larger (e.g. Sp(2,2n), SU(2,n) or O(4,n) for the well known cases). But even in general



cases the isometry algebra of the quaternionic manifold appears to be larger than the
minimal one arising in classification [10]-[13]. This allows one by using the invariance
under these algebras to construct and investigate the appropriate nonlinear o-models.
In particular, we will see that in all cases it is possible to have linearly realized SU(2)
subgroup, corresponding to the natural symmetry of the N = 2 superalgebra.

All generators in the quaternionic algebra (apart from the ones in hidden sector) come
in three types which following Alekseevsky we will denote as X, Y and Z. In this, there
exist two general series of models.! In the first one, that we will denote W (p, q), the X-
type hypermultiplets are absent, while the number p of Y-type hypermultiplets and the
number q of Z-type ones are arbitrary. In the second one denoted as V' (p, q) there exist p
sets of X-type hypermultiplets while the number of Y and Z hypermultiplets are equal to
qd(p), where d(p) — dimension of spinor representation of O(p) group. In the four special
cases (¢ = 1 and p = 1,2, 4, 8) these manifolds turn out to be symmetric with the isometry
algebras being F), Eg, E7 and Eg. Thus, the minimal model that contains all three types
of hypermultiplets is the F; one and we will use this model as our starting point. Namely,
in the following section we will show how one can construct the linear combinations of the
F, generators corresponding to the generators in the Alekseevsky classification. Moreover,
we will explicitly construct the subalgebra of the whole F) algebra which admits natural
generalization to the case of nonsymmetric quaternionic manifolds.

In the next section we consider the W (p, ¢) models for arbitrary p and ¢. As is known
9], in the partial case ¢ = 0 this model coincides with the well known O(4,4+p)/O(4) ®
O(4+ p) one. This allows one to have a very simple realization of this model which could
be easily generalized to the case of arbitrary q.

Later, as a preliminary step to the construction of the general V(p,q) models, we
consider one more partial case — ¢ = 0, i.e. the case when only X-type hypermultiplets
are present. This model also corresponds to the similar O(4,4 + p)/0(4) ® O(4 + p)
model but in different parameterization. Using this fact, we have managed to construct
the realization with the correct isometry algebra (i.e. global symmetry of the bosonic
Lagrangian).

Both models W (p,q) and V(p,0) contain the same hidden sector, corresponding to
the non-linear o-model O(4,4)/0(4) ® O(4) but in the very different parameterizations.
So, to join these models into the general V(p,q) one we have to make a reduction for
both of them in order to bring the hidden sectors to the similar form. Unfortunately, this
enlarges the number of fields in terms of which the model is described and makes all the
formulas rather long. Nevertheless, we have managed to construct an explicit Lagrangian
invariant under the local N = 2 supertransformations and global bosonic transformations,
corresponding to the appropriate quaternionic algebras.

1Really, there exist more models, as it has been shown in [11,12], but in this paper we restrict ourselves
to only two general types of models



1. Fi-model

As we have already mentioned in Introduction, the minimal model that contains all
necessary ingredients for the construction of the quaternionic non-linear o-models we
are interested in is the Fy-model. This model (as well as all other ones) contains a
universal "hidden sector”, based on the O(4,4) group. The latter has the SU(2)* as its

maximal compact subgroup, whose generators we will denote as t;/, t,”, tdf@ and t5°,
correspondingly. Commutation relations for these generators are normalized so that

[t '] = a7t — Sty (1)

and analogously for other ones. Besides, we will use the notation ¢;; = 8jktik = t;; and
so on. In this basis the non-compact generators of the O(4,4) group form a multispinor
Tinaa, satisfying a pseudo-reality condition

(Tiaga)* = T7% = 5”50"65""65&’3Tj/@/@/@. (2)
Commutation relations look like
. . 1 .
[t Thaca] = 0k’ Tinas — 5(5# Thaas plus similar ones for o, &, &
Tioda TPP] = +{t78,°6:°65° +-- ). (3)

Note that in our normalization the plus sign in the last commutator corresponds to the
noncompact group O(4,4), while for the minus sign one would have an O(8) group.

The key elements of the whole construction [8] are the four commuting algebras of the
form [h, g] = 2g. Let us choose

hi = (Thii11 + Thaze), hy = (Th122 + To211),

hs = (Ti2i2 + To121), ha = (Ti221 + Tona). (4)
Then one has
Loy, @, 0, @, 1
g = 5( 19 —+ t12 + t12 -+ t12 ) + §(T1111 - T2222)?
1 1
92 = 5(?5(112) +5 — 1) —#3) + 5 (T2 — Toor),
1 1
g3 = 5(?5(112) — 13 + 119 — t(lé)) + §(T1212 = Tozn), (5)
1 1
g = St =t — )+ 1) + S(Thom — Tonna),

where t(!) stands for tij, ) for tos and so on. Besides the generators given above, algebra
0O(4,4) (as well as all algebras, corresponding to symmetric quaternionic spaces) contains



also four generators g, such that [h, ] = —24, [g, g] = h. They look like

G = %( (112) + t(122) + t(fé) + t(é)) — %(Tnn — Tho99),
b = S+ 18—t~ 18) — 2 (Thuzs — Toon),
b = S8 13 4 — D)~ 2 (Thoro — Tonm), (6)
gs = %(t(112) — t(122) — t(fé) + t(é)) — %(T1221 — Th112).

Let us stress that it is the presence of all or some of the generators g in the algebra that
determines a possibility to "restore” all or some of the four initial SU(2) subgroups.

Now one can combine all other generators of O(4,4) algebra (as well as all other
generators of F}y) into the linear combinations that will be the eihgenvectors for all four
generators h. For example, the 16 remaining generators of O(4,4) form two octets with
hy eihgenvalues +1:

OF = %) + T OF = tsy + Tiony,
OF = té‘? + T Of = t(zé) £ Thiio,
O = tY F Tia Q = £ F Toio, (7)
Q? = t(ﬁ) F Tho12 Qgt = t(ﬁ) T Tha01.

By combining them further into the linear combinations that are eighenvectors for hs, hg
and hy one ends up with sixteen combinations with the eighenvalues 1 (see Appendix).
Figure 1 shows the two-dimensional projection of this four-dimensional diagram.

ho
92

T+:|::|: T+:|::|:

a1 ha, halhs, hy ()1

393,944 93, 94

Fig. 1. Generators of O(4,4).



One can easily get convinced that sixteen generators h, g and Ty form some closed alge-
bra. It is this algebra that determines the corresponding quaternionic manifold. Namely,
for each its generator one has scalar field in the appropriate nonlinear o-model playing
the role of a Goldstone one. As for the remaining generators all of them are present for
the case of symmetric quaternionic manifolds only. As we know [11,12] the generator g, is
present then and only then the manifold is symmetric. But if we exclude this generator,
one immediately see that among eight generators Ti1+ at most four commuting genera-
tors T+ii could present because their commutators with T 4y give g;. Moreover, taking
into account that [gg,TJrii] T_ii one must exclude the g, as well. All this means, in
particular, that from the initial four SU(2) subgroups not more than two could survive
in the cases of interest. Their generators are formed by the linear combinations of g3 4,

g3’4, T+:|::|: and T+:|::|:2

tyy + 15, t3y + 11

la = t%Q - t%Q ) te = t§)2 - t41l2 ) (8)
th + 2 3+ th
11 22 11 22

where a,a = 1,2,3. The remaining six linear combinations together with hj 534 form a
singlet T' = hy + hs and (3, 3) representation:

Tr121 To111 — To122 To112
Too = | Thi21 — Toom hy — hs T2 — Too12 |- (9)
T'901 Ti211 — Th222 T'i212

In turn, the generators g; o and T 14 form two triplets (3,1) and (1, 3):

0F — o 0F —f
To=| a1t+9 |, To=| g1—92 |- (10)
O - OF O — O

In this covariant under two SU(2) groups notations the commutation relations have the
form:

[T.,T;) = 0, [T.,T;) =0, [T., T} = 0,

T, T, = T, [T, Ty] = T, [T, T,a) = 0,

[Toey Ts] = 6apT, [Taa,T] 0451 (11)
[Toas Ty) = €abct 0, + dab€ypet”

From these relations we see that it is just the O(3,3) ® D ® T53, where T35 — six
translations. Let us stress that it is this subalgebra of the whole O(4,4) algebra that
"survives” for all the quaternionic manifilds we are considering. For what follows it
will be useful to note that as a result of O(3,3) ~ SL(4) this algebra is equivalent to
GL(4) ® Ty, where the generators t,, ts, Tos and T form the GL(4) algebra, while six
translations are transformed as skew-symmetric tensor II"™" m,n = 1,2, 3, 4:

[T", T = 0Ty — 0" T,
[Tmn’ Hkl] — 5manl o 5mlan) (12)
[, oM = o.



Now let us turn to the whole group Fy. The noncompact version of this group that we
need contains as a maximal regular (noncompact) subgroup an O(4,5) group formed by
the O(4,4) group described above and by the eight generators (Ajq, Ass). The remaining
sixteen generators are transformed as a spinor representation of this O(4,5) group and
in our basis take the form: (Ajs, Aig, Aaa, Aac). Note, that all these A-generators are
complex ones, satisfying the pseudoreality condition (A;y)* = A = £7e*PA 5 and so on.
All commutation relations for these generators are given in Appendix. In the same way as
for the O(4,4) generators we can construct linear combinations which are eighenvectors
for the hi 2 34. The explicit form of such combinations also given in the Appendix. From
24 generators we get 12 combinations with h; = 0 and 6 combinations with h; = 1 (see

Figure 2) as well as 6 combinations with h; = —1 which we denote as X +, ffi and Z +.
. h4 Y+ h4
X+ 4 L4 X+ R
. Y+ . Z+
. ) i X_ i
7 e // e 7 4 Y_ /-/ Y+
- A h3 * ~ hd hg
Z_' ° Z+ X+
hz ° hz N
. . Y_ . Z_
X_ . X_
Y_

Fig. 2. Generators of F;/O(4,4) with h; = 0 (left) and hy = 1 (right).

Note, the letters X,Y, Z are chosen so that they match the Alekseevsky notations in [§].
As we have seen, the F} algebra has just one set of each type of generators (that is why we
choose it as our starting point). In this, together with the generators hy 234, 912,34 and
T, described before, the generators { X4, X’i, Yy, f’i, Ly, Zi} form the closed algebra
with dimension 28, corresponding to this quaternionic manifold.

In general, the quaternionic algebra can contain different numbers of X,Y, Z genera-
tors, the whole dimensions of the algebras being, of course, multiples of four. As it has
been shown [8,9] there exist two general types of quaternionic manifolds which are not
symmetric ones. In the first one the X type generators are absent, while one can have the
arbitrary number p of the sets (Y, Y:) and the arbitrary number ¢ of the (Zx, Z+). In
the second case we have q sets of X-type generators, while the quaternionic dimensions of
Y’s and Z’s are both equal to the p x d(q), where p is arbitrary and d(q) is the dimension
of the spinor representation of O(q). In the following sections we will give explicit realiza-
tions for such algebras and construct the corresponding N = 2 supersymmetric nonlinear
o-models.



2. W(p,q)—model

Let us first consider the quaternionic algebras, which arise in the absence of the X-
type generators. Under the two ”surviving” SU(2) subgroups the generators (Y, Y:) and
(Z4, Zi), defined previously are transformed as the bispinors Y;, and Z;, (note that in
this section indices i, & correspond to the two new SU(2) groups and do not coincide with
the ones used before). The commutation relations look like:

[Tas, Yial = (69)7(0%)a"Yis,  [Tuar Zia) = —(0%)i (0)a" Zjs,

Yie Yigl = (0%)ijeapTa + €ij(0%)apTe,

Zias Zig) = —(0%)ijapTa + €ij(0")apTh, (13)
[To,Yial = [T, Yial = [Ta; Zia] = [Ta, Zia] = 0,
[T? Y;oz] = Y [T? Zia] = Zion

where 0%, o are Pauli matrices. Under the GL(4) group mentioned at the end of the
previous section we have covariant and contravariant vectors Y™ and Z,,, correspondingly.
Then the algebra takes a very simple form:

[Tmn’ Yk] = _5mkyn’ [Tmn7 Zk] = 5anm7

1
[Ym7 Yn] = Hmn’ [Zm7 Zn] = §8mnklnkl7 (14)
[Hmn’ Yk] = 0, [Hmn’ Zk] =0, [Ym7 Zn] =0.

Now, it is easy to see that there is nothing to prevent us from considering an arbitrary
number of generators Y4, A = 1,2---p and Zy%, A = 1,2---q. The commutation
relations remain the same except that one now can introduce new generators tAB] and
tiAB1 corresponding to O(p) and O(q) groups with evident commutation relations. In this,
the generators that we have excluded are transformed as Y, and Z", correspondingly. It
appears that in the case when, say, ¢ = 0, i.e. the generators of Z-type are absent, we
may include the generators Y, into the algebra (together with the previously excluded
g12 and T_ 4, ) extending the algebra up to the full O(4,4 + p) one. Thus, in the absence
of Z-type generators we have just the well known O(4,4 + p)/O(4) ® O(4 + p) nonlinear
o-model. It allows one to get a very simple description of such a model which turns out
to be convenient for the generalization on the ¢ > 0 case.

The simplest way to describe the required o-model is to introduce the p+ 8 hypermul-
tiplets (B4, Ap?), a =1,2,3,4, A=1,2---p+8, a = 1,2, where ® are the real scalar
fields and A — Majorana spinors, satisfying the following constraints:

O By = 0wy Pt A =0 (15)

In this, the theory has the local O(4) invariance, the corresponding covariant derivatives
being, for example:

D&, = 9,8, — (9,0,8,)8,%,  ®,D,P, =0,
N N 1 —a N
DAY = 9,A" + §(<I>G8M<I>b)a A (16)



In this notations the Lagrangian of the interaction of such hypermultiplets with N = 2
supergravity has the form:

L = [fN:qugra + ['hyper)

 — 1 1-
Ligper = FAY" Dy + 5 D,u0uD 0y = A" D, 207" 0, (17)
Here we introduced four matrices (7,)io and (7,)** such that:
(T9)ia(F*)* + (a 4> b) = 20°°6;7 (18)
in this,
-1 , 1 ,
(6™ = S( @)~ @B, () = LNl — (@ b)) (19

Now let us rewrite this Lagrangian and the supertransformations in terms of inde-
pendent scalar and spinor fields. For that purpose we introduce a kind of light cone
variables:

q)aA = (xam + Eam) xam - Eam7 EamYmA)7 m = 17 27 37 47 A = 17 2 D (20)

Now, by introducing a new field

e — (E—l)amxan o (E—l)anxam (21)
we can solve the constraint for z,™:
1 1 i ;1
2" = (BT 4 L EanY Y 4 S BT (22)

and rewrite all the bosonic expressions in terms of the E,,,, II"™" and Y™4. In this, the
fields E,, realise the nonlinear o-model GL(4)/O(4), while II"™" enter the Lagrangian
through the derivatives 9,II""" only, the translations II"" — II"™" + A™" being the global
syminetry. A

Analogously, we solve the constraint for the spinor fields introducing new fields A4 =
(€™ + Xm, E™ — Xm, A?). This gives

" = —(E™)"" 2" xn + %Y"‘AA A (23)

Here two changes of variables x,, — %Eamxa and A — A+ Y™y, are necessary to have
canonical kinetic terms for spinors.

In terms of these new variables the Lagrangian could be written as:

i 1 1 i 1 o
['hyper = §X7“DMX + 5(‘5:—)2 + §(PM)2 + §A7“DMA + §EmaEna8MY 8MY
1 1-
—5)_(“7“7”(5,,+ + P70V, — §A7“7"Emaa,,ymfaqf“

i N7 - a i oC - ~ab. c
=28 Vs (S + Bp)ar0™Wo + X (S, + Pt

i ca - iy - ~a i ca m
—o X" (S = Buaox” + gAY (S, = Bu)and ™A+ 5X"" Ema0,Y ™A (24)



Here we use the following notations:

1 1 “
(S )ab = §(E_13uE + O EE ap,  (Pu)ab = EmaEnp (9,11 — (Y™ 0, Y"). (25)

In turn, the supertransformations look like:
1 - al
v, = 2D,n— §(SM + P)abo on,
ox* = —i’y“(S:[ + Pu)ab?bn, 0N = =iy B0, YT,

6Ema = (X"EwmTn), Y™ = (A(E~H™me7), (26)
SII™ = (x*(EN™(E), 7)) + (AYm(B=h)rlerey).

This Lagrangian, besides the GL(4) transformations (acting on the "world” indices m,n
only), is invariant under the six translations II""* — II"™" + A™" as well as under the
following transformations:

SYm=¢m, It = ylmenl, (27)

Now it is an easy task to add to this model additional hypermultiplets whose scalar
fields are transformed as Z,4, A = 1,2---¢, under GL(4). All one needs for that is to
complete the Lagrangian with:

A
ALpyper = %W‘DME+ g(E‘l)“m(E‘l)anauzmauzn
1_ .
——E’y“’y”\/Z(E‘l)“m&,Zm%“\Ifu + %E’y (S — P)as™s
42 XY “ANEN™O, Z, 2+ VVA(ETHY™0, 2,58, (28)

where A = det(FE,,,), and the supertransformations with

0y = —’Z’)/“\/_( —1)am8 Zm%a'm
0 = (EV— (B~ ), (29)

= \/_( ™ PIE . 7,7n).

Besides, one has to change the definition for the P, by
1 o 1
(P = Bam BB, = S(Y™ 5, Y™) + 1"™7(2,0,72,)). (30)

Now, besides the bosonic transformations given above, the whole Lagrangian is also in-
variant under:

1
52 =, OT = M, ()

It is an easy task to check that these bosonic transformations have the commutation
relations which coincide with the ones given at the beginnig of this section. Thus the
bosonic part of the Lagrangian constructed is indeed the nonlinear o-model, corresponding
to the quaternionic manifold of the desired form.
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3. V(p,0)—model

As a preliminary step to the full V'(p, ¢)-model, let us consider first one more simple
case — the one without Y and Z multiplets. Under the two ”surviving” SU(2) subgroups
the X generators form two triplets X,, X; and two singlets X and X. In this, the minimal
quaternionic algebra could be extended so that to include the X,, X; and X generators
together with the O(3,3)® D®T; 3 ones, defined earlier. The commutation relations have
the form:

[Tad) Xb] = 5abXd7 [Tam X ] 5
[Xa) Xb] = _5abctc [Xa) X; ] 8abc ) [Xa) X(z] = _Ta(z) (32)
[Xa7Tb] = 5abX7 [Xd7T] = 6 [Xa7X] = Ta7 [Xd7X] = Td-

From these relations one can see that the generators X, and X, together with the t,, ¢,
and T, form the O(3,4) algebra, while the X generators together with the 7, and T
form seven translations 75 4. Moreover, there is nothing to prevent us from considering
the generalization on the case of arbitrary number p of generators X,, X; and X. In
this case the algebra consists of the O(3, p+ 3) group, scale transformations D, and p+ 6
translations. In the absence of the Y, Z multiplets this algebra can be completed up to the
whole O(4, p+4) one. So, we start once more with the usual non-linear o-model O(4, p +
4)/0(4)®O(p+4) described by the real scalar fields ®,4, a = 1,2,3,4, A=0,1,2---p+7,
but this time (in order to preserve linearly realized O(3,3 + p) symmetry) we will solve

the constraint ®;®; = —d,; only partially introducing the following parameterization:
A O ‘ x4 ‘ N
o' = (T rett) (33

where now a = 1,2,3 and A = 1,2,---p + 6. In this notations the constraint takes the
form:

—L;Lb_—l-(LaLb)—i-L;—Lg— = _6ab)
—(0 )+ (X))’ + (¢4)* = -1, (34)
—¢_L; + (LX) + ¢ L = 0.

As usual, we have an O(4) ~ O(3) ® O(3) local invariance, so one can use one of these
O(3) groups in order to set L7 = L. Then the first equation becomes (LyLy) = —0ap,
i.e. just the usual constraint for the O(3,p + 3)/O(3) ® O(p + 3) non-linear o-model!
Two other equations allow one to rewrite all the formulas in terms of L,4, X4 and, say,
= (¢— — ¢+). The bosonic part of the corresponding quaternionic model looks like:
100,92 1

. 1 -
+527((0,X)* +2L0,X)*) + 5D, LD,L, (35)

L
B=957 g T3

where D,, is O(3) covariant derivative. As we see the X scalar fields enter the Lagrangian
through the derivatives only, so the Lagrangian is trivially invariant under the translations
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XA — XA 4+ A4 as well as O(3,p + 3) rotations and scale transformations. By rather
long but strightforward calculations one can check that this Lagrangian is invariant also
under the ”special conformal” transformations of the form:

5 = ®(XA), L4 = (LX)A*— (LA)X4,

1 — -
XA = §cI>—2AA — (XA XA+ %(XX)AA +®*(LA) LA, (36)

which, together with the ones mentioned above, form the full O(4,p + 4) algebra.
Analogously, by solving partially the constraint for the spinor fields and making field

redefinitions to bring the fermionic kinetic terms to the canonical forms, one can express
the fermionic part of the corresponding quaternionic model in terms of the spinors x* and
04 satisfying LAQ™ = 0. The results are:

1-. - o . .

Lr = —§QZV“VV[CI>(8,,X + L(L0, X))o’ + D, L]V,
1 —1 v — j j v VPO, j
—5 X" (@ 10,857 — ®(L7/0,X))V,,; + 12T s (L 9, X) Wy

and

6\Ijui = 2DM7]Z+(I)(LZJ8MX)7]J,

o = —iM[@719,987 — ®(L79,X )]y,
5 = —in"[®(0,X + L(L0,X))67 + D,Ln;, (38)
50 = d(x'n) 0L = (Q(F)iny),

60X = O7Y(Qn) + (X'Lifny)).

4. V(p,q)—model

Thus, both for the Y Z-sector and for the X-sector we have managed to construct
rather simple realizations having essentially the same hidden sector (the O(4,4)/0(4) ®
O(4) model) but in the very different parameterizations. So, to join these models together
we have to reduce them to the forms having identical parameterization. Let us start
with the X-sector. In this case all that we need is to solve the remaining constraints
LoLb = —§% and LQ = 0 exactly in the same way as we have done it for the initial O(4, m)
model above. In this, the fields LA give Ypma, 7™ and X™A, where now A =7,8,...p+3,
a,m = 1,2,3, while X# give I™, 7, and X%, correspondingly. The bosonic Lagrangian
looks like

1 1

1 nyn
£l = 5(8;190)2 + §(S:ab)2 + §(Puab)2 + 462@gan“L,, +

1 1 1
+Z€2@ganMmUMn + 562@(D“X)2 + §gmn8uXm8an7 (39)
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where gmn = Yma¥na, 97" = y™y"*, & = e¥ and we have introduced the following
notations:

Sta = SO £V O], U = Oy,

Lt = 9,0m+ %wanm + %X”DMX - %XWX"UW,

Puab = ma {0, + 5(X™ 3, X") by (40
QY = ymdl £ iym“Uum, DX =0,X + X"U,m.

This Lagrangian, besides the GL(3) group acting on the "world” indices m,n, scale
transformations and trivial translations for the fields {™, 7, and X*, is invariant under
the following global transformations:

1
OX™ = (" 0X = (M, On =X, 6IM = O,
o™t = 2™ o™ = A""mp,. (41)

Analogously, by solving the constraint for the spinor field in terms of (A, Q) one
can find the fermionic part of the Lagrangian:

d

2
1 =1 v j at,_aj

—5X 7" {00007 — 2e°Qut 7} 0,5 —

1-. ; :
— oMy {(S + P +2e°Q1707 10,5 +

a

Ly — %guvw\jm%% D,V,; + % X DX+ D' + %QiDQi —

e i \i . a— (i i
+§(Sy, + Pﬂ)ab(Aa,YMAb) + 226@@# ()\a’)/MX )
— (N ) Y8 X ™ — (V") D, X —
1_- . . .
—§\I/mfy”’y“ {e“"D,,X(SiJ + yma&,XmT“jz} Q, (42)

where D-derivatives for the fermions have the following form:

‘ 1 ‘ ‘
(D,)d = D§6/ + fabc(sﬁ — B)ab(7) 4+ €2Q5 T (17) (43)

% N

Here the derivatives of ¥,; and 7, have the sign and derivatives of x%, \{ and Q™ —

the sign "+".
In this, the total Lagrangian is invariant under the following local N = 2 supertrans-
formations:

0y = 2Dum,  Ox' = —in, {Bupdd — 2e°QuH(r) }
N, = =iy {(SF + Pan(r") + 2¢7Q5767 | m,
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00 = —iy"{e# Dy X0 + yma0u X" (7) |y,
S = (X'm), SYma = Ymb( M (T9)i 1), (44)
1 . . 1
om™" = —(>\’ (T“)ﬂm)[ym“y"b (m < n)] - 5 {X™0X" — (m < n)},
0w = yma[( ( ( a)ijnj)]?
1 B ‘ 1 1 _ 1
oM = —e Py [( m (X ( “n;)] — §7rm"57rn — 56 X () — ZX’”X”(SW”,
OX™ = o™ ( ( )ﬂn]), 06X = e_“"(Qini) — X7,

) +
) -

Note, that in what follows by the hidden sector we will mean the part of this model with
the bosonic fields (¢, Y, 7™, ™, 7,) and the fermionic ones (x*, \®) and the formulae
given above where the fields (X4, X™4 Qi) are set to zero.

Now, let us turn to the Y Z-sector. The bosonic part of the hidden sector consists of
the field E,,,, corresponding to the non-linear o-model GL(4, R)/O(4) and antisymmetric
tensor II"™". In this formulation the theory has local O(4) invariance, so one can use one
of its O(3) subgroup to bring matrix E to block-triangle form. We will use the following
concrete parameterization:

VAe?? 0 0 —2m
E = , II = n mn , 45
( —%\/Ze“"/%mnkﬂ”k ﬁe“"ﬂyma 20" L™k, (45)

where now m,a = 1,2,3, A = det(yma). In this, the hidden sector takes exactly the same
form as in the formulas given above (of course, in the absence of the fields X, X™ and
Q7). Scalar fields of Y and Z multiplets, which are now (Y, Y;,)? and (Z, Z™)4), give the
following contribution to the bosonic Lagrangian:

A
B _ p— mn
c 2A(a Y)? 4 ¢ 2 (DY) (D, Ya)g™ +

DI + (D2 (DuZ g, (46

where

DY, = 0,Yy —emun™0,Y, D, Z™=0,2™,
D.7 = 0,7+ mmn™"0,2". (47)

At the same time our definitions for Uy, and L7} change to:

5 1 n 5 k
Um = Oumm+ (Yn0,Y)— §8mnk(Z 0, Z%), (48)
m m 1 mn 1 mnk & 1 m Ny

The resulting bosonic Lagrangian, besides the usual GL(3, R), scale transformations
and trivial translations for the fields [ and m,,, is invariant under the following global
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transformations:

™ = —2A™ S = A", 8Ym = —mnkA™Y, 07 = e A" Z",
1
Y = &, Ompy =&Y, §Y,, =&, O™ = ng”’fgnyk, 6 = —&nY,  (50)

1 1
0Z = nm, o= Zan, oZm=n", o™= —anZ, 5Tm = Emmen" ZF.

The fermionic Lagrangian, containing the fields of the Y- and Z-multiplets, has the
following form:

A 1 _ o
cr o= %A’DA’ = 3T (V)IN +

A 1 _ .
+%QZDQZ o 56@/2\11;;1")/”’)/“(1/{/1/)1‘]2] _

—%e“"/Q)_(i’y“(Vu)ijAj _ %e@/z)_(i’y“(Wu)ijEj _
— 5 PRA (V) (A + S PN (W) () B (51)

where D, for the A* and X¢ are the same as one for x* and

. 1 . .
(V)i = 50X 6! +VAD Yoy (7)),
. . 1 .
(W) = VAD,Z6? + —=DyZ™Yma(7%)i, (52)

VA

while the supertransformations for the fields of Y and Z hypermultiplets are the following:

Y = VAe#P(Nn), 627 = VAe Py (S () ny),

1 _ .
57 — ﬁe—@/Q(Ezni) _ gmnkﬂ-mnazk) (53)
1 — . .
6Ym — ﬁe_@/zyma (AZ (TG)ZJT]J) + 8mnk7rmn6Y7
5AZ = —'l")/“(vu)ijnﬁ 5EZ = _ZPYM(WM)ZJUJ

Besides, some new terms in the supertransformation laws of the fields =, and ™
appear:

1 1 1
S = Zem™kY §Y. + —Z6Z™ — ZZ™6 7
48 k+4 ) 1 07,
't = YOV — Yiu0Y + i 276 ZF. (54)

Now we are ready to construct a model, containing both the X-sector and the YZ-
sector, described above. The method is, starting from the X-sector, to add Y and Z-
multiplets by the use of the usual Noether procedure, extending Uy, and L} as in formulae
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(48), (49). As a result, all the terms, which are present in the pure YZ-model, appear as
well as some new, ”crossing” terms, containing fermions from both X- and Y,Z-multiplets.
In this, we have to introduce constant matrices I'444, carrying all three kinds of the
indices in order to connect the fields of different multiplets. The bosonic symmetries and
the supersymmetry impose certain constraints on these matrices — they turn out to be
v-matrices for the O(p) group. The calculations are tedious and formidable, but, at least
partly, interesting results can be obtained by means of the symmetry considerations.

All the changes in the bosonic sector of unified XYZ-model as compared with pure
X and YZ-sectors can be rather easily seen by exploring the symmetries of the bosonic
Lagrangian. For example, consider one of the bosonic symmetries of the X-model that
we denoted ¢™ (first line in (41)). The combination D,X# (40) is invariant under this
transformation. But, as it has been shown above, adding Y and Z-multiplets, we have
to "extend” 0,m, to Uy, according to (48). It is easy to check, that the combination
D, X4 with such Uy, is already noninvariant under the ("™ transformations and in order
to restore this symmetry we have to "extend” ”covariant derivative” D, X:

D, X* — D, X"+ §FAAA[(YA O, ZH + (Y2 0, Zm™4)). (55)

In this, the fields Y and Z are transformed under (™-transformations according to the
following formulas:

6ZA — FAAACmAer’ 5zmA — —FAAACmAYA (56)

that leaves "extended” U, (48) invariant.

The requirement of the invariance of D, X under ("-transformations as well as the
requirement of the closure of the corresponding algebra leads to the constraint on the
I'-matrices: L .

[A44ADPBA (A & B) = 2047647, (57)

i. e., just as it should be, they are the ~-matrices for the O(p) group. The commutator of
the two (™-transformations gives a transformation, which is a part of the O(4,4) group
(second line in (41)):

o™t = —2A™" o™ = AN"m,,
oY, = —2A,Y, 07 = 2N, 2™, (58)
where AT ~ [(A¢0A — (m <> n)], A, = e™FA™ and all other fields are inert under this
transformation.
Due to the fact, that, for example, field Z™ transforms nontrivially under the (™-

transformation, the derivative 9,Z™ is noninvariant under it. In order to restore the
invariance we have to "extend” this derivative to

D, 2™ = §,2m4 + T4 X ™A, VA, (59)
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A bit more formidably, but by means of the same considerations, one can obtain the
corresponding expressions, invariant under the (™-transformations, for the ”extended”
derivatives of the Z4 and Y2 fields:

DYy = 0uYy = mu[n™ "7 + S XX (2A) P10, 7P

_SmnanA FAAAauzkA’ (60)
D ZA — 8;LZA + Emnk [anéAB 4 §XmAXnB(EAB)AB]8“ZkB .

— XA YA e, YA —

_ égmnkaAXnBXkC(FABC’)AAauyA’
where 242 = L(DATP — PBL4) and ([48C)44 = L[PAABDBBBLCBA 1 (ABC — cycle)].
The derivative GMYA does not change its form because the field Y4 is inert under ¢m-
transformation.

The total bosonic Lagrangian of the V(p,q)-model is just the sum of the bosonic
Lagrangians (39) and (46), where now

1 1 1
Lp = 0™ + 57" Upn + §X"‘ADMXA — ZX"‘AX”AUW —
—ge" A 0. Y + (27 0, 77 (61)

and all other covariant objects are defined in (40), (48), (55) and (60).
The corresponding fermionic Lagrangian is the sum of the fermionic Lagrangians (42)
and (51) with some additional ”crossing” terms, which have the following form:

ArLF — _ %e@/QFAAAQiA,yu(VM)jiZjA i %e@/QFAAAQiA,yu(WM)jiAjA _
STAARA (62D, XAG, = 0, X" A ypna(7);} 4. (62)

In this, the supertransformations for the fermionic fields are the same as in formulas (44)
and (53) taking into account the changes in the expressions such as D, X, U, and so on.
The supertransformations of the bosonic fields are the following:

1 -, , 1
omm = SNr)Im)" Y™ = (m o )] = S[XMXM = (m 6 n)],

5YA _ \/Ze—gp/Q(]\iAm) SXMA _ ymA(QiA(Ta)ijnj),
5zmA — \/Ze—@/Qyma(iiA(Ta)ijnj) - XmAFAAAayA’
1 o ‘ - .
Y, i = —6_@/2yma(A1A(7—a)iJ7]j) F ey XATAAL G ZRA

VA

+Emnk [anéAB + §XnAXkB(EAB)AB]5YB’

17



. 1 . - .
6ZA — e—(p/Z(EzA,rh) + XmAFAAAéyA .
/A m

— ok [anaAB + §XmAXnB(EAB)AB]5ZkB .
g XTATAAB [k 5B é X"B XK (37BCYBA) sy A

6 = =€ Pymal (i) + (X (7):7m)] + YAGY) = YVl6Y A 4 e 2746247,
5XA = 6_(’0(QiA’f]i) — XmA507Tm —
—%FAAA {vdsz* — z2sv Ay szt — zmAsyitL,

1 i , , 1 1 .
olm = Ze_“"yma[(AZﬁi) — (X"(m")n;)] — =7 0o, — 56_@XmA(Q’Am)

2
—— X" X"om, + — ™Y ASY A+ —ZASZzmA — —ZmAsZA, (63)
4 4 4 4
where 67 = —€ PYmal(Almi) + (X'(7%)/n;)]. As it has already been said, all these

formulas can be obtained by the use of the straightforward Noether procedure.

Conclusion

So, we have constructed the Lagrangian and supertransformations for the two general
types of N = 2 supergravity models, based on the nonsymmetric quaternionic manifolds.
In the following paper we will consider the gauge interactions which are possible in such
models, in-particular, the ones that lead to the spontaneous supersymmetry breaking.
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Appendix 1

Let us first give the explicit expressions for the T4, generators in terms of A* com-
binations determined in Section 1:

RN
| + + | | +
| | | + 4+ +
[ | | R | |

T __ =

Q1+ Qo + Q3+ Qy — Q5 — Qg — Q7 — Qg
Q1+ Qy — Q3 — Qg + Q5 + Qg — Q7 — Qg,
Q1 — Qo + Q3 — Qg + Q5 — Q6 + Q7 — Qg,
O — Dy — Q3 +ws — Qs + Qs + Q7 — Qg
Q1 — Qo — Q3+ Qu + Q5 — Qe — Q7 + g, (64)
Q1 — Qo + Q3 — Qg — Q5 + Qs — Q7 + Qg
Q14+ Qo — Q3 — Qg — Q5 — Qg + Q7 + g,
Q1+ Qo + Q3 + Qy + Q5 + Q6 + Q7 + (g,

where all Q) stand for Q. The expressions for the Tiii are similar to the ones given

above.

Now we give the commutation relations for the F); generators in our multispinor basis.

They look like:

(Mias AP = (£76.% + 67602, [Aaay A%P] = — (82562 + 6.54°), (65)
[Aia; Aja] = €ijAaa, [Aia, Aga] = —€aplia, (66)
[Aia)Adéz] = [AiénAozéz] = [AiénAad] = Tiadéb (67)
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[Tiadd) Ajﬂ] = _ﬁaijaaﬂ]\dén (68)

and a lot of similar ones for other positions of indices.
The following combinations of these generators are the eighenvectors for the hy o3 4:

X+ = Aoz £ Ago21 & Ai200 + A2100,
X+ = Aoz F Aoo21 £ Ar200 — A2100,
Yi = Aoio2 & Ao2o1 £ Aro2o0 + Asono,
Yi = Aowoz F Aozor = Avo20 — Asono, (69)
Zr = MNo120 £ Ao210 = A1oo2 + A2oot,
Zy = Noi20 F Mo21o £ Arooz — A2o01,

where, for example, A1599 stands for A;,, 2 = 1, = 2 as well as another twelve combina-
tions which we denote as Xi, Xi, ffi, ffi, Zi and Zi.
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