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Abstract

Tsokur V. A., Zinoviev Yu. M. N = 2 supergravity models with gauge Kac-Moody groups:
IHEP Preprint 96-32. – Protvino, 1996. – p. 16, tables 1, refs.: 14.

In this paper we consider a class of models for vector and hypermultiplets, interacting with
N = 2 supergravity, with gauge groups being an infinite-dimensional Kac-Moody groups. It

is shown that specific properties of Kac-Moody groups, allowing the introduction of the vector
fields masses without the usual Higgs mechanism, make it possible to break simultaneously both

the supersymmetry and the gauge symmetry. Also, a kind of inverse Higgs mechanism can be
realized, that is, in the considered model there exists a possibility to lower masses of the scalar

fields, which usually acquire huge masses as a result of supersymmetry breaking. That allows
one to use them, for example, as Higgs fields at the second step of the gauge symmetry breaking
in the unified models.
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Introduction

One of the most serious problems, which arises when one deals with the exploration of
the phenomenological supergravity models, is the problem of the simultaneous breaking
of the supersymmetry and the gauge symmetry. Attempts to break the gauge symmetry
by means of the usual Higgs mechanism often fail, because both in N = 1 supergravity
models and in extended supergravity ones all the particles, which could play the role
of the Higgs particles, acquire as a rule masses of the order of supersymmetry breaking
scale. And if in the case of N = 1 supergravity in some models it turns out to be
possible to obtain spontaneous gauge symmetry breaking due to radiative corrections,
for the extended supergravities, where mass scales of the supersymmetry breaking and,
correspondingly, masses of the Higgs particles are essentially larger, it hardly works.

Let us reconsider the possibilities to have spontaneous gauge symmetry breaking. As
is well known, the key element of all models is the gauge invariant description of massive
vector particles, which is possible due to the introduction of the Goldstone scalar field
with inhomogeneous transformation law. For the Abelian vector field the Lagrangian has
a very simple form

L = −1

4
(∂µAν − ∂νAµ)2 +

m2

2
A2µ −mAµ∂µφ+

1

2
(∂µφ)

2 (1)

being invariant under the following gauge transformations: δAµ = ∂µε and δφ = mε.
If one starts from the analogous Lagrangian and gauge transformations in the simplest

case of the non-abelian SU(2) gauge group:

L0 = −1

4
(F aµν)

2 +
m2

2
(Aaµ)

2 −mAaµ∂µφa +
1

2
(∂µφ

a)2

F aµν = ∂µAν − gεabcAbµAcν − (µ↔ ν)

δ0A
a
µ = (∂µδ

ab − gεabcAbµ)εc δ0φ
a = mεa (2)

and try to complete both the interaction Lagrangian and the transformation law of the
field φ, requiring the full Lagrangian to be gauge invariant, one will see that there exist
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two possible scenarios [1]. If we proceed without introducing any other scalar fields we
necessarily will come to the gauge invariant description of massive vector fields where
scalars realize a non-linear σ-model [2].

There is another possibility, leading to the ordinary model of the spontaneous breaking
of SU(2) gauge group through the Higgs mechanism. To obtain the corresponding formu-
las, one has to introduce additional scalar field χ with the transformation law δχ = g

2
φaεa,

which together with the fields φa forms complex SU(2)-dublet, thus avoiding a non-linear
realization.

Therefore, apart from the usual Higgs mechanism, one can exploit the fact, that in the
supergravity theories the scalar fields often realize non-linear σ-models of the form G/H
and the gauging of the isometries in such models necessarily leads to the gauge symmetry
breaking. Indeed there are examples of the supergravity models of such a kind (see e.g.
[3,4] for N = 2 case), but in many N = 1 and in all extended supergravities one deals
with the non-compact groups G, moreover the choice of possible gauge groups is highly
restricted.

So, the generalization to the non-abelian case leads either to the non-linear models,
or to the Higgs mechanism and both of these schemes fail in the extended supergravity
models. But really there exists a third possibility connected with the infinite-dimensional
groups of the Kac-Moody type. Such groups arise in a natural way when one deals
with the compactifications from higher dimensions and also in attempts to obtain an
effective field theory for superstrings (e.g. [5,6]). But in this paper we will not rely on
any geometric interpretation and will just investigate N = 2 supergravity models with
the gauge Kac-Moody groups in the same spirit as in the [7,8,9]. In the next Section
we first of all reproduce the rather well known formulas for the gauge theory based on
the usual affine Kac-Moody groups and consider the introduction of the mass terms for
the appropriate vector fields. All the formulas, of course, are similar to those we will
get if we consider the five-dimensional Yung-Mills theory and then compactify the fifth
dimension on the circle. But we stress that in sharp contrast with the finite dimensional
gauge groups the introduction of the mass terms appears to be as simple matter as in
the abelian case — there is no need in the Higgs fields with any non-trivial potential.
This allows us to construct a generalization of the simplest models we started with which
could mimic the spontaneous gauge symmetry breaking G → H, where for example one
can have G = SU(5) and H = SU(3) ⊗ SU(2) ⊗ U(1).

In Section 2, as a preliminary step to the local N = 2 supersymmetry, we consider
the case of the global one. In this, we choose to work with massive vector multiplets
without central charges. The reason is that in the N = 2 supergravity the central charges
are necessarily gauged (see, e.g., [10]), the gauge fields being graviphotons. But the
graviphotons play a very essential role in the spontaneous supersymmetry breaking, so it
would be hard to have simultaneous breaking of the gauge symmetry and supersymmetry.

In Section 3 we consider an interaction of our globally N = 2 supersymmetric models
with gauge Kac-Moody groups and the N = 2 supergravity and investigate the pos-
sibilities of spontaneous symmetry breaking in such models. The main results of our
investigations are twofold. First, we show that it is indeed possible to have simultaneous
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breaking of gauge as well as supersymmetries and calculate the mass spectrum that ap-
pears after such a breaking have taken place. Second, we will see that a kind of inverse
Higgs effect arises — not only the fields which were massless could gain masses as a result
of supersymmetry breaking, but some of the initially massive fields could become light
or even massless. It is interesting to note that for such a mechanism to be operative the
scale of the gauge symmetry breaking and the one for the supersymmetry breaking have
to be close to each other.

1. Kac-Moody groups and gauge symmetry breaking

The affine Kac-Moody algebra without the central charge has the following commu-
tation relations:

[T am, T
b
n] = fabcT cm+n, (3)

where n,m ∈ Z, T a0 ∈ G for any semisimple Lie algebra G with structural constants fabc,
so 1 < a, b, c < dimG. Let us assume the generators of this algebra to be antihermitian:

(T am)
+ = −T a−m. (4)

Let us consider a gauge field that lies in the algebra (3):

Aµ = Aµ
a
mT

a
−m A+µ = −Aµ (Aµam)∗ = Aµ

a
−m (5)

The associated field strength has the usual form:

Fµν = [∇µ,∇ν], (6)

where ∇µ = ∂µ +Aµ.
Under infinitesimal gauge transformations with parameter ε also lying in algebra (3)

the gauge field Aµ and the field strength Fµν transform as the following:

δAµ = [∇µ, ε] = ∂µε+ [Aµ, ε]
δFµν = [Fµν, ε]. (7)

The Lagrangian, invariant under these transformations, has the form, that coincides
with the case of the finite dimensional gauge group:

L =
1

8
Sp{FµνFµν}, (8)

where Sp{T amT bn} = −2δabδ(m+ n) with the notation δ(m) =
{
0 at m�=0
1 at m=0

.
Now one can rewrite all the formulas, obtained above, in the components:

Fµν = Fµν
a
mT

a
−m ε = εamT

a
−m

Fµν
a
m = ∂µAν

a
m − ∂νAµam + fabcAµ

b
nAν

c
m−n (9)
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δAµ
a
m = ∂µε

a
m + fabcAµ

b
nε
c
m−n

δFµν
a
m = fabcFµν

b
nε
c
m−n (10)

L = −1

4
Fµν

a
mFµν

a
−m. (11)

In order to consider spontaneous symmetry breaking, let us introduce scalar field φ,
lying in algebra (3):

φ = φamT
a
−m φ+ = −φ (φam)

∗ = φa−m (12)

Under the infinitesimal gauge transformations this field transforms according to the usual
rule:

δφ = [φ, ε] (13)

and covariant derivative has the form:

Dµφ = [∇µ, φ] = ∂µφ+ [A, φ]. (14)

In the components all these formulas take the following form:

δφam = fabcφbnε
c
m−n (15)

Dµφ
a
m = ∂µφ

a
m + fabcAµ

b
nφ
c
m−n. (16)

The total Lagrangian, invariant under the gauge transformations (10, 15), is the fol-
lowing:

L = −1

4
Fµν

a
mFµν

a
−m +

1

2
Dµφ

a
mDµφ

a
−m. (17)

Now let us modify the gauge transformation of the field φ. Namely, let us introduce
inhomogeneous term in transformations (15):

δφam = fabcφbnε
c
m−n + iµmεam (18)

Covariant derivative also changes its form:

Dµφ
a
m = ∂µφ

a
m + fabcAµ

b
nφ
c
m−n − iµmAµam (19)

In this, Lagrangian (17) with covariant derivativeDµφ, defined in (19), is invariant under
the gauge transformations (10, 18). Let us stress, that the fact we are working with the
infinite-dimensional algebra is crucial for the possibility to have such a gauge invariance
with inhomogeneous terms. As we have already mentioned for any finite-dimensional
algebra the introduction of these inhomogeneous terms either leads to the non-linear σ-
models or requires the presence of the Higgs fields.

It can be easily seen, that the vector fields Aµ
a
m with m 
= 0 acquire masses, due to

the following mass term (arising as usual from the covariant derivatives in the scalar field
kinetic terms):

LM =
µ2m2

2
Aµ
a
mAµ

a
−m =

µ2m2

2
Aµ
a
m(Aµ

a
m)
∗. (20)
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So, we have spontaneous breaking of the total Kac-Moody group to its subgroup G, in
this, the vector fields acquire masses, proportional to the level number m and to the
symmetry breaking scale µ.

But we are interested in the fields from the lowest level, which we associate with the
observable particles. At this level gauge group G remains unbroken and corresponding
vector fields remain massless. In order to have spontaneous symmetry breaking, under
which some of the vector fields from the lowest level acquire masses, we should generalize
algebra (3).

Let us assume, that groupG has some subgroupH with generators T a, a = 1, ..., dimH,
all the other generators of the group G we denote as T a

′
, a′ = dimH + 1, ..., dimG. Let

the commutation relations of this algebra are such that it admits a Z2-grading, i.e.:

[T a, T b] = fabcT c [T a
′
, T b

′
] = fa

′b′cT c [T a, T b
′
] = fab

′c′T c
′

(21)

For any such algebra it is not difficult to construct an infinite dimensional algebra which
will be the generalization of simplest case described above. Namely, all the Jacoby identi-
ties will hold if one assigns the integer levels to the generators of subgroup H — T am and
half-integer ones to other generators T a

′
m+1/2. Corresponding commutation relations have

the following form:

[T am, T
b
n] = fabcT cm+n [T an , T

b′

m+1/2] = fab
′c′T c

′

m+n+1/2 [T a
′

m+1/2, T
b′

n+1/2] = fa
′b′cT cm+n+1

(22)
For the gauge field

Aµ = Aµ
a
mT

a
−m + Aµ

a′
m+1/2T

a′
−(m+1/2) (23)

lying in algebra (22), expressions for field strength and the gauge transformations in the
components are the following:

Fµν
a
m = ∂µAν

a
m − ∂νAµam + fabcAµ

b
nAν

c
m−n + fab

′c′Aµ
b′
n+1/2Aν

c′
m−(n+1/2)

Fµν
a′
m+1/2 = ∂µAν

a′
m+1/2 − ∂νAµa

′
m+1/2 + fa

′b′c(Aµ
b′
m+1/2−nAν

c
n − [µ↔ ν]) (24)

δAµ
a
m = ∂µε

a
m + fabcAµ

b
nε
c
m−n + fab

′c′Aµ
b′

n+1/2ε
c′

m−(n+1/2)

δAµ
a′
m+1/2 = ∂µε

a′
m+1/2 + fa

′b′c(Aµ
b′
n+1/2ε

c
m−n − Aµcnεb

′
m+1/2−n). (25)

Expressions for the covariant derivative and the gauge transformations of the scalar
field φ, lying in algebra (22), in the components have the following form:

Dµφ
a
m = ∂µφ

a
m + fabcAµ

b
nφ
c
m−n + fab

′c′Aµ
b′
n+1/2φ

c′
m−(n+1/2) + iµmεam (26)

Dµφ
a′

m+1/2 = ∂µφ
a′

m+1/2 + fa
′b′c(Aµ

b′

n+1/2φ
c
m−n − Aµcnφb

′

m+1/2−n) + iµ(m+ 1/2)εa
′

m+1/2

δφam = fabcφbnε
c
m−n + fab

′c′φb
′

n+1/2ε
c′

m−(n+1/2)

δφa
′
m+1/2 = fa

′b′c(φb
′
n+1/2ε

c
m−n − φcnεb

′
m+1/2−n. (27)
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The total Lagrangian, invariant under the gauge transformations (25, 27), is the fol-
lowing:

L = −1

4
Fµν

a
mFµν

a
−m −

1

4
Fµν

a′

m+1/2Fµν
a′

−(m+1/2) +

+
1

2
Dµφ

a
mDµφ

a
−m +

1

2
Dµφ

a′
m+1/2Dµφ

a′
−(m+1/2). (28)

The mass terms for the vector fields take the form:

LM =
µ2m2

2
Aµ
a
mAµ

a
−m +

µ2

2
(m+ 1/2)2Aµ

a′
m+1/2Aµ

a′
m+1/2. (29)

It is seen that from the fields of the lowest level the fields Aµ
a
0, lying in the subgroup

H, remain massless, while the fields Aµ
a′
1/2 acquire masses µ/2. Hence, such a theory

could indeed mimic the spontaneous gauge symmetry breaking G → H, for example,
SU(5) → SU(3) ⊗ SU(2) ⊗ U(1). In this, one would still have usual relations for three
gauge coupling constants.

2. N = 2 supersymmetry model

As a preliminary step to a N = 2 supergravity model let us consider N = 2 super-
symmetry model with the mechanism of the gauge symmetry breaking, described in the
previous section. Here we are not interested in the problem of the supersymmetry break-
ing and are investigating, in which way vector fields acquire masses in a supersymmetric
model with a gauge Kac-Moody group.

There are two ways to describe a massive vector N = 2 supermultiplet [11]. In the first
case the scalar Goldstone boson belongs to another vector multiplet. This case leads to
the so called massive vector multiplets with central charge. As we have already mentioned,
in the N = 2 supergravity the central charge will necessarily be gauged, the gauge field
being graviphoton. As the graviphoton plays a very special role in our mechanism of
spontaneous supersymmetry breaking, we will not consider such multiplets in this paper.

In the second case Goldstone boson belongs to a hypermultiplet and the central charge
does not arise. To describe the corresponding model let us consider some number of the
vector multiplets (AMµ ,Θ

M
i ,ZM = XM + γ5YM ) and hypermultiplets (ΩiM , XM , LaM),

carrying the same index M , where i = 1, 2 and a = 1, 2, 3. The scalar fields XM and "LM

of the hypermultiplet transform as a singlet and a triplet under the SU(2) automorphism
group of the superalgebra. Such a description of the hypermultiplets would enable us to
consider the fields XM as Goldstone ones without breaking the SU(2) invariance.

The N = 2 supersymmetric Lagrangian, before switching on the gauge interactions,
have the following form:

L = −1

4
(Aµ)

2 +
i

2
Θ̄i∂̂Θi +

1

2
∂µZ̄∂µZ +

+
i

2
Ω̄i∂̂Ωi +

1

2
(∂µX)2 +

1

2
(∂µ"L)

2. (30)
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Supertransformations of the fields from both multiplets, under which Lagrangian (30) is
invariant, are the following:

δAµ = i(Θ̄iγµηi) δΘi = −
1

2
(σA)ηi − iεij∂̂Zηj

δX = εij(Θ̄iηj) δY = εij(Θ̄iγ5ηj) (31)

δΩi = −i(∂̂Xδij + ∂̂Li
j)ηi

δX = (Ω̄iηi) δ"L = (Ω̄i"τi
jηj), (32)

where "τi
j are Pauli matrices and the following notation was introduced: Li

j = "L"τi
j.

In order to switch on the gauge interaction in this model, let us assume that all the
fields from the vector and the hypermultiplets transform under adjoint representation
of some group G with the structural constants fMNK . The following substitutions in
Lagrangian (30) make this Lagrangian gauge invariant:

∂µZM → ∂µZM + fMNKANµ ZK (33)

with the analogous expressions for the other fields derivatives. In order to restore the
supersymmetry invariance, one has to add the following terms to the Lagrangian and the
supertransformation laws:

L′ = fMNK
{
−1

2
εij(Θ̄Mi ZNΘKj ) + (ΘMi X

NΩjK) + (Θ̄Mi L
N
j
iΩjK) +

1

2
εij(Ω̄

iMZNΩjK)
}
+

+
1

8
(fMNKZ̄NZK)2 − 1

2
|fMNKXNZK |2 − 1

2
|fMNK"LNZK |2 − 1

2
(∆aM)2 (34)

δ′ΘMi =
1

2
fMNKZ̄NZKηi −∆Mi

jηj

δ′ΩiM = εijfMNKZN(XKδjk + LKj
k)ηk, (35)

where the following notation is used:

∆aM = fMNK(XNLaK − 1

2
εabcLbNLcK) (36)

To demonstrate in this model the mechanism of the gauge symmetry breaking, de-
scribed in the previous section, let us assume that all the fields lie in the Kac-Moody
algebra (3) rather than a finite Lie algebra and divide index M into a pair of indices
{A,m}, where A is an index of adjoint representation of the finite group G and m is an
infinite index of the Kac-Moody algebra. In this, structural constants take the form:

fMNK = fABCδ(m+ n+ k) (37)

and the summing rule has, for example, the following form: ∂µZ̄M∂µZM = ∂µZ̄Am∂µZA−m.
Under the gauge transformations all the fields except the fields XAm transform according
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to formulas (10, 15) of the previous section and transformation laws of the fields XAm have
an inhomogeneous term (the same as in (18)):

δXAm = fABCXBn ε
C
m−n + iµmεAm. (38)

In this, the covariant derivatives of the fields XAm are the following:

DµX
A
m = ∂µX

A
m + fABCAµ

B
nX

C
m−n − iµmAµAm. (39)

In order to restore supersymmetry invariance, broken by the inhomogeneous term in
(39), one has to add to the Lagrangian and the supertransformation laws the following
terms:

L′′ = iµm(Θ̄i
A
mΩ

iA
−m)−

µ2m2

2
Z̄AmZA−m −

µ2m2

2
"LAm
"LA−m −

− i
2
(m− n)fABC(ZAM Z̄Bn + "LAm

"LBn )x
C
−m−n. (40)

In the full correspondence with the non-supersymmetric model of the previous section we
have in the model under consideration a spontaneous breaking of the gauge symmetry.
Due to the supersymmetry of the model, all the fields, both bosonic and fermionic ones,
acquire equal masses. The only exception is the fieldsXAm, which turn out to be Goldstone
ones. The mass terms of the model look like:

LM =
1

2
µ2m2Aµ

A
mAµ

A
−m + iµm(Θ̄i

A
mΩ

iA
−m)−

µ2m2

2
Z̄AmZA−m −

µ2m2

2
"LAm

"LA−m. (41)

The invariance of the model under the supertransformations is intact and all the fields
can be grouped into the massive N = 2 supermultiplets.

Now, it is an easy task to generalize the model considered to the case of the generalized
Kac-Moody algebra (22). In this, a part of the vector fields of the lowest level acquire
masses and the gauge group G are broken to its subgroup H. Both scalar and spinor fields
acquire the same masses as the vector fields because the supersymmetry is unbroken.

3. N = 2 supergravity model

In this section we investigate the supergravity generalization of the supersymmet-
ric model described in the previous section. We choose to work with a model of the
N = 2 supergravity interacting with vector multiplets with the scalar field geometry
SO(2, m)/SO(2) ⊗ SO(m) and with hypermultiplets with the scalar fields geometry
SO(4, m)/SO(4) ⊗ SO(m). As it has been shown in [12], such a combination of scalar
field geometries admits a spontaneous supersymmetry breaking with two arbitrary scales
and without a cosmological term. (Note, that such geometries appear in a natural way
in the investigations of N = 2 D = 4 superstrings). Moreover, the σ-model chosen for
the hypermultiplets is an essential part of the models constructed in [13,14] where the
scalar fields parameterize non-symmetric quaternionic manifolds and, therefore, it allows
interesting generalizations.
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3.1. Vector multiplets

To describe the interaction of vector multiplets with N=2 supergravity, let us introduce
the following fields: graviton eµr, gravitini Ψµi, i = 1, 2, Majorana spinors ρi, scalar fields
ϕ̂, π̂, and (m + 2) vector multiplets {AMµ ,ΘMi ,ZM = XM + γ5YM}, M = 1, 2, ...m+ 2,
gMN = (−−,+...+). It is not difficult to see that the set of spinor and scalar fields is
superfluous (which is necessary for symmetrical description of graviphotons and matter
vector fields). The following set of constraints corresponds to the model with the geometry
SO(2, m)/SO(2) ⊗ SO(m):

Z̄ · Z = −2 Z · Z = 0 Z ·Θi = Z̄ ·Θi = 0. (42)

The number of physical degrees of freedom is correct only when the theory is invariant
under the local O(2) ≈ U(1) transformations, the combination (Z̄∂µZ) playing the role
of a gauge field. Covariant derivatives for scalar fields Z and Z̄ look like

Dµ = ∂µ ±
1

2
(Z̄∂µZ), (43)

where covariant derivative DµZ has the sign ”+” and DµZ̄ has the sign ”-”.
In the given notations the Lagrangian of the interaction looks as follows:

LF =
i

2
εµνρσΨ̄µiγ5γνDρΨσi +

i

2
ρ̄iD̂ρi +

i

2
Θ̄iD̂Θi −

+eϕ̂/
√
2
{
1

4
εijΨ̄µi(Z(Aµν − γ5Ãµν))Ψνj +

1

4
Θ̄iγµ(σA)Ψµi+

+
i

4
√
2
ρ̄iγµ(Z(σA))Ψµi +

εij

8

[
2
√
2ρ̄i(σA)Θj + Θ̄i

M(Z(σA))ΘjM
]}

−1

2
εijΘ̄i

MγµγνDνZMΨµj −
1

2
εijρ̄iγ

µγν(∂νϕ̂+ γ5e
−
√
2ϕ̂∂νπ̂)Ψµj (44)

LB = −1

2
R − 1

4
e
√
2ϕ̂
[
Aµν

2 + 2(Z · Aµν)(Z̄ · Aµν)
]
− π̂

2
√
2
(A · Ã) +

+
1

2
(∂µϕ̂)

2 +
1

2
e−2

√
2ϕ̂(∂µπ̂)

2 +
1

2
DµZADµZ̄A. (45)

Covariant derivatives of the spinor fields have the following form:

Dµηi = DGµ ηi −
1

4
(Z̄∂µZ)ηi +

1

2
√
2
e−
√
2ϕ̂γ5∂µπ̂ηi

Dµρi = DGµ ρi +
1

4
(Z̄∂µZ)ρi +

3

2
√
2
e−
√
2ϕ̂γ5∂µπ̂ρi (46)

DµΘi = DGµΘi −
1

4
(Z̄∂µZ)Θi −

1

2
√
2
e−
√
2ϕ̂γ5∂µπ̂Θi

and derivative of the field Ψµi is the same as for ηi.
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Supertransformation laws look like:

δΘMi = −1

2
eϕ̂/
√
2σµν

{
AM +

1

2
Z̄M (ZA) + 1

2
ZM(Z̄A)

}
µν
ηi − iεijD̂ZMηi

δρi = − 1

2
√
2
eϕ̂/
√
2Z(σA)ηi − iεijγµ(∂µϕ̂+ γ5e

−
√
2ϕ̂∂µπ̂)ηi

δΨµi = 2Dµηi +
i

4
εije

ϕ̂/
√
2Z̄(σA)ηi δπ̂ = e

√
2ϕ̂εij(ρ̄iγ5ηj)

δXA = εij(Θ̄i
Aηj) δYA = εij(Θ̄i

Aγ5ηj) δϕ̂ = εij(ρ̄iηj)

δAAµ = e−ϕ̂/
√
2

{
εij(Ψ̄µiZAηj) + i(Θ̄Ai γµη

i)− i√
2
(ρ̄iγµZAηi)

}
. (47)

3.2. Hypermultiplets

Now, in order to generalize the supersymmetric model of the previous section, we need
a parameterization of the SO(4, m)/SO(m)⊗SO(4) non-linear σ-model where four scalar

fields of the hypermultiplet are divided into the singlet X and the triplet "L. Such a model
has been constructed by the authors in [13]. It contains, apart from the fields of N = 2
supergravity, the following fields: scalar field ϕ, Majorana spinor fields χi and (m + 6)

hypermultiplets (XA, "LA,ΩiA), gAB = (−,−,−,+, ...+), with the following constraints on

the fields "L and Ωi, corresponding to the scalar field geometry SO(3, m + 3)/SO(3) ⊗
SO(m+ 3):

LaALbA = −δab LaAΩiA = 0 (48)

This model is invariant under the local SO(3)-transformations with the combination

Aaµ = εabc(LbA
↔
∂µ L

cA), playing the role of the gauge field. The corresponding covariant

derivatives for the fields "LA, for example, have the following form:

DµL
aA = ∂µL

aA + LbA(LbB∂µL
aB) LaADµL

b
A = 0 (49)

As it has been shown in [13], the scalar fields (ϕ,XA, "LA) parameterize quaternionic
manifold with geometry SO(4, m+ 4)/SO(4) ⊗ SO(m+ 4).

The Lagrangian of the model without the terms, describing the pure N = 2 super-
gravity, has the form:

LB =
1

2
(∂µϕ)

2 +
1

2
e2ϕ((∂µX)2 + 2("L∂µX)2) +

1

2
Dµ"LDµ"L+

+
i

2
χ̄iD̂χi +

i

2
Ω̄iD̂Ωi − 1

2
Ω̄iγµγν [eϕ(∂νX + "L("L∂νX))δi

j +DνLi
j]Ψµj

−1

2
χ̄iγµγν(∂νϕδi

j − eϕ(Lij∂νX))Ψµj +
i

4
eϕεµνρσΨ̄µ

iγ5γν(Li
j∂ρX)Ψσj

+
i

4
eϕχ̄iγ

µ(Li
j∂µX)χj +

i

4
eϕΩ̄iγ

µ(Li
j∂µX)Ωj − ieϕχ̄iγµ∂µXΩi (50)
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and the corresponding supertransformation laws are the following:

δΨµi = 2Dµηi + eϕ(Li
j∂µX)ηj

δχi = −iγµ[∂µϕδij − eϕ(Lij∂µX)]ηj

δΩi = −iγµ[eϕ(∂µX + "L("L∂µX))δi
j +DµLi

j]ηj (51)

δϕ = (χ̄iηi) δX = e−ϕ[(Ω̄iηi) + (χ̄iLi
jηj)] δ"L = (Ω̄i("τ )i

jηj).

If one adds an interaction with the vector multiplets, described in the previous sub-
section, the following additional terms in the Lagrangian arise:

∆L =
i

4
eϕ{(Θ̄iγµLij∂µXΘj) + (ρ̄iγ

µLi
j∂µXρj)} −

− i

4
√
2
e
√
2ϕ̂{(χ̄iγµγ5χi) + (Ω̄iγµγ5Ω

i)}∂µπ̂ −

−1

8
eϕ̂/
√
2{(Ω̄iZ̄(σA)εijΩj) + χ̄iZ̄(σA)εijχj)}. (52)

In this, the whole Lagrangian (44, 45, 50, 52) is invariant under the supertransforma-
tions (47, 51).

3.3. Spontaneous symmetry breaking

The problem, we are interested in, is: if it is possible to break simultaneously super-
symmetry and gauge symmetry in the way, described in the previous Section? Let us first
consider the possibility of the supersymmetry breaking. For this one has to detach the hid-
den sector of the model and investigate its global symmetries. Let us divide the indexM of
the vector multiplets asM = {M̃, A}, M̃ = 1, 2, 3, 4, gM̃Ñ = (−,−,+,+) and the index Â

of the hypermultiplets as Â = {Ã, A}, Ã = 1, ..., 6, gÃB̃ = (−,−,−,+,+,+). The hidden

sector contains the following fields from the vector multiplets: ρi, ϕ̂, π̂ and {AM̃µ ,ΘM̃i ,ZM̃}
and the following fields from the hypermultiplets: ϕ, χi and {XÃ, "LÃ,ΩiÃ}. The scalar
fields from the hypermultiplets, entering the hidden sector, parameterize the quaternionic
manifold SO(4, 4)/SO(4) ⊗ SO(4), in this the fields XÃ enter the Lagrangian through
the divergency only. In [12,14] it has been shown that the gauging of a part of this global
translations leads to the spontaneous supersymmetry breaking with two arbitrary mass
scales and vanishing cosmological constant.

The observable sector of the model contains the vector multiplets (Aµ,Θi,Z)A and the

hypermultiplets (X, "L,Ωi)A. Let us assume, just like it have been made in the previous
section, that the fields from these multiplets lie in the Kac-Moody algebra (3) and divide
index A: A→ {A,m} with m being an infinite index. Then one can switch on the gauge
interaction in the observable sector with all the fields from both types of the multiplets
transforming under the same representation of algebra (3). For example, transformation
laws for the fields Z have the form:

δZAm = fABCZBn εCm−n (53)
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and the same for all other fields, besides the fields XAm, which have unhomogeneous term
in the transformation laws:

δXAm = fABCxBn ε
C
m−n + iµmεAm (54)

The following substitutions into the Lagrangian of the model make it gauge-invariant:

∂µZAm → ∂µZAm + fABCAµ
B
nZCm−n (55)

and similar ones for all the fields except XAm and

∂µX
A
m → ∂µX

A
m + fABCAµ

B
nX

C
m−n − iµmAµAm. (56)

As usual in supergravities, switching on the gauge interaction spoils the invariance
under the supertransformations and in order to restore it one has to add the following
terms to the Lagrangian and to the supertransformation laws:

L′F = e−ϕ̂/
√
2

{
−1

4
Ψ̄µiσ

µνεij∆j
kΨνk +

i

2
√
2
Ψ̄µiγ

µ∆̄i
jρj −

i

2
Ψ̄µiγ

µ∆M̃ji ΘM̃j −

− i
2
Ψ̄µiγ

µ(∆Am)i
jΘj

A
−m −

i

2
eϕΨ̄µiγ

µ{∆̄M̃ji ZM̃ + (∆̄1
A
m)i
jZA−m}εjkχk −

− i
2
eϕΨ̄µiγ

µεij∆̄
ÃΩjÃ +

1√
2
ρ̄jε

jk∆M̃ik ΘM̃k −

− i
2
Ψ̄µiγ

µεij{eϕfABCZ̄Bn XCm−nδkj + fABCZ̄Bn (LCm−n)kj + ieϕµmZ̄Am}ΩjA−m +

+
1√
2
ρ̄jε

jk(∆Am)k
iΘi

A
−m +

1√
2
ρ̄i{∆̄M̃ij ZM̃ + (∆̄1

A
m)i

jZA−m}χj −
2√
2
ρ̄i∆̄

ÃΩiÃ

− 1√
2
ρ̄i{eϕfABCZ̄Bn XCm−nδji + fABCZ̄Bn (LCm−n)ji − ieϕµmZ̄Amδji}Ω

jA
−m −

−1

4
Θ̄Mi ε

i∆j
kΘMk − Θ̄M̃i ∆M̃ij χj − eϕΘ̄A−m{(∆1Am)ji + (∆3

A
m)j

i}χj +

+fABCΘ̄i
A
−m{eϕXBm+nδji + (LBm+n)j

i}ΩjC−n − ieϕµmΘ̄AimΩ
iA
−m −

1

4
χ̄i

¯̃
∆i
jεjkχ

k −

−χ̄iεij∆̄ÃΩjÃ − eϕχ̄iεij{fABCZ̄Bn XCm−n − iµmZ̄Am}Ω
jA
−m + eϕΘ̄M̃i K

M̃ÃΩiÃ −

−1

4
Ω̄iÂ

¯̃
∆i
jεjkΩ

kÂ + fABC{1
2
Ω̄iAmεijZ̄B−m−nΩjCn +

i

4
Ψ̄µiγ

µZBn Z̄C−m−nΘiAm −

−1

2
Θ̄i
A
mε
ijZB−m−nΘjCn +

1

2
√
2
Θ̄i
A
mZB−m−nZ̄Cn εijρj}

}
(57)

L′B = −1

2
e−
√
2ϕ̂
{
"∆M̃ "∆M̃ + "∆Am

"∆A−m + 2e2ϕ|"∆M̃ZM̃ + "∆1
A
mZA−m|2+

+|∆ab2 AmZA−m|2 + e2ϕ|ZM̃KM̃Ã|2 + e2ϕ|fABCZBn XCm−n − iµmZAm|2 +

+|fABCZBn "LCm−n|2 +
1

4
|fABCZBn Z̄Cm−n|2

}
(58)
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δ′Ψµi = e−ϕ̂/
√
2 i

2
γµε

ij∆j
kηk δ′χi = −eϕe−ϕ̂/

√
2εij{∆M̃ jkZM̃ + (∆Am)i

jZA−m}ηk

δ′ρi = −e−ϕ̂/
√
2 1√

2
∆i
jηj δ′ΘM̃i = e−ϕ̂/

√
2{∆M̃ ji +

1

2
ZM̃ ∆̄i

j +
1

2
Z̄M̃∆i

j}ηj

δ′ΩiÃ = εije−ϕ̂/
√
2{ZM̃KM̃Ãδij + LaÃ[∆aM̃ZM̃δij +∆a1

A
nZA−mδij −∆ab2

A
mZA−mτ bij]}ηj

δ′Θi
A
m = e−ϕ̂/

√
2{(∆Am)

j
i +

1

2
ZAm∆̄ij +

1

2
Z̄Am∆ij}ηj +

1

2
e−ϕ̂/

√
2fABCZBn Z̄Cm−nηi

δ′ΩiAm = εije−ϕ̂/
√
2{eϕ[fABCZBn XCm−n − iµmZAm + "LAm(

"∆M̃ZM̃ + "∆1
B
nZB−n)]δjk +

+ [fABCZBn (LCm−n)ij − LaAm∆ab2 τ bjk]}ηk, (59)

where the following notations are used:

∆a = eϕ∆aM̃ZM̃ + eϕ(∆a1)
A
mZA−m −

1

2
εabc(∆bc2 )

A
mZA−m

∆̃a = eϕ∆aM̃ZM̃ + eϕ(∆a1)
A
mZA−m +

1

2
εabc(∆bc2 )

A
mZA−m

"∆M̃ = KM̃Ã"LÃ ("∆1)
A
m = fABCXBn

"LCm−n + iµm"LAm
(∆ab2 )

A
m = fABCLaBnL

bC
m−n. (60)

It is seen that the scalar field potential of the model has the minimum corresponding
to the vanishing vacuum expectation values of the scalar fields from the observable sector,
in this its value is the following:

V0 =
1

2
< {(KM̃Ã"LÃ)2 + |ZM̃KM̃Ã|2 + 2|ZM̃KM̃Ã"LÃ|2} > . (61)

One can choose the following vacuum expectation values for the fields of the hidden
sector, consistent with the constraints on the scalar fields, < ZM̃ >= (1, i, 0, 0) and

< LaÃ >= δaÃ. Also, let us choose the parameters KM̃Ã of the local translations in the
form: KM̃Ã = M1δ

1M̃δ1Ã +M2δ
2M̃δ2Ã. Now it is easy to check that vacuum expectation

value of the scalar potential equals zero, which corresponds to the vanishing cosmological
constant. In this, the gravitini mass matrix takes the form:

M ik = −1

2
εij < ∆j

k >=
1

2

(
M1 +M2 0

0 M1 −M2

)
(62)

and we have spontaneous supersymmetry breaking with two arbitrary mass scales and, in
particular, with the possibility of the partial super-Higgs effect N = 2→ N = 1.

From the bosonic Lagrangian one can obtain, taking into account constraints (42) and

(48) on the fields ZM and "LÂ, the following mass terms for the scalar fields of the model:

LsM = −1

2
M2
1L
1A
mL

1A
−m +M2

2L
2A
mL

2A
−m +M2

1XAmXA−m +M2
2YAmYA−m+

}
+(µm)2["LAm

"LA−m + ZAmZ̄A−m] + 4iµm[M1L
1A
mXA−m +M2L

2A
mYA−m]

}
. (63)
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Corresponding mass terms for the fermionic and vector fields of the observable sector are
the following:

LfM =
1

2
Θ̄i
A
mM

ijΘj
A
−m − iµmΘ̄i

A
mΩ

iA
−m +

1

2
Ω̄iAmMijΩ

jA
−m, (64)

where the mass matricesMij =M ij are the same as in (62) and LvM = 1
2
(µm)2Aµν

A
mAµν

A
−m.

After the diagonalization the mass spectrum of the model is the following (see Table).

Table 1. The mass spectrum in the observable sector

vector fields spinor fields scalar fields

m > 0 µm M1+M2
2

+ µm M1 + µm

|M1+M2
2
− µm| |M1 − µm|

|M1−M2
2

+ µm| M2 + µm

|M1−M2
2
− µm| |M2 − µm|

µm

m = 0 0 M1+M2
2

M1

|M1−M2
2
| M2

0

At the lowest level (m = 0) the vector fields are massless and for each one we have two
massless scalars, two scalars with masses equal to M1 and two ones with M2 as well as
two spinors with masses equal to (M1 + M2)/2 and the same number of spinors with
(M1−M2)/2. In the case of partial super-Higgs effect N = 2→ N = 1 (M1 =M2 =M),
all these fields form massless vector N = 1 supermultiplets and massive (with masses
equal to M) chiral N = 1 supermultiplets, as it should be.

At the level with the level number m for each massive vector field with mass (µm) we
have pairs of scalar fields with masses equal to (M1−µm), (M1+µm), (M2−µm), (M2+
µm) and (µm) and the pairs of spinor fields with masses equal to M1+M2

2
+ µ, M1+M2

2
−µ,

M1−M2
2

+ µ and M1−M2
2
− µ. Again, in the case when N = 2 supersymmetry breaks to

N = 1 (M1 = M2 = M), all these fields form massive vector N = 1 supermultiplets
with masses equal to (µm) and the same number of massive scalar N = 1 multiplets with
masses (M + µm) and (M − µm).

It is not difficult to obtain analogous results for the case of the generalized Kac-
Moody algebra (22). In this case at the lowest level part of the vector fields acquire
masses, while the part of the vector fields, associated with the generators of H subgroup,
remains massless exactly in the same way as it would be when the gauge symmetry breaks
G→ H.
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There is only one mass scale in the model with such mechanism of the gauge symmetry
breaking. Therefore, if one investigates a unified model with a gauge group, such as SU(5),
then the offered scheme can be used only to break the unification gauge group to the gauge
group of the Standard Model, for example, SU(5) → SU(3) ⊗ SU(2) ⊗ U(1). Then one
should again use the Higgs mechanism.

One useful observation can be made from the mass spectrum of the model under
consideration. In the case, when, for example, µ ≈ M1, there is a number of the ”light”
scalar fields in the model with masses equal to (M1 − µ). In the models with a finite
dimensional gauge group all such fields acquire massesM1 and M2 [12,14] which are close
to the mass scale of the supersymmetry breaking N = 2 → N = 1 and there is no way
to lower its values, while in the model considered a kind of inverse Higgs mechanism is
operative and these ”light” particles can play a role in the low energy phenomenology, for
example, as the Higgs fields in the breaking SU(2)⊗ U(1) → U(1)em.

Conclusion

So we have managed to construct a class of N = 2 supergravity models, allowing
simultaneous spontaneous breaking of both the supersymmetry and the gauge symmetry.
The supersymmetry was broken with two arbitrary mass scales and vanishing cosmological
constant. For the gauge symmetry breaking specific properties of the gauge theories
with the infinite dimensional Kac-Moody algebras were used and it was shown that such
a mechanism worked in the case of N = 2 supergravity. It seems to be natural to
use this scheme for the breaking of an unification gauge group, such as SU(5). One
of the interesting results, obtained as a byproduct of the whole construction, is that
after the gauge symmetry breaking some scalar fields, which after the breaking of the
supersymmetry acquire masses, close to the scale of N = 2 supersymmetry breaking, can
be made ”light” and can be used for the breaking of the electro-weak gauge group like
Higgs fields. For this inverse Higgs mechanism to be operative, the mass scale of the
N = 2 → N = 1 supersymmetry breaking have to be close to the scale of unified gauge
symmetry breaking exactly as N = 1→ N = 0 supersymmetry breaking scale is expected
to be close to electro-weak one. Note, at last, that the quaternionic non-linear σ-model
we have chosen for the hypermultiplets allows one to consider the generalization of our
present work to the case of quaternionic models, based on non-symmetric quaternionic
spaces, constructed in [13,14].
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