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In this paper, for massive fields of spins 2 and 3 with non-canonical Lagrangians, we build
Hamiltonians and full systems of constraints and show that the use of derivatives in a redefinition
of fields can give rise to a change of the number of physical degrees of freedom.
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Introduction

At constructing various kinds of field theory models it is often useful to redefine initial
fields for the theory to be of simpler and more understandable form. Such substitutions
of variables must not change physical contents of the model i.e. the number of physical
degrees of freedom must remain the same as before the substitution. In this, of course,
it is meant that a modification of Poincare group representations didn’t happen i.e. for
example, a massive vector field does not turn into three scalar fields. One has often to
perform such type of redefinitions in theories, which describe a physical particle with some
set of fields, see Ref. [1,2]. So, for instance, in [2] when describing massive spin-2 particle
propagation in a homogeneous electromagnetic field the result independent of space-time
dimensionality has been obtained using a redefinition of second rank field.

One can divide all substitutions of variables into two kinds. The first kind are the sub-
stitutions of variables without derivatives i.e. schematically Φ′A =MBAΦB + FBCA ΦBΦC +
. . ., where MBA is non-degenerate matrix. The second kind are substitutions with deriva-
tives i.e. they have form Φ′A = MBAΦB +HBA ∂ΦB + . . . . In this paper using the case of
free massive spin-3 field, we show that the number of physical degrees of freedom of the
theory can change, if one uses derivatives in the redefinition of fields.

To begin with in Section 1 we consider the free massive spin-2 field that is described
with a non-canonical Lagrangian1 derived from the canonical form with the redefinition of
the second rank field. We build a canonical Hamiltonian and a full system of constraints2

(all the constraints are of the first kind). A simple calculation shows that the number of
degrees of freedom remains the same at transition to the non-canonical form.

In Section 2 we are building a full system of constraints and canonical Hamiltonian for
a non-canonical Lagrangian, which describes free massive spin-3 field and which is derived
from the canonical form with the redefinition of fields without derivatives. In this case
all the constraints are of the first kind and the number of degrees of freedom remains the
same as in the canonical case.

1We call a Lagrangian of free massive spin-s field as canonical, if it breaks into the sum of Lagrangians
for massless fields of spins s, s− 1, ..., 0 in the massless limit, see [2].
2Describing systems with constraints, we use standard Dirac procedure, ref. [3,4].
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In Section 3 we consider the field of spin 3 in the non-canonical form that has been
obtained from the canonical one with a redefinition of fields with the use of the derivative.
Building a Hamiltonian and full systems of constraints, we show that in this case the
number of field degrees of freedom increases. In this the constraints of the second kind
are present in a full system.

1. Free Massive Field with spin 2

At first, let us consider the spin-2 field to compare with the case of spin-3 field.
We consider the flat Minkowski spaceM4 with metric signature (1,−1,−1,−1). Latin

indices take the value k, l, ... = 0, 1, 2, 3 and the Greek ones — the value α, β, ... = 1, 2, 3.
For convenience we will not make difference between upper and lower indices, while the
summation over the repeated indices will be understood, as usual, i.e.

Ak...Bk... ≡ g
klAk...Bl....

We will describe the free massive field of spin 2 with the gauge invariant Lagrangian
of type

L0 = ∂mh̄kl∂mhkl − 2∂khkl∂mh̄lm +
(
∂khkl∂lh̄ + h.c.

)
− ∂kh̄∂kh

+ 2
(
∂kh̄kl∂lϕ − ∂lh̄∂lϕ + h.c.

)
− 2

(
∂lb̄k∂lbk − ∂lbk∂kb̄l

)

+ 2m
(
∂lb̄khkl − ∂kb̄kh + h.c.

)
− m2

(
h̄klhkl − h̄h

)
, (1)

where hkl is a symmetrical tensor and h = gklhkl.
The gauge transformations of the fields have the following form:

δhkl = 2∂(kξl),

δbk = ∂kη + mξk, (2)

δϕ = mη .

Lagrangian (1) has been chosen in a non-canonical form (with the off-diagonal kinetic
part) in order that the Goldstone part (proportional to mass) for the field hkl be absent
in the transformations. The transformations for h has the form δhkl = 2∂(kξl) + mgklη,
where gkl is the metrical tensor, in the canonical form with the same normalization of
fields. Therefore, to pass to Lagrangian (1) and transformations (2) one need do the
following substitution of variables h′kl → hkl − gklϕ.

Further on, for convenience, we put m = 1.
Passing from Lagrangian (1) to the Hamiltonian formalism, we get the following five

constraints calculating the momenta

(1)

C
h
α = phα0 − ∂αhββ + 2∂βhαβ + 2∂αϕ + ∂αh00,

(1)

C
h = ph00 − ∂αhα0, (3)

(1)

C
b = pb0 − 2hαα.
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Let us define the Poisson brackets in the following form:

{hαβ (x) , phµν (y)} = δ αβ(µν) (x− y) ,

{hα0 (x) , phβ0 (y)} = δαβ (x− y) ,

{h00 (x) , ph00 (y)} = δ (x− y) ,

{bα (x) , pbβ (y)} = δαβ (x− y) ,

{b0 (x) , pb0 (y)} = δ (x− y) ,

{ϕ (x) , pϕ (y)} = δ (x− y) , (4)

where we use the notation δαβ...µν... (x− y) ≡ δ
α
µδ
β...
ν... δ (x− y).

The Poisson brackets of constraints (3) equal zero between themselves. At that the
Hamiltonian obtained from (1) has the following form:

H0 = p̄hαβp
h
αβ −

1

3
p̄hββp

h
αα +

1

6
p̄hααp

ϕ +
1

6
phααp̄

ϕ +
1

2
p̄bαp

b
α +

1

6
p̄ϕpϕ

+
1

3
∂αhα0p̄

h
ββ +

1

3
∂αh̄α0p

h
ββ + ∂αb̄0p

b
α + ∂αb0p̄

b
α −

1

6
∂αhα0p̄

ϕ

−
1

6
∂αh̄α0p

ϕ + h̄α0p
b
α + hα0p̄

b
α − ∂αh00∂βh̄αβ − ∂βh̄00∂αhαβ

+ ∂βhαα∂βh̄00 + ∂αh00∂αh̄ββ +
2

3
∂αhα0∂βh̄β0 − 2∂βhα0∂βh̄α0

+ ∂γhαβ∂γh̄αβ + ∂βhαα∂γh̄βγ + ∂βh̄γγ∂αhαβ − ∂βhαα∂βh̄γγ (5)

− 2∂γh̄βγ∂αhαβ − 2∂αϕ∂αh̄00 − 2∂αϕ̄∂αh00 + 2∂βhαα∂βϕ̄

+ 2∂βh̄αα∂βϕ− 2∂βϕ̄∂αhαβ − 2∂αh̄αβ∂βϕ+ 2∂βbα∂β b̄α

− 2∂βbα∂αb̄β − 2∂αbαh̄00 − 2∂αb̄αh00 − 2∂βbαh̄αβ − 2∂β b̄αhαβ

+ 2∂αbαh̄ββ + 2∂αb̄αhββ + 4∂αb̄0hα0 + 4∂αb0h̄α0 + h̄αβhαβ

+ h̄00hαα + h̄ααh00 − h̄ββhαα ,

where γαβ = −gαβ and Aαα... ≡ γαβAαβ....
In order that the Hamiltonian equations be equivalent to the Lagrangian ones fol-

lowed from (1), one has to add the first step constraints to the Hamiltonian, but since
the constraints commute between themselves one needn’t add it to Hamiltonian for the
calculation of second step constraints.

At the second stage we get 5 second step constraints, calculating the evolution of first
step ones

(2)

C
h
α = 2∂βp

h
αβ − p

b
α − 2∆hα0 − 4∂αb0

(2)

C
h = − ∆hαα + ∂αβhαβ + 2∆ϕ − 2∂αbα + hαα (6)

(2)

C
b = ∂αp

b
α − p

ϕ + 2∂αhα0 .
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The Poisson brackets equal zero among the second step constraints and between them
and the first step ones.

The brackets between constraints (6) and Hamiltonian (5) equal either zero or linear
combinations of second step constraints. That is, new constraints do not appear at the
third stage. Hence (3) and (6) form the full system of constraints for this theory. In this,
all the constraints are the first kind ones.

It is easy to compute that the number of degrees of freedom equals five in this case.
This agrees with the formula 2s+ 1 for a massive particle of arbitrary spin s.

2. Free massive field of spin 3: substitution of variables without
derivatives

As in the previous Section we will describe a free massive complex field of spin 3 with
the gauge invariant Lagrangian in the non-canonical form

L0 = − 10∂nΦ̄klm∂nΦklm + 30∂kΦklm∂nΦ̄lmn − 30
(
∂kΦklm∂mΦ̄l + h.c.

)

+ 30∂lΦk∂lΦ̄k + 15∂lΦ̄l∂kΦk − 6
(
2∂kΦklm∂mb̄l − 2∂lΦk∂lb̄k

− ∂lΦ̄l∂kbk + h.c.
)
+

36

5
∂lbk∂kb̄l + 30∂mh̄kl∂mhkl − 60∂khkl∂mh̄lm (7)

+ 30
(
∂lh̄∂khkl + h.c.

)
− 30∂kh∂kh̄+ 5(∂lϕ̄∂khkl − ∂kh∂kϕ̄+ h.c.)

−
1

4
∂kϕ̄∂kϕ− 15

(
2∂mh̄klΦklm − 4∂kh̄klΦl + ∂kh̄Φk + h.c.

)

−
5

2
(∂kϕ̄Φk + h.c.)− 18

(
∂kb̄kh+ h.c.

)
+ 5
(
2Φ̄klmΦklm

− 6Φ̄kΦk + 9h̄h
)
, (8)

where Φklm is the symmetric tensor and Φk
def
= glmΦklm.

The transformations of the fields for this Lagrangian have the following form:

δΦklm = 3∂(kωlm) −
3
5
g(kl∂m)η,

δhkl = 2∂(kξl) + ωkl,
δbk = 2∂kη + 5ξk,
δϕ = 12η,

(9)

at that gklωkl = 0.
The transformations of rank 2 and 3 fields have the form of type δΦ = ∂ω + g ξ and

δh = ∂ξ + ω + g η. It is evident that transformations (9) looks simpler, moreover the
Goldstone part for the field Φklm is absent in the transformations. This facilitate an
analysis of the theory at switching on interaction. The transition from the canonical form
to Lagrangian (7) and transformations (9) has been reached with the fields redefinitions
of type

Φ′ → Φ− g b,
h′ → h− g ϕ .

(10)
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In order to show that the number of degrees of freedom remains the same we will compute
the constraint algebra of theory (7).

Calculating the canonically conjugated momenta we obtain 14 first step constraints

(1)

C
b =

6

5
pΦ000 − p

b
0 − 12∂δΦγγδ + 24∂γΦγ00 +

36

5
∂γbγ,

(1)

C
h = − ph00 − 45Φγγ0 + 15Φ000 + 30∂γhγ0 + 18b0,

(1)

C
h
α = − phα0 + 60Φαγγ − 60∂γhαγ + 30∂αhγγ − 30∂αh00 − 5∂αϕ, (11)

(1)

C
Φ
α = − pΦα00 + 30∂γΦαγ0 − 30∂αΦγγ0 + 30∂αΦ000 + 12∂αb0,

(1)

C
Φ
αβ = − pΦαβ0 − 3γαβp

Φ
000 − 30∂γΦαβγ + 30∂(αΦβ)γγ − 30∂(αΦβ)00

+ 30γαβ∂δΦγγδ − 60γαβ∂γΦγ00 − 12∂(αbβ) − 12γαβ∂γbγ .

Let us update Poisson brackets (4)

{Φαβγ (x) , pΦλµν (y)} = δ αβγ(λµν) (x− y) ,

{Φαβ0 (x) , pΦµν0 (y)} = δ αβ(µν) (x− y) ,

{Φα00 (x) , pΦβ00 (y)} = δαβ (x− y) ,

{Φ000 (x) , pΦ000 (y)} = δ (x− y) . (12)

The Poisson brackets of all the first step constraints equal zero among themselves.
Now we need to compute the canonical Hamiltonian. The result is rather cumbersome

even for free field, therefore, we place the concrete expression for the Hamiltonian in
Appendix 1.

From the condition of conservation of the first step constraints, we get the second step
constraints

(2)

C
b = − ∂γp

b
γ − 0.1phγγ − 5.4b0 + 6pϕ − 24∂2Φγγ0 + 12∂2γδΦγδ0

+ 12∂2Φ000 + 7.2∂2b0 − 33∂γhγ0 + 13.5Φγγ0 − 4.5Φ000,

(2)

C
h = 3pΦ000 − 30∂2hγγ + 30∂2γδhγδ + 5∂2ϕ− 60∂δΦγγδ + 90∂γΦγ00

+ 45hγγ − 45h00,

(2)

C
h
α = − 2∂γp

h
αγ + 5pbα + 60∂2hα0 − 60∂γΦαγ0 + 30∂αΦγγ0

− 30∂αΦ000, (13)

(2)

C
Φ
α = 3∂αp

Φ
000 − 30∂2Φαγγ + 30∂2γδΦαγδ − 60∂2αδΦγγδ + 90∂2αγΦγ00
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+ 12∂2bα + 24∂2αγbγ + 30Φαγγ − 60∂γhαγ + 15∂αhγγ

− 45∂αh00 −
5

2
∂αϕ,

(2)

C
Φ
αβ = − 3∂γp

Φ
αβγ + p

h
αβ + 30∂2Φαβ0 − 30∂2αβΦ000 + 30∂2αβΦγγ0

− 30γαβ∂
2
γδΦγδ0 − 30γαβ∂

2Φ000 + 60γαβ∂
2Φγγ0 − 12∂2αβb0

− 24γαβ∂
2b0 + 60∂(αhβ)0 + 90γαβ∂γhγ0 − 45γαβΦγγ0

+ 15γαβΦ000 + 18γαβb0 .

The second step constraints have zero brackets among themselves and between them
and the first step ones. New constraints do not appear at the third stage. Hence (11)
and (13) constitute the full system of constraints. In this, all the constraints are of the
first kind.

It is easy to compute the number of independent field degrees of freedom. The number
of all field components equals 35 and number of the constraints 28, therefore, the number
of independent degrees of freedom equals 35− 28 = 7. Thus passing to the non-canonical
form (7) with the substitution of variables (10), the number of degrees of freedom has not
changed.

3. Massive spin-3 field: substitution with derivatives

When looking at transformations (9) a desire arises to simplify the ones making a
third rank field shift of type

Φ′ → Φ+ g∂ϕ (14)

so that the transformations for Φ remain only of type ∂ω. Besides, simplicity of the
transformations gives us another advantage. Since the metrical tensor is absent in the
transformations after such shift, the Lagrangian does not depend on the space-time di-
mensionality.

However the Lagrangian becomes the third degree one in derivatives. The question
emerges whether the number of physical degrees of freedom changes at that.

Let us show that the number of degrees of freedom increases by one at the redefinitions
of type (14).

In order to reduce the number of derivatives in the Lagrangian we introduce an aux-
iliary field vk. In this, the Lagrangian acquire the following form

L0 = (2∂mΦklm∂lv̄k − 2∂lΦk∂lv̄k + 2∂lΦk∂kv̄l − 3∂lΦl∂mv̄m + h.c.)

− 10∂nΦklm∂nΦ̄klm + 30∂nΦkln∂mΦ̄klm − 30
(
∂nΦkmn∂mΦ̄k + h.c.

)

+ 30∂mΦk∂mΦ̄k + 15∂mΦm∂kΦ̄k − 6
(
2∂mΦklm∂lb̄k − 2∂mbl∂mΦ̄l

6



− ∂mbm∂lΦ̄l + h.c.
)
+ 30∂mhkl∂mh̄kl − 60∂mhkm∂lh̄kl

+ 30
(
∂mhlm∂lh̄+ h.c.

)
− 30∂lh∂lh̄− 15

(
2∂mhklΦ̄klm

− 4∂mhkmΦ̄k + ∂khΦ̄k + h.c.
)
+
(
λ̄k (∂kϕ− vk) + h.c.

)

+ 10ΦklmΦ̄klm − 30ΦkΦ̄k . (15)

Correspondingly, gauge transformations (9) after shift (14) and entering the auxiliary field
have the following form:

δΦklm = 3∂(kωlm),
δhkl = 2∂(kξl) + ωkl,
δbk = 2∂kη + 5ξk,
δvk = 12∂kη,
δϕ = 12η .

(16)

Passing to the Hamiltonian form of theory (15), we obtain the following constraints
at this stage

(1)

C
λ = pλ0 ,

(1)

C
λ
α = pλα,

(1)

C
ϕ = pϕ − λ0 ,

(1)

C
v = −

1

6
pb0 − p

v
0 − 2∂δΦγγδ + 2∂γΦγ00,

(1)

C
v
α = −

1

6
pbα − p

v
α + 2∂αΦγγ0 − 2∂αΦ000,

(1)

C
h = − ph00 − 45Φγγ0 + 15Φ000 + 30∂γhγ0,

(1)

C
h
α = − phα0 + 60Φαγγ − 60∂γhαγ + 30∂αhγγ − 30∂αh00,

(1)

C
Φ
α = − pΦα00 + 30∂γΦαγ0 − 30∂αΦγγ0,

(1)

C
Φ
αβ = − pΦαβ0 − 3pΦ000γαβ − 30∂γΦαβγ − 30∂(αΦβ)00 + 30∂(αΦβ)γγ

+ 30∂δΦγγδγαβ − 60∂γΦγ00γαβ − 12∂(αbβ) − 12∂γbγγαβ

+ 2∂(αvβ) + 6∂γvγγαβ . (17)

Since unlike (7) the additional variables, namely, the auxiliary field vk and the La-
grange multiplier λk arise in Lagrangian (15), therefore, one has to update the Poisson
brackets

{v0 (x) , p
v
0 (y)} = δ (x− y) ,

{vα (x) , p
v
β (y)} = δαβ (x− y) ,

{λ0 (x) , p
λ
0 (y)} = δ (x− y) ,

{λα (x) , p
λ
β (y)} = δαβ (x− y) . (18)
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There are only two the non-trivial brackets among the first step constraints

{
(1)

C
λ (x) ,

(1)

C
v (y)} = δ (x− y) , (19)

hence, besides first kind constraints, the second kind ones emerge in the theory.
Canonical Hamiltonian obtained in this case is placed in Appendix 2.
From the condition of the first step constraint conservation, we obtain the second step

constraints

(1)

Λλ0 = ∂αλα,
(1)

Λ
ϕ = v0,

(2)

C
λ
α = − ∂αϕ + vα,

(2)

C
v = λ0,

(2)

C
v
α = λα,

(2)

C
h =

5

2
pb0 − 30∂2hγγ + 30∂2γδhγδ − 30∂δΦγγδ + 30∂γΦγ00,

(2)

C
h
α = − 2∂γp

h
αγ + 5pbα + 60∂2hα0 − 60∂γΦαγ0 + 30∂αΦγγ0

− 30∂αΦ000,
(2)

C
Φ
α = + 3∂αp

Φ
000 − 30∂2Φαγγ + 30∂2γδΦαγδ − 60∂2αδΦγγδ + 90∂2αγΦγ00

+ 12∂2bα + 24∂2αγbγ − 2∂2vα − 10∂2αγvγ + 30Φαγγ

− 60∂γhαγ + 15∂αhγγ − 45∂αh00,
(2)

C
Φ
αβ = − 3∂γp

Φ
αβγ + phαβ + 30∂2Φαβ0 − 30∂2αβΦ000 + 30∂2αβΦγγ0

+ 60γαβ∂
2Φγγ0 − 30γαβ∂

2Φ000 − 30γαβ∂
2
γδΦγδ0 − 12∂2αβb0

− 24γαβ∂
2b0 + 6∂2αβv0 + 6γαβ∂

2v0 + 60∂(αhβ)0

+ 90γαβ∂γhγ0 + 15γαβΦ000 − 45γαβΦγγ0 . (20)

The first and second step constraints besides (19) have the following non-trivial Poisson
brackets

{
(1)

C
λ (x) ,

(2)

C
v (y)} = δ (x− y) ,

{
(1)

C
ϕ (x)

(2)

C
λ
α (y)} = ∂yαδ (x− y) ,

{
(1)

C
v
α (x)

(2)

C
λ
β (y)} = δαβ (x− y) ,

{
(1)

C
λ
α (x)

(2)

C
v
β (y)} = − δαβ (x− y) . (21)

where ∂yα =
∂
∂yα

.
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At the third stage new constraints do not emerge, but the partial determination of
the Lagrange multipliers happens

Λvα = − ∂αv0, Λ
λ
α = 0.

Thus, we have 15 ”non-commutative” constraints. These are the first step

constraints
(1)

C ϕ,
(1)

C α,
(1)

C λα,
(1)

C vα and the second step ones
(2)

C λα,
(2)

C ϕ
(2)

C ϕα. Among these con-
straints there is a linear combination, that has zero brackets with all other constraints,
i.e., it is the first kind constraint

(1)

C
c + ∂α

(1)

C
v
α+

(2)

C
v,

thus, among 15 ”non-commutative” constraints, there are only 14 second kind ones.
Having computed the constraint algebra, let us calculate the number of degrees of

freedom. The number of all field components in theory (15) equals 20+10+4+1+4+4 =
43. In this, there are 22 first and 20 second step constraints. Among them, there are
28 first and 14 second kind constraints. Hence the number of degrees of freedom for this
theory equals 43− 28− 14

2
= 8 and not 7 as for the theory describing the massive particle

of spin 3.
Thus, one can conclude that the presence of derivatives in field redefinitions, as in (14)

for example, can result in the change of the number of degrees of freedom in the theory.

Conclusion

Thus, in this paper we built the canonical Hamiltonians and full systems of constraints
for the free massive fields of spin 2 and 3. We have shown that at substitutions of variables
with use of derivatives the number of physical degrees of freedom in theory will be able
to change. Of course it is not mean that such changes always happen. It implies that the
use derivatives in substitutions of variables requires more careful examination.
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Appendix 1

The canonical Hamiltonian for the Lagrangian (7) has the following form:

H =
1

5
p̄Φ000p

Φ
000 +

1

10
p̄Φαβγp

Φ
αβγ −

3

50
p̄Φβγγp

Φ
ααβ +

1

20
p̄Φααβp

b
β +

1

20
p̄bβp

Φ
ααβ (22)

+
1

30
p̄hαβp

h
αβ −

7

720
p̄hββp

h
αα +

1

12
p̄hααp

ϕ +
1

12
phααp̄

ϕ +
1

6
p̄bαp

b
α + p̄

ϕpϕ

− 3∂βΦααβp̄
Φ
000 − 3∂βΦ̄ααβp

Φ
000 + 3∂αΦα00p̄

Φ
000 + 3∂αΦ̄α00p

Φ
000

+
3

5
∂αΦαβ0p̄

Φ
βγγ +

3

5
∂αΦ̄αβ0p

Φ
βγγ +

6

5
∂αbαp̄

Φ
000 +

6

5
∂αb̄αp

Φ
000

+
9

25
∂αb0p̄

Φ
αββ +

9

25
∂αb̄0p

Φ
αββ +

7

24
∂αhα0p̄

h
ββ +

7

24
∂αh̄α0p

h
ββ

−
1

2
∂αΦαβ0p̄

b
β −

1

2
∂αΦ̄αβ0p

b
β +

6

5
∂αb0p̄

b
α +

6

5
∂αb̄0p

b
α −

5

2
∂αhα0p̄

ϕ

−
5

2
∂αh̄α0p

ϕ +
7

48
Φ̄000p

h
αα +

7

48
Φ000p̄

h
αα + Φ̄αβ0p

h
αβ +Φαβ0p̄

h
αβ

−
7

16
Φ̄αα0p

h
ββ −

7

16
Φαα0p̄

h
ββ +

3

40
b̄0p
h
αα +

3

40
b0p̄
h
αα −

5

4
Φ̄000p

ϕ

−
5

4
Φ000p̄

ϕ +
15

4
Φ̄αα0p

ϕ +
15

4
Φαα0p̄

ϕ +
9

2
b̄0p
ϕ +

9

2
b0p̄
ϕ

+ 30∂βΦααβ∂δΦ̄γγδ − 30∂βΦααβ∂γΦ̄γ00 − 12∂βΦααβ∂γ b̄γ

+ 10∂δΦαβγ∂δΦ̄αβγ + 30∂γΦααβ∂δΦ̄βγδ − 30∂γΦααβ∂γΦ̄βδδ

+ 30∂γΦααβ∂γΦ̄β00 + 12∂γΦααβ∂γ b̄β − 30∂δΦ̄βγδ∂αΦαβγ

+ 30∂γΦ̄βδδ∂αΦαβγ − 30∂γΦ̄β00∂αΦαβγ − 12∂αΦαβγ∂γ b̄β

− 12∂βΦ̄ααβ∂γbγ + 12∂γΦ̄ααβ∂γbβ − 12∂αΦ̄αβγ∂γbβ

− 30∂βΦαα0∂γΦ̄βγ0 + 30∂βΦαα0∂βΦ̄γγ0 − 30∂βΦαα0∂βΦ̄000

− 12∂βΦαα0∂β b̄0 + 24∂γΦ̄βγ0∂αΦαβ0 − 30∂βΦ̄γγ0∂αΦαβ0

+ 30∂βΦ̄000∂αΦαβ0 +
42

5
∂αΦαβ0∂β b̄0 − 30∂γΦαβ0∂γΦ̄αβ0

− 12∂βΦ̄αα0∂βb0 +
42

5
∂αΦ̄αβ0∂βb0 − 12∂βΦ̄α00∂βbα

− 30∂βΦα00∂γΦ̄αβγ + 30∂βΦα00∂βΦ̄αγγ − 12∂βΦα00∂β b̄α

− 30∂αΦα00∂γΦ̄ββγ + 12∂αΦα00∂β b̄β + 12∂αΦ̄α00∂βbβ
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+ 20∂αΦ̄000∂αΦ000 + 12∂αΦ̄000∂αb0 + 30∂αΦ000∂βΦ̄αβ0

− 30∂αΦ000∂αΦ̄ββ0 + 12∂αΦ000∂αb̄0 −
36

5
∂βbα∂αb̄β

+
36

5
∂αbα∂β b̄β +

216

25
∂αb0∂αb̄0 + 30∂γhαβ∂γh̄αβ − 30∂γhαβΦ̄αβγ

− 30∂γ h̄αβΦαβγ + 30∂βhαα∂γh̄βγ − 30∂βhαα∂βh̄γγ + 5∂βhαα∂βϕ̄

+ 30∂βhαα∂βh̄00 + 15∂βhααΦ̄β00 − 15∂βhααΦ̄βγγ − 18∂βhααb̄β

− 60∂γ h̄βγ∂αhαβ + 30∂βh̄γγ∂αhαβ − 5∂βϕ̄∂αhαβ − 30∂βh̄00∂αhαβ

− 60∂αhαβΦ̄β00 + 60∂αhαβΦ̄βγγ + 5∂βh̄αα∂βϕ+ 15∂βh̄ααΦβ00

− 15∂βh̄ααΦβγγ − 18∂βh̄ααbβ − 5∂βϕ∂αh̄αβ − 60∂αh̄αβΦβ00

+ 60∂αh̄αβΦβγγ +
85

4
∂αhα0∂βh̄β0 +

325

8
∂αhα0Φ̄000 −

255

8
∂αhα0Φ̄ββ0

+
63

4
∂αhα0b̄0 − 60∂βhα0∂βh̄α0 + 60∂βhα0Φ̄αβ0 + 60∂βh̄α0Φαβ0

+
325

8
∂αh̄α0Φ000 −

255

8
∂αh̄α0Φββ0 +

63

4
∂αh̄α0b0 −

1

4
∂αϕ∂αϕ̄

− 5∂αϕ∂αh̄00 −
5

2
∂αϕΦ̄α00 +

5

2
∂αϕΦ̄αββ − 5∂αϕ̄∂αh00 −

5

2
∂αϕ̄Φα00

+
5

2
∂αϕ̄Φαββ − 45∂αh̄00Φα00 + 15∂αh̄00Φαββ + 18∂αh̄00bα

− 30∂αh00∂βh̄αβ + 30∂αh00∂αh̄ββ − 45∂αh00Φ̄α00 + 15∂αh00Φ̄αββ

+ 18∂αh00b̄α + 10Φ̄αβγΦαβγ + 30Φ̄β00Φααβ −
255

16
Φ̄000Φαα0

+
165

16
Φ̄000Φ000 +

63

8
Φ̄000b0 −

255

16
Φ̄αα0Φ000 −

45

8
Φ̄αα0b0 −

45

8
Φαα0b̄0

− 30Φ̄βγγΦααβ +
45

16
Φ̄ββ0Φαα0 + 30Φ̄αββΦα00 +

63

8
Φ000b̄0

+ 45h̄00hαα − 45h̄00h00 + 45h̄ααh00 − 45h̄ββhαα +
81

20
b̄0b0.

Appendix 2

Canonical Hamiltonian, corresponding to Lagrangian (15), has the form

H =
1

10
p̄Φαβγp

Φ
αβγ −

3

50
p̄Φβγγp

Φ
ααβ +

1

6
p̄Φ000p

b
0 +

1

6
p̄b0p

Φ
000 +

1

20
p̄Φααβp

b
β (23)

+
1

20
p̄bβp

Φ
ααβ +

1

30
p̄hαβp

h
αβ −

1

60
p̄hββp

h
αα −

5

36
p̄b0p

b
0 +

1

6
p̄bαp

b
α
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− ∂βΦααβp̄
Φ
000 − ∂βΦ̄ααβp

Φ
000 − ∂αΦα00p̄

Φ
000 − ∂αΦ̄α00p

Φ
000

+
3

5
∂αΦαβ0p̄

Φ
βγγ +

3

5
∂αΦ̄αβ0p

Φ
βγγ +

1

2
∂αhα0p̄

h
ββ +

1

2
∂αh̄α0p

h
ββ

+
1

4
Φ̄000p

h
αα +

1

4
Φ000p̄

h
αα + Φ̄αβ0p

h
αβ +Φαβ0p̄

h
αβ −

3

4
Φ̄αα0p

h
ββ

−
3

4
Φαα0p̄

h
ββ −

5

3
∂βΦααβp̄

b
0 −

5

3
∂βΦ̄ααβp

b
0 −

1

2
∂αΦαβ0p̄

b
β −

1

2
∂αΦ̄αβ0p

b
β

+
10

3
∂αΦα00p̄

b
0 +

10

3
∂αΦ̄α00p

b
0 + ∂αbαp̄

b
0 + ∂αb̄αp

b
0 −

1

2
∂αvαp̄

b
0

−
1

2
∂αv̄αp

b
0 −

1

6
∂αv̄0p

b
α −

1

6
∂αv0p̄

b
α − 2∂αΦ̄000∂αv0 − 2∂αΦ000∂αv̄0

+ 2∂βΦ̄α00∂βvα + 2∂βΦα00∂βv̄α − 2∂βΦ̄α00∂αvβ − 2∂βΦα00∂αv̄β

+ 6∂αΦα00∂βv̄β + 6∂αΦ̄α00∂βvβ + 2∂βΦαα0∂βv̄0 + 2∂βΦ̄αα0∂βv0

− 4∂αΦαβ0∂β v̄0 − 4∂αΦ̄αβ0∂βv0 + 2∂αΦαβγ∂γ v̄β + 2∂αΦ̄αβγ∂γvβ

− 2∂γΦααβ∂γ v̄β − 2∂γΦ̄ααβ∂γvβ + 2∂γΦααβ∂βv̄γ + 2∂γΦ̄ααβ∂βvγ

+ 20∂αΦ̄000∂αΦ000 − 30∂βΦαα0∂βΦ̄000 − 30∂αΦ000∂αΦ̄ββ0

+ 30∂αΦ000∂βΦ̄αβ0 + 30∂βΦ̄000∂αΦαβ0 − 80∂βΦ̄β00∂αΦα00

− 30∂βΦαα0∂γΦ̄βγ0 − 30∂βΦ̄γγ0∂αΦαβ0 + 30∂βΦαα0∂βΦ̄γγ0

+ 24∂γΦ̄βγ0∂αΦαβ0 − 30∂γΦαβ0∂γΦ̄αβ0 + 10∂βΦααβ∂γΦ̄γ00

+ 10∂αΦα00∂γΦ̄ββγ − 30∂αΦαβγ∂γΦ̄β00 − 30∂βΦα00∂γΦ̄αβγ

+ 30∂γΦ̄β00∂γΦααβ + 30∂βΦα00∂βΦ̄αγγ + 10∂δΦαβγ∂δΦ̄αβγ

+ 10∂βΦααβ∂δΦ̄γγδ − 30∂αΦαβγ∂δΦ̄βγδ + 30∂αΦαβγ∂γΦ̄βδδ

+ 30∂δΦ̄βγδ∂γΦααβ − 30∂γΦ̄βδδ∂γΦααβ + 12∂αΦ̄000∂αb0

+ 12∂αΦ000∂αb̄0 − 12∂βΦ̄α00∂βbα − 12∂βΦα00∂β b̄α

− 12∂αΦα00∂β b̄β − 12∂αΦ̄α00∂βbβ − 12∂βΦαα0∂β b̄0

− 12∂βΦ̄αα0∂βb0 + 12∂αΦαβ0∂β b̄0 + 12∂αΦ̄αβ0∂βb0

− 12∂αΦαβγ∂γ b̄β − 12∂αΦ̄αβγ∂γbβ + 12∂γΦααβ∂γ b̄β
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+ 12∂γΦ̄ααβ∂γbβ − 30∂αhαβ∂βh̄00 − 30∂αh00∂βh̄αβ

+ 30∂βh̄00∂βhαα + 30∂αh00∂αh̄ββ − 60∂βhα0∂βh̄α0

+ 15∂αhα0∂βh̄β0 + 30∂γhαβ∂γh̄αβ − 60∂αhαβ∂γh̄βγ

+ 30∂αhαβ∂βh̄γγ + 30∂γ h̄βγ∂βhαα − 30∂βh̄γγ∂βhαα

+
75

2
∂αhα0Φ̄000 +

75

2
∂αh̄α0Φ000 − 45∂αh00Φ̄α00 − 45∂αh̄00Φα00

+ 15∂αh00Φ̄αββ + 15∂αh̄00Φαββ + 60∂βhα0Φ̄αβ0 + 60∂βh̄α0Φαβ0

−
45

2
∂αhα0Φ̄ββ0 −

45

2
∂αh̄α0Φββ0 − 60∂αhαβΦ̄β00 − 60∂αh̄αβΦβ00

+ 15∂βhααΦ̄β00 + 15∂βh̄ααΦβ00 − 30∂γhαβΦ̄αβγ − 30∂γ h̄αβΦαβγ

+ 60∂αhαβΦ̄βγγ + 60∂αh̄αβΦβγγ − 15∂βhααΦ̄βγγ − 15∂βh̄ααΦβγγ

+
35

4
Φ̄000Φ000 −

45

4
Φ̄000Φαα0 −

45

4
Φ̄αα0Φ000 + 30Φ̄β00Φααβ

+ 30Φ̄αββΦα00 −
45

4
Φ̄ββ0Φαα0 + 10Φ̄αβγΦαβγ − 30Φ̄βγγΦααβ

+ v̄0λ0 + v0λ̄0 − v̄αλα − vαλ̄α + ∂αϕλ̄α + ∂αϕ̄λα .
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