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AnHoTanus

Comnoswes JI.JI. MuOromMoioBast pesiTUBUCTCKasi cTpyHa. Kaccuyeckue pernenus u KBantoBanue: [Ipe-
npuat 1OPBY 2002-36. — [Iporsuno, 2002. — 28 c., 3 Ttabs., 6ubaunorp.: 11.

Haiinenn! Bce He3aBUCHMBIE KJIACCUIECKHE PEIIeHus I TpexmMonoBoit crpyubl HamMoy—ToTo. Pacemo-
TPEHA TeOMEeTPUsI MMOJIyIeHHBIX 3aMKHYTHIX KPUBBIX. JIJIsI YaCTU IOy YeHHBIX PEIIeHIi TPOIEIAH0 KaHO-
HUYECKOe KBaHTOBaHME. PacCMOTPEH CIIEKTD TOJIyYeHHBIX KBaHTOBBIX cocTosiuil. OH HE IPOTHBOPEYUT
9KCIIEPUMEHTAIbHBIM MACCaM M KBAHTOBBIM YHCJIAM ME30HOB, HE ONUCHIBAEMBIX KBAPK-aHTUKBaPKOBOM
MOJIEJIBIO ¥ Ha3bIBAEMBIX Iyrtobosiamu. [taBHast TpaekTopus Peske mMoIyIeHHBIX COCTOAHUNA HE MIPOTUBO-
PEYUT UMEIOMIUMCSI JJAHHBIM O MOMEPOHHOU TPAEKTOPUH.

Abstract

Soloviev L.D. Multimode Relativistic String. Classical Solutions and Quantization: IHEP Preprint 2002-36. —
Protvino, 2002. — p. 28, tables 3, refs.: 11.

All independent classical solutions for the three-mode Nambu—Goto string are found. Geometry of
the obtained closed curves is considered. Canonical quantization of a part of the solutions is performed.
The spectrum of the obtained quantum states (glueballs) does not contradict experimental masses and
quantum numbers of mesons which are not described by the quark-antiquark string model. The leading
Regge trajectory of the obtained states does not contradict the available data on the leading pomeron
trajectory.
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Bsenenue

[Ipocreitmast (ogHOMOIOBaAs1) KOHMDUIYPALUs PeIATUBUCTCKON CTPYHBI ObLIa TPOKBAHTO-
BaHa B pabore [l| m ycnemHo nmpuMeHeHa IS ONUCAHUS HU3IMINX PAJUAJbHBIX BO30YKJICHUIT
KBapK-aHTUKBAPKOBBIX ME30HOB (OTKPBITAas CTPyHA C KBapKaMU Ha KOHIAX) 2] u HU3MIMX riIfo-
60108 [3] (3amkuyTasi crpyna). [Ipejcrasiser uHTEepec paccMOTperb boJiee CJIOXKHBIE KOHMUTY-
pamuu cTpyH. B KjtaccmyeckoM ciiydae MHTEPECHBI UX T'eOMeTpuyeckne cBoiicTBa. B kBanTOBOM
cjlydae MHTEPECHA CcaMa BO3MOXKHOCTH WX IMOCJIEJOBATEJHFHONO KBAHTOBAHUS, BOCIPOU3BE/ICHUE
OHOMOJIOBBIX PE3YJILTATOB M (DEHOMEHOJIOTUsI HOBBIX COCTOSHUIA.

B nannoit pabore sTa 3amada pelnaercd st TPEXMOJOBBIX KoHuUryparuii crpys. s
OIPEJIEJIEHHOCTH PACCMATPUBAIOTCA TOJHKO 3aMKHYTBIE CTPYHbBI, XOTs MOIYYEHHBIE PE3YTHTATHI
6e3 TpyJa MEPEHOCATCA U Ha OTKPBITHIE CTPYHBI.

Ecmun omaomonmoBast 3aMKHyTas CTpyHaA IIPEACTABISET COOOU IJIOCKUM, BpAINAIONIANCA U
MyJIbCUPYIOMIMI SJIIUIIC, TO CAEYIONAasl M0 CJIOXKHOCTUA CTPYHA JAeT HIMPOKUN HAOOP KPUBBIX,
KaK MPaBUJIO, TPOCTPAHCTBEHHBIX, BPAIIAIOININXCS U U3MEHSIONIX (DOPMY, KOTOPhIE B UACTHBIX
CIyYasgX CBOJATCA K M3BECTHBIM IIOCKHM SIH- U TUIONUKJIONJAM BCEX BHJOB (KapAHOWIA,
kpusas [IIrteiinepa, acrponma u T.1.).

st HAXOXKIeHUS 9TUX KOH(PUTYpallnii ObLIN HalIeHbI SIBHO BCE PEIeHUs] CTPYHHBIX CBA3€i
JJISE TPEXMOJIOBBIX CTPYH, T.e. ODIIME PeIleHUs [EeCTU HEJUHEHHBIX ypPaBHEHUH [JIsi KOMILJIEKC-
HBIX BEKTOPHBIX KO(D(PUIMEHTOB Pa3jIoyKeHUsT KOOPJAWHAT CTPYHBI B psiabl Dypbe.

C mowmorrpio raMuiIbTOHOBa hopMasu3mMa u cKoOoK Ilyaccona HaiiIeHHBIX HE3aBUCHUMBIX
MIepEMEHHBIX PACCMOTPEHO KAHOHUYECKOE KBAaHTOBAHUE MOJIYUYeHHBIX pemrenuii. [lon kanoHutIe-
CKUM KBaHTOBAHHMEM Mbl 37IeCh IIOHHMAaeM IIepexof] K oleparopaM U UX KOMMYTaTOpaM JJis
JEKAPTOBBIX K/JIACCUYECKUX BEJIUYUH. J[JIg 9acTu CTPYHHBIX PEIIeHUil 9TO YIAJI0Ch cleaaTh Oe3
tpyaa. Jag apyrux 2Ke perrenuit 00JacTh U3MEHEHHS COOTBETCTBYIOIINX JEKAPTOBBIX IEpe-
MEHHBIX OKa3aJlach OorpaHmyeHHoii. Ecan B KBAaHTOBOM ciIydae HAJIOXKUTH 3TU OTPDAHUYEHUS Ha
CpejHIe 3HAYEHUS COOTBETCTBYIONINX OIEPATOPOB MO (PU3NIECKUM COCTOSTHUSAM, TO HE BO3HUKA-
€T HOBBIX COCTOSIHUI TI0 CPABHEHWIO C KAHOHUYECKUM KBAHTOBAHWEM BBIMIEYIOMSHYTON YaCTH
pemenuit. B wrTore, Mbl mMeeM €710 CO CIEKTPOM COCTOSHUI, ITOJIYYEHHBIX KAHOHMYECKUM
KBAHTOBaHUEM.

3aMKHyTasi CTpyHa OIMCHIBAETCS ABYyMsl HE3aBUCHMBIMEU Habopamu KoadduimeHToB Oyphe,
JIJIE KOTOPBIX UMEIOT MECTO MJIEHTUIHbIE CBA3U. Ke/iM nMeeTcss HECKOJIBbKO TUIIOB PEIIEHUN 3TUX



cBs3eil, KaK B HAIIEM CJIydae, TO KJIACCHIECKOe PeIlleHne JJisi 3aMKHYTOW CTPYHBI MOYKET OBITh
KaK CHUMMETPUYHBIM, KOUJa 00a HaOOpa OMHUCHIBAIOTCA PENIEHUsIMHU OIHOIO THUIA, TAK U He-
CUMMETPHUIHBIM, KOTJIa 9TU TUIBI pasHble. CUMMETPUYHBIE PENIEHUS JTOMYCKAIOT KAHOHMYIECKOEe
KBaHTOBaHNWE, B TO BpeMsd KaK I PACCMOTPEHHBIX HECHUMMETPUYHBIX PEHICHUN KBAHTOBBIM
YCJIOBUSIM YJIOBJIETBOPUTH He yjaerTcs (o KpaiiHeil mMepe, B 00JACTH MAaJbIX Macc).

Kak u B pabore (3|, nmpm KBaHTOBAaHMU CTPYHBI MBI BBOJAUM B TaMUJIBTOHHAH (DEHOMEHO-
JIOTMYECKYI0 KOHCTAHTY, YYUTLIBAIOIIYIO HECTPYHHOE B3aUMOJCHCTBUE Ha MaJIbIX PACCTOAHUAX.
B smanHoit pabore BOCIPOU3BEIEHBI PE3YJIbTATH [3| U MOIyYeHbl /1Ba HOBBIX JIEPKUX JOUYEPHUX
COCTOSIHMS, HE TPOTUBOPEYAIlnX 3KcrepuMeHTy. lIpejickazaHbl HOBBIE TsXKeJble COCTOSHUS.
Chemyer OTMETUTb, YTO MACChI MHOTUX TSXKEJIbIX COCTOSTHUI OJIM3KW JIPYT K JIPYTY, U BJIASHUE
Ha HUX B3aUMOJIECHCTBUI TJIIOO0/IOB ABJISETCSA OTKPBITHIM BOIIPOCOM.

[Inan paborsr cienytormuit. B paszgene 1 mpuBenenbl obmime HOpMyJIbI JIarpHAXKEBa OIHCa-
HUS 3aMKHYTOW CTPYHBI B OPTOHOPMAJIBHON KaJuOpPOBKE, [ITOIMOJHEHHON KaJIUuOPOBKOM CHUCTEMBbI
nokod. [locitenusas, ¢ OgHON CTOPOHBI, SIBISETCS YHUBEPCAJBHON U MOCIETOBATENHHON, B OTIU-
qre OT KaJHMOPOBKH CBETOBOTO KOHYca [4], a ¢ Apyroii, — jaeT BO3MOXKHOCTH MHTEPIPETHPOBATH
CTPYHY KaK CBS3aHHOE DEJIATUBUCTCKOE cocTosinue. Jlyisi HaxoxKjieHus BHON (DOPMBI CTPYHBI
HEeOOXOIUMO pPEIIUTh CBA3UW. B paszmene 2 paccMOTPEHO WX peIIeHHe B OJHOMOIOBOM IIPU-
GKeHnH, KOryla 9TOH MOmoil siBjsiercs mepBas [1] mm mmobas Beicimas Mozga. Pacemorpena
reOMeTpHsI U MOBEJEeHNe TAKUX mpocTeiinux crpyH. OHU [af0T MPOCTEHINUi mpuMep HeCHuMMe-
TPUYHBIX CTPYH, KOTOPBIE HE MOT'YT OBITH MPOKBAHTOBAHBI KAHOHIIECKUM 0Opa30M (1o Kpaiineii
Mepe, B objiacTu MaJibIx Macc). B pasmesie 3 Haiimenbl aByxMomoBble perenus. OKasblBaeTCs,
4TO IIpOCTEHlIero ABYXMOIOBOI'O PeIleHHd, COJeprzKalllero IepBYyI0 U BTOPYIO MOJILI, He Cylile-
cTByeT. Pererne ¢ mepBoit m TpeTbell MomaMu CymiecTByeT. B pazgene 4 mpuBeneHO o0Iee
pelleHne CBsizeil TPEXMOJIOBOI CTPYHBI (cofeprkalleil MepBylo, BTOPYIO M TPeTbIO MOjbl). B
pazjiese 5 MpojeslaH0 FaMUJIBTOHOBO ONKUCAHUE CTPYHBI C MOMOIIBIO HE3aBUCUMBIX IIE€PEMEHHBIX
Haitmennbix permenuit. g Haxoxgenus nx ckKobok Ilyaccora mcmonb3yercss MeTOJ MepBOit
nuddepenpanbhoit dopmbr |5]. IIpogenano kKaHOHMYECKOe KBAHTOBAHKME YaCTH HAllJIEHHBIX
pemennii. B pasmene 6 obcyx)maercs W CpaBHUBAETCA C IKCIEPUMEHTOM CIIEKTD HaWJIEHHBIX
COCTOSIHUM W WX TpaeKTopuu Pemke.

IIpumensierca npoitHas Hymepalus HoOpMyJI, Tle epBasd nudpa YKa3bIBAET HOMED pa3jea.
IIpn ccputkax BHYTpH pasfiejia OHa OIIyCKAaeTCs.

1. JIarpan>keBo omnmcaHue

Bpems n koopamHaThl TOYEK 3aMKHYTOW PEIATHBUCTCKON CTPYHBI OIMUCHIBAIOTCS YeThI-
PEeXMepHBIM BEKTOPOM (0, T), KOTODBbIii siBjisiercsi (DYHKIME pesIsiTUBICTCKU MHBAPUAHTHBIX
ITapaMeTpPOB IOJIOKEHUsT ¢ U 3Boyorun 7. J1sg 3aMKHYTOH CTpyHBI 3Ta (DYHKIINS BBIOHPAETCS
MepUoUYIHON 1o ¢. B KauecTBe mepuoma oOBIMHO BBIOMpaeTcst 27 1 00JIaCTh U3MEHEHHs 3TOrO
mapameTrpa 0 < o < 27.

B opronopmasibHOl KauOpOBKe ypaBHeHHe OJiiepa—J/larpan:ka i @, BBITEKAIOIee U3
sgarpankuana Hamby—IToro, cBoguTcs K ypaBHeHuro i Astambepa, oblee pelreHne KOTOPOro
AMeeT BHJL

1 1 1 . .
x(o,7) =z + %PT + Ira Z - <Anem(7+") + Bnem(T_")> ) (1.1)
n#0



Baech a — mapaMeTp HATSKEHHs CTPYHBI, KOTOPBIH MbI OyJeM CYUTATh COBIAJAIOIIAM C
HATSPKEHHEeM OTKPBITOH CTPYHBI, M3BECTHLIM B CTPYHHOH KBapKOBOIl MOJEIM M3 JAHHBIX II0
gg-Me3oHam [2].

B oproHopmasibHON  KaJIubpoOBKE IUIOTHOCTH —UMILYJIbCA CTPYHBI paBHa ai(o,T) (Touka
0603HAYAET NPOUBBOLHYIO 1O T), M03TOMY P — momubiii uMmynse crpynsl 1 m = VP2 — ee
Macca.

YeTbIpexMepHBbIE KOMILIEKCHBIE BEKTOPBI A, 1 B, (n — menoe moloKuTenbHOe U OTpPH-
naTeabHoe) OyjeM HA3bIBATH AMIUINTYJAMU CTPYHBI N-O MOJBI WK MPOCTO NM-BIMHU MOJAMH.
OHM yIOBIETBOPSIOT YCIOBHUIO BEMIECTBEHHOCTH I

A, =A%, B_,=B, (1.2)

IIO3TOMY JJIsl HyMepaIlud MOJ, MOYKHO UCIIOJIB30BAaTh TOJIBKO IMOJIOKUTeIbHBIe n. Hakowner, g —
IIPOU3BOJIbHBINA ITOCTOAHHBINA BEKTOPD !
3aMeTnM, 9TO aMILIUTY/IbI
A/

n

=4, Bl = emﬁBn, (1.3)

rge o u ﬁ — IIPOU3BOJIBHBIC ITOCTOAHHBIC, OIIMCBIBAIOT TY 2K€ 3BOJIIOIUMOHHYIO NTOBEPXHOCTL, 9TO
1 UCXOJHbIE aMIIJIUTYAbI, IIOCKOJIBKY II€PEX0/] K HUM 3KBUBAJICHTEH II€pellapaMeTpusaluu

o =+ (@ 0)/2 =T+ (a+B)/2 wh=z0— 1—Plath). (14)

Dopma IBOJIIOIMOHHO} MOBEPXHOCTH HEe MeHsiercss U npu 3ameHe A &= B (nmepemapamerpusaniust
o' = —0). B panbheiimem Mbl He OyjieM OMyCKaTh B aMIUINTyJaX (dasoBble MHOKHUTEMN (3),
9TOOBI YIECTb BO3MOXKHOCTH PACCMATPUBATH IMPOU3BOJILHBIC HAYAJIbHBIE JAHHBIEC [IPU 33 IaHHOM
HHTepBaJle I1apaMeTpPOB.

BasKHBIME XapaKTePUCTUKAME CTPYHBI SIBJISIOTCS €€ COXPAHSIOMINECs TICeBIOCIUHBL |1]

1 Lo go 1
Ap = i87ram€“"p"PV Z ﬁAﬁA—"’ Lpy = mewpapy Z EBZB_"’ (1.5)
n#0 n#£0
(0123 = 1). CruH CTpyHBI paBeH UX CyMMe
J,u, :LA,u,"i_LB,u,- (16)

VeroBus OpTOHOPMATBHON Kamubpokn (& £ 2')? = 0 (mTpmx 0603HAYAET TTPOU3BOIHYIO O
0) HaKJIaJBIBAIOT HA HAaYaJbHBIE aMILUIATY/bl YCIOBHs (CBsI3M)

% Z A AL, = 0, % Z BBy, =0, (17)

rae n,k=0,£1,+2,... u 0bo3HAIEHO

Ag=By=P. (1.8)

"Ycnonbayerca merpuka g, = diag(l, —1, —1, —1) u cucrema egumun fi = ¢ = 1.



OproHopmasibHasi KaJauOpOBKa HE TOJTHOCTHIO (PUKCUPYET MapaMerpu3alui cTpyHbI. [lo-
9TOMYy HeOOXO/IMMO BbIOpATH JIOMOJTHUTEIbHOE KaJNOPOBOYHOE YCJIOBHE, B KAadecTBE KOTOPOIO
BBIOEPEM YCJIOBUE CHCTEMBI MTOKOS

AP =B,P =0, n+0. (1.9)
DT0 yc/IOBHE 3KBUBAJEHTHO
P(z(o,7) — 29 — P1/(2ma)) =0 (1.10)

1, KaK nokazano B [4], mpu P? > 0 Bcerma MoxkeT OLITH BHIOPAHO I MMEIOMINX (DU3MUECKMii
CMBICJT 9BOJIIONIMOHHBIX [TOBEPXHOCTEN CTPyHBI. B TO 2Ke BpeMsi OHO 0becriednBaeT BO3MOXKHOCTD
WHTEPIPETUPOBATL CTPYHY KaK CBA3AHHYIO PEIATUBUCTCKYIO CHUCTEMY. YCIOBHEM STON WHTEP-
MpeTaIun sBJISIETCS CYIIeCTBOBAHUE €IMHOIO0 BPEMEHM JIjIs BCEX TOYEK CHUCTEMbI, KOUJa OHA
nokouTcs Kak menoe. V3 (10) ciaemyer, 9ro B cucreMe MOKOsi CTPYHBI P=0 BpeMsl pa3/IMYHbIX
TOYEK CTPYHBI

t=a%0,7) —2d =dr, d=m/(2ma) (1.11)

HE 3aBHUCUT OT O W SIBJSETCS €IMHBIM JIJIsi BCEX TOYEK CTPYHBL. DTO MO3BOJSET UHTEPIPETH-
pPOBATH 3aMKHYTYIO CTPYHY KaK OECIIBETHOE CBSI3aHHOE COCTOSTHWE TJIIOOHOB.

Takum o6paszoM, 3ajada SBHOTO HAXOXKJIEHUsS CTPYHHBIX KOH(DUTYpPAIWil CBOAUTCS K pelre-
uiio cBszeit (7) u (9). PemmM ee B TpexMoZ0BOM CiIytdae, KOIJa MOTYT OBITH OTJIMYHBI OT HYyJIs
aMIUTy el ¢ 1= 1,2 u 3 (1 UX KOMIJIEKCHO COIPSI?KEHHBIE), 8 OCTAJbHBIE aMILTUTY bl PABHBI
Hy0. Bymem obo3HAYATD 9TH peNteHusT MOJOKUTEIbHBIMA HOMEPAMU OTJIMIHBIX OT HYJIS MOJ,.
Tak, pemenne {1} o6osmauaer, uro A, = 0 npu n # 0,+1. C yderom ammiurys B ojHo-
MOJIOBOE DellleHne ¢ IepBbiMu Mojamu obo3Hadaercss {1;1}. OHO sIBisleTcsl CUMMETPUYIHBIM.
Perenne {1;2} conepxkur Ay u Big 1 Tak:Ke sIBJISETCS OJHOMOJIOBBIM, HO HE CHMMETPUIHBIM.
Bosmoxkno pemenne tuna {1,3;2}, B kotopoM orsinunbl o1 Hysas Aiq, Ays u Byio (aByxmo-
JI0OBOE HECHMMMETPUYHOE) U T.JI. B jgajbHeifmeM MbI pACCMOTPHM BCE OJHOMOJIOBBIE DEICHUS,
a TakxKe BCe pelleHusi BIUIOTH 10 {1,2,3;1,2,3}, korma mMoryT 6bITh OTsIMUHBL OT Hyasd Ay,
Aio, Atz m By, Big, Bys.

YooMsHeM [Ba YaCTHBIX CTPYHHBIX pemierus. [lepsoe, korjga ammautyabl A, n B, orau-

JalTCd (baBOBbIM MHOXKUTEJIEM
B, =" A,,. (1.12)

[Tpu srom nceBmoctmubl Ly u Lp (5) paBHBI, U HOJHBINA CIUH paBeH
J =2L4,, (1.13)

T.€. MaKCHUMaJIcH B CUMMETPUYHOM Ciydae LEX = LQB. CTpyHHBIIT BEKTOp (1) IpUu 3TOM pa3-
naraercd 1o cosn(o — (a/2)), T.e. crpyHa “cxjonbBaeTcs’ B OTKPBITYIO CTPYHY, IPOOEraeMyIo
BEKTOPOM I TI0 KpaiiHeil Mepe JBa pa3a. KOHIIbI 9TOH OTKPBITON CTPYHBI JBUKYTCS CO CKOPO-
CTBIO CBETa, TAK KaK B OPTOHOPMAJIbHON KaJHOpoBKe yeiosue 12 = 0 sxpuBajenTHo /2 = 0, a
x’ paznaraercs o sinn(o — (a/2)) u obpamaercsa B HyJb Ha KOHIAX CTPYHDI.

Bropoe perienne coorBeTcTByeET

B, =P Ax. (1.14)
ITpu stom Lp = —L 4 m TOMHBIN CIIUH paBeH HYJIIO
J=0. (1.15)



Crpyunbiii Bekrop (1) mpu srom pasiaraerca nmo sinn(r + (£/2)), u crpyHa nepuogumdecku
“cxjIonbIBaeTCA’ B TOYKY, IIPOXOAs €€ CO CKOPOCTBIO CBETA.

Yrobbl yaoBaeTBOpuTh yeaosuam (7), (9), BBegeM TeTpajy BEKTOPOB eh, Tie a = 0,a;
a=1,2,3 — HOMep WiIeHA TeTPAJbI, YIOBIECTBOPSIONINX YCIOBHAM 2

€als = gap €0 = P/m, €uprehelelel = egpe, (1.16)
1 pa3JjiozZKUM YeTbIpeXMEpHbIE BEKTOPHBI IIO TeTpalle
Y =e€ay”, Y* = gaaYea- (1.17)
Hng vabopa komnonent {y®} OyjeM NPUMEHSATb BEKTOPHBbIE O0O3HAYEHUS
{v*} = " {y"D) = (°,9), {eaneivs} = [51, 2] (1.18)

IIpu stom A, Bp, La, Lp n J uMeOT TOMBKO TPEeXMEpPHBIE KOMIIOHEHTBI, & KOMIIOHEHTEI
BEKTOpa CTPyHBI (1) mMeroT Bu

{z% — 25} =d(r,9), (1.19)
rJie IPOCTPAHCTBEHHAsl YacTh BeKTOpa B eauHunax d = m/(2mwa) uMeer Buj
g==3Y ~Im (Anem(”") + Bnem(T_")> . (1.20)
m n>0 n
,Z[JIH IIJIOTHOCTU HMITYyJIbCa UMeEEM 1
) 1.21
1} =5 (m,p), (1.21)
5= Re (A’ne""<7+”> n Enei"(7_0)> . (1.22)
n>0
HCGB,HOI/IMHyJIbeI PaBHbI
La= 121[1111} (1.23)
A~ 4ra —in e '

u anasornyuo s Lp. Hakonen, ceasu (7) u (9) mua ammmnryn A, (aus B, oHE aHAJOTHYHbI)
B TPEXMOJOBOM CJIydae UMEIOT BUJ,

7 = Alx‘_f_l + AQE_Q + A’gfi’_g ; (124)
- - 1o =
AsA 1+ A3A 5 =0, (1) §A2 + A3A1 =0, (4)
1 Lo oo
51‘1? +A3A1 =0, (2) A34,=0, (5) (1.25)
A Ay =0, (3) Aj=o. (6)

2YjieHsr TETPAAb! YIOBIETBODSIOT PENATHBUCTCKH KOBAPUAHTHBIM YDABHEHUAM, OJHAKO DENeHHe STHX yPaB-
HeHuil npu (QUKCHPOBAHHOM P He €IMHCTBEHHO M 3aBUCAT OT IPOCTPAHCTBEHHOIO BPAIECHUS, COXPAHSIOIe-
ro P. BadukcupyeMm 310 BpamieHue n OygeM pacCcMaTpUBaTh 3aBucuMocTb e Toiabko or P. (Hampuwmep, el =
m~° Pf:m —T1**, rae TI* = g* — (P*P¥/P?)). TIpu sopemesckux mpeobpazosanusx A e(P) = Re(AP), tie R
— IPOCTPAHCTBEHHOE BpAllleHUE.




Cps13b (24) BBIpaykaeT MOJY/IM AMIUIATY]] 9epe3 Maccy CTPYHBI. VI3 Hee, B 9acTHOCTH, CIIEIY-
€T, YTO He CYIIECTBYeT DEIIeHUsl, B KOTOPOM OTJIMYHBI OT HyJsd TOJbKO A (uau Toiabko B)
ammuTygel. CBs3u (25) ZOKHBI OBITH PEIIEHBI SBHO.

st sTOrO BBENEM OA3MCHYIO MPABYIO TPOHKY BEIIECTBEHHBLIX OPTOHOPMUPOBAHHBLIX TPEX-
MEPHBIX BEKTOPOB 7, j’, k U UX KOMILIEKCHbIE KOMOWHAIINN

A_=f—ij, iy =m+1ij (1.26)
CcO cBoOlicTBaMu
i =it =0, A_fy =2, dck=0, iy =",
(1.27)
(A, 7] = 2ik, [f_, k] =—ifi_, [fy, k] =if,.

—

BexkTopbr 7i_ u 715 MOXXHO MEHSITb MeCTaM¥, u3MeHsist 3HaK k. [Ipu moBopore nCxomHOi TpoOiKu
BOKPYT' kK Ha yroj g OHU yMHOXKAIOTCH Ha (pa30BbIl MHOXKUTENb U MEPEXOIAT B

ni — ethn,. (1.28)

Basucubie BekTOpBI 151 amrintyn A, u B, Oynem pasnmumdars wHgekcamu A n B.

2. OgHOMOIOBBIE pEIIeHUus

—

[Tpocreitmum permennem cucreMbl cBazeil (1.25) asagercsa pertenue, B Koropom A, = B, =
0 mpu n # £1. Ceasu (1.25) cBoggTcs npu 5TOM K ypPaBHEHUSIM

c? =0, (2.1)

rae C' obozumagaer A nin B.
Bribupas 6asucublii BeKTOp k¢ oproroHagbHbiM C (T.e. OPTOrOHAJIBHBIM ILIOCKOCTH, 00pa-
30BaHHON BEKTOpaMU peaJibHON u MHUMON uacreii C), 9TO BCerjia MOXKHO CJeIaTh, MMEeM

obee perenne ypasaerus (1)
Cy = zemc-. (2.2)

Bumecro i MOXKHO OBLIO OBI B3ATH iy, OJIHAKO OHU OTJIMYAIOTCS JIUIIb TOBOPOTOM OA3UCHOIM
cuCcTeMBbl. Bjarogapsi BO3MOMKHOCTH BKJIIOYATH (Da30BLIT MHOXKHUTETh B Tio— BCETIA MOXKHO
BBIOpATH

zc > 0. (2.3)
[Moxcrasngs (2) B (1.24), nonyuaem
xo =m/2, (2.4)

IO3TOMY HUHJIEKC YV ¢ MOXKHO ONYCTUTL: (o = T.
IceBnoctmu (1.23) pasen

-

L¢ = Dk, (2.5)

D = m?/(8ma). (2.6)

BbI6paHHI)II7'I 0a3uc okazaJjcd IICEBAOCIIMHOBBIM.



Macca CTpyHBI U yroJl MeKJIy ee IMCEeBIOCIMHAME BJISIOTCA CYIIECTBEHHBIMU HAYATbHBIMU
JAHHBIMU, BJIUAIONUMA Ha (POPMY SBOJIONUOHHON MOBEPXHOCTH OJHOMOJIOBON CTPYHBI.
CrouH cTpyHBI paBeH

J = D(ka + k), (2.7)

a ero MOnyJb

J = 2D cos %, (2.8)

e a — yroy Mexkjy ncespocnuHamu. [Ipu dukcupoBanHoil Macce CTpYHBI MOJYJIb €€ CIUHA
MOXKeT U3MEHATHhCI B IIpejiesiax

0<J<2D. (2.9)

Honcranoska A; m By B BblpaxkeHHe IJIsi CTPYHHOLO BEKTODA (1.20) (u pasnoxenue 10
rerpaje gust x (1.17)) maer npocreiimee pemenne {1;1}. st ero sanmcu ya06HO BeIGpaTh
€UHBI CIOUHOBBII Oa3uc

k=J/J, 7t =(ka—kp/lka—kg|, j= ][k (2.10)

(B mpemembubix caydasx o = m(a = 0) duxcnposan mimb sextop 7i(k), a Bexropst k(i) u j
MOTYT OBITH BBIODAHBI IPOU3BOIBHO, OPTOroHaIbHO Ti(k) n npyr apyry). Bekroper 7ia— u fig_
MMEIOT BHL

N ; N (07 -, O .
g = e (ficos — — ksin— —ij) (2.11)
2 2
¢ 3aMeHOl @ — —« u 04 Ha dg Ajd 7nig_ , upudeM (OpMa IBOIIONMOHHON TOBEPXHOCTUA HE

3aBUCUT OT (a3 04 B.
Pemenne B cucreme nokosi (kak mesoro) B exumannax d (1.11)

— .. 7 / ’ o, . / = ’
¢=—singsing kcosT' + coso (cosEnsmT —jcosT), (2.12)

1 1
TI:T+§((5A+6B)7 UIZU+§(5A_5B) (2.13)

npejicTaBisger coboil Bpamaronmiics u ocrumpyomuit summnc [1, 4, 3|, nepuoguyecku craru-
BaOMIUIICS B NPSIMYIO, MCHOBEHHAsI CKOPOCTH KOHIIOB KOTODPOii paBHa CKOPOCTHU CBeTa (9TH KOH-
bl SIBJISIIOTCS OCOOBIMU TOYKAMMU JBOJIIOIMOHHON MOBEPXHOCTH). B mpeieibHOM cilydae o = T
(MUHUMAJIBHBIH CIIMH) CTPYHA MPEACTABJsieT COOOM JIeXKAIYI0 B HEMOJBIZKHOI IMJIOCKOCTH OC-
MAJLIMPYIONLYI0 OKPY?KHOCTh, TOYKH KOTOPOI MEPUOINIECKH MPOXOJAT Uepes3 €€ HEelOIBUKHBII
[EHTP CO CKOPOCTBIO cBeTa. B apyrom mpezenbHoM ciiydae o = 0 (MaKCUMAJbHBIH CIHH) CTPY-
Ha CBOAUTCS K “mBofiHOI” mpsIMOil, paBHOMEPHO Bpallarolieiics B HEMOABUKHON IIJIOCKOCTH
BOKPYT HEMOJBUKHOTO IeHTpa. KOHIBI MPSIMOil JBUKYTCSA CO CKOPOCTHIO CBETA.

Ob1iee 0HOMOIOBOE CUMMeTpUYIHOe pemtenue {u;u}, Korja OTINYHBI OT HyJIsl JIAIIb Ay,
By, maxomures amamormano. Popmymasr (2), (4) sepust mns C,. CTpyHHBII BEKTOp U pas
npoberaer crpyny {1;1}, ymenbiiennyo B u pa3. Pakrop 1/u BO3HHMKAaeT B MPAaBBIX YaCTsIX
dopmya (5), (7), (8) u (9) mas yriaoebix MoMenToB. [Ipu (bUKCHPOBAHHBIX CIIUHE U YTl MEXKLy
[CEBJIOCIINHAMEI Macca CTPYHBI {u;u} B 1/u Gosnbie, gem crpynbr {1;1}.

B kiaccuueckoii MeXxaHMKe CTPYHBI CyIIECTBYIOT U HECUMMETPHYHBIE OJHOMOJOBbIE PEIICHIS
{u;v}, u# v. Popmyust (2) u (4) BepHBI 115t A, u B,. B dopmyie (5) st L4 cupasa pakTop
1/u, nns Ly — daxrop 1/v. Ionuelit cnue pasen

J=1L,s+Lp, (2.14)



a ero BeJIn4YnHa

J = (L4 + 2L Lpcosa+ L%)Y/? (2.15)
(a — YIoJI MexX1y EA u EB) MeHdeTcd B Ipelesax
|Ly — Lp|<J<La+Lp, (2.16)

Ly=D/u, L= D). (2.17)

CouH B 9TOM Cilydae BCEryia OTJIMYEH OT HyJis (DM HEHYJIeBOH Macce).
Bribepem 6aszuc

- —

k=J/J, @t= (cosagka — cosaakp), j=[k,7l, (2.18)

sin o
rae ag(ap) — yroa Mexiy EA(EB) u k:
cosaq = (La+ Lpcosa)/J, sinay = (Lpsina)/J, (2.19)

a cosap W Sinap MOIydaroTcs OTCIofa obMmeHOM WHjekcoB A u B. B mnpenenbHbIX ciiydasix
a=7 n =0 BeKTOPHI 7 U j BBIOMPAIOTCS MIPOM3BOJILHO, 0Opa3ysl MpaByIo TPOIKy ¢ k.
Bekropbl 14— 1 ig_ UMEIOT BHJ,
fia_ = eP4(ficos g — ksinog —ij) (2.20)
C 3aMeHON g Ha —ap U 04 Ha Op s fip_. IIpocTpancTBeHHAst 9acTb CTPYHHOTO BEKTOPA
(B enunnnax d)
— ]- — 3 1 — 3 —
G=1Im(=fs_e™) 4 Zfp_e?(—0) (2.21)
u v
B 00IIeM CJIydae OIMCBIBAET IIPOCTPAHCTBEHHYIO KPHUBYIO, HEPABHOMEDHO BPAINAIONIYIOCS 1
MEHAOIIYI0 (GOPMYy TIPU BPAIIEHUU.
Jns munmMasbaoro (o = m) u MakcuMmasibHoro (o = () cnmHa cTpyHa IpPEeICTaBIseT COOOit
IUIOCKYI0 KPHBYIO

— —

qg= f(sl(u7+ua+5,4))+% (s2(vT —vo + dB), (2.22)

SR

rje
f(z) =1isinz — jcosz (2.23)

— BEKTOD e,ILHHI/ILIHOfI OKPYZKHOCTH, S1 2 — 3HAKOBBIC MHOXKHTCJIU: JId . = T

V—Uu

S§1 = —89 (224)

ol
st =0
S§1 — S92 = 1. (2.25)

Crpyna npejcrasisger coboil cyMMy JBYX BEKTOPOB B IUIOCKOCTH, HMOCTOSHHOM, HO Pa3IHIHON
JUIMHBI, BPAIIAIOIIUXCS € PA3HBIMU CKOPOCTSIME B IIPOTHBOIOJIOKHBIE CTOPOHBI (MUHUMAJIbHbII
CIIMH) WJIU B OJHY CTOPOHY (MakcuMmasbHblil cruH). Crpyna (22), (23) paBHOMEPHO BpallaeTcst
BOKDYT' IIEHTPa KOODJMHAT KaK EJI0e C YIJTIOBOH CKOPOCTBHIO

2uv
w =
luF vl

(2.26)



(BepxHUii 3HAK JJIsi MUHUMAJLHOTO CIMHA, HIZKHUN — JIsi MAKCUMAJIBHOIO) MO OTHOIIEHUIO KO
BpeMenn T (3TO JabopaToOpHasA CKOPOCTh B cucTeMe mokos B emumnnax d— ! (1.11)). Ckopoctsb
BpAIlEHNsl KPUBOW NP MUHUMAJBHOM CIIUHE HAUOOJIbIIALL.

g nonydennst opmysibl (26) 3aMeTwM, YTO OHA COOTBETCTBYET CKOPOCTU BpAIIEHHsI
BEKTOpPa CTPYHbBI MOCTOAHHON JIJIMHBI, 06€3 ydera JBUKEHUsI TOYEK BJOIL CTPyHBL. Dukcupyem
B HavaJbHbBII MOMEHT BEKTOD ¢ B TOYKE 0( M HalijleM B MOMEHT T TOUYKY o(T,0(), B KOTOpPOi
BEKTOP COXPAHUJI CBOKO JIJIUHY

@2(00,0) = (j'Z(a(T, 00),T). (2.27)

[Moacrasisis cioga Boeipaykenus (22), (23), Haxoqum

S1Uu — SQU
) — o 2.98
o(r.00) = 09 P (2.28)
Orciona un n3 (22)
. 1~ 1.
qo(1,00),7) = " (s1uog + 8104 + wT) + - (—sqvog + s20B + wWT), (2.29)

—

rae w gaercst (26). CpaBHuBas 910 BbIpaxkenue ¢ ¢(og,0), BuguM paBHOMepHOe BpaineHue f u
¢ C YIJIOBOIl CKOPOCTHIO w.

Crpyna (22), (23) npu Bcex T cofepKuT ocobble Touku Tuna “KiaoBa’ wim “ayda”’ (TouKu
BO3BpAaTa, WM KACIbl), HAIPABJIEHHbIE BHYTPb CTPYHBI (“KJIIOBBI’ JIsi MUHUMAJILHOTO CIIMHA)
win Hapyxky (“iydn” it MAKCHMAaJIbHOTO CIMHA) W JIBUZKYIIHECs] CO CKOPOCTBIO CBeTa. B
HamTelt KaMGPOBKe OHH COOTBETCTBYIOT yeaosmio (§')2 =0, nwm

cos((utv)T+ (uFv)o+04 £p) =F1 (2.30)
(BerHI/Ie SHaKU — JJIsd MHUHUMAaAJIBHOI'O CIIMHa, HUXKHUE — IJId MaKCHMaHbHOFO). HpI/I T =
—(04+6p)/(u+v) HIsa MEHIMAIBHOTO CIHHA OCOObIE TOYKH COOTBETCTBYIOT
2k +1
a:L—il,k:mLzm, (2.31)
u— vl
npu 7= —(04 —0p)/(u — v) JUIsT MAKCUMAJIBHOTO CIMHA TOYKH CHHIYJISIPHOCTU JAOTCS
2k
o= k=0,1,2,.. (2.32)
u+v

Tak, mius pemrennsi {1;2} crpyHa Ipu MHHUMAJIBHOM CIHMHE HPEJICTABIsIET COOON Kapuouiy
C OJHUM “KJIIOBOM”, IPHU MaKCHMAaJbHOM — “3Be3ay”’ ¢ Tpems “aydamu’ (kpusas Illreitnepa).
Hna {1;3} umeem jpa “kiroBa”’ mwin derbipe “myqa’ (actpouma). st {2;3} umeem “kioB” u
OJTHO CaMOIlepecedeHre WIN HATh ‘JIydeil’ W MaTh CaMOIlepecedeHmi.

B obmem ciydae crpyna {u;v} ¢ MUHMMAJIBHBIM CIOHHOM IIPEJICTABJISIET COOON SMUIUKIIO-

iy [6] ¢ pamumycom HemogBuUKHON OKpy»KHOCTH R = \% — % , PAZMYCOM BHEINIHEH KaTAIeics
. min(u,v o
OKPY?KHOCTH T = min (%, %) u momyitem M = ﬁ 3 MakcuMasIbHBIH CINH COOTBETCTBYET

33amerum, uro BeIpazkenus (22), (23) AU SMUIUKIONIB COOTBETCTBYIOT KPUBOH, BBIYEPYHBACMON TOUKOIL,
JUAMETPAJILHO [IPOTUBOIIOIOXKHON TOUKe CTaHJAPTHOrO ciydast [6]. CaBUr cTaHJAPTHOrO apryMeHTa Ha 7 U I10-
BOPOT CHUCTEMBI KOOpAMHAT Ha yroa M7 mepesopar crangaprayio dopmyay [6] B (22), (23).



TUTIONUKJIONIE C PAJIMYCOM HEMONBUZKHON OKpYyKHOCTH R = %Jr% U paJInycoOM BHYTpEHHEN

KaTAIMIENHCsT OKPYKHOCTH T = % (nm %) u momynem M = Ao (wm 3, mopyaam M u 1— M

COOTBETCTBYET OJJHA W Ta K€ KPUBAas).
JI/151 TPOU3BOILHOTO CIIMHA YCJIOBUe Ha 0coOble TOIKH SBOIONHOHHO nosepxHocTH (§7)? = 0
uMeeT BUJL
COS ¢ cos Y cos a + sin psiny = 1, (2.33)

rae
p=ur+uc+0a, Y =v7r—vo+dp (2.34)

U @ — yroj MeXKJy ICEeBIOCIMHAMU. DTO ypaBHEHHe NpU CoS a # +1 uMeeT pelleHus] He TpH
BcexX T. PemenusiMm gBIAIOTCS TOYKN SBOTIONMOHHON MOBEPXHOCTH

T=f+4+g o=f—-gy, (2.35)

e

f= ﬁ((2k+1)7r—25,4); g= %((2l+1)w—253) (2.36)

n k ul — mesble 4ncaa OJHON YETHOCTH.

Huzke MBI yBUJIUM, 9TO HECUMMETDHUYHBIE OJHOMOJIOBBIE pelnenuss {u;v}, u # v He MOryT
6bITb IIPOKBaAHTOBAHBI: OIlepaTOpPHBLIE ypaBHeHI/IH JJIgd TICEeBAOCIIMHOB HE€ HMMEIOT pelleHunsd HU
I KAKUX (PUBMIECKUX JOCTATOYHO JIEPKUX COCTOSIHUIA.

3. JIByxMomoBbIie penieHust

[Ipocreitmero aByxmomosoro pemtenusi {1,2} nist ammauryy A u B e cymecrByer. B

—

camMoM Jiesie, mosiaras B cBssax (1.25) Az = 0 u Bwibupas 6a3uc, rae k oproronanen Ag, us3

—

ypasHeHusi (4) stux cBsseil nomyudaeMm Ay = zn_, rae no npezanosnoxennto z # 0. Tlogcrasiss

—

Ay = aii_ + bty + ck (3.1)

B ypashenue (3) cBazeit, nmonydaem b = 0. I3 ypasuenus (1) cBsaseit a = 0. Hakounen, us
ypasaenusi (2) ¢ =0, T.e. mepBasi Mojia paBHa HYJIO.

AHajIormYHO MOKA3bIBAETCs, YTO HE CYIIEeCTBYeT W pemienus {2,3}.

Heyxmonosoe pertenne {1,3} cymecrsyer. [Tonaras B (1.25) A5 =0 u BuGUpast 6asuc, rie
k oproronanen As, momydaem

A, —e" B o Al = -+ 2sei(°‘37a1)/2(a:1x3)1/2l;:', (3.2)
re
x1,3 >0 (3.3)

U § — 3HAKOBBIN (HAKTOP

s =41 (3.4)

(oTpazkaromuii BO3MO’KHOCTb BBIOOpa KAk IPAaBOTO, TaK W JieBOro Oasuca). Ilepeiizem K moBep-
HyTOMY BOKPyT k Gaszucy

— —

7 = lBa—as)/2g p_ (3.5)

1 0003HAYUM

(5 = (ag - al)/2. (36)
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Torma obmiee pemenne {1,3} umeer Buj

— — —

Ay = (a@, +2s(zix3) /%K), As = —ePxsi. (3.7)

U3 cBsasu (1.24)
x1+ x3 =m/2. (3.8)

B srom Gasuce perienne uMeer MPOCTOH BUJ, OJHAKO OH HE SIBJISIETCS NICEBIOCIUHOBBIM. [lces-
nocruH (1.23) pasen

= 1 3/2 1/2
I-.1 [( 7l ) P LT —|—n’+)] . (3.9)
Ero momysb
2\ 2 1/2
=5 (a:% + é’) + 4x‘i’x3] (3.10)
npu (PUKCUPOBAHHOI Macce 3aK/II0YEH B IIPEIEIax
kD < L < D, (3.11)
rage D — napamerp (2.6) u
1 1/2
k=g [10(123 - 7\/105] ~ 0.283. (3.12)

MunnmanbHoe 3Hadenue L menbire, dem D /3, 4ro coorBercTBOBasio ObI cocrosinmio {3}. Mu-
HUMAaJIBHOMY 3Ha4eHHI0 L COOTBETCTBYeT

V105 -5 105
~ (. 131— 3.13
T 2 (8.13)
Makcumansaomy L orseuator xg = 0, T.e. cocrosiaue {1}.

IIpu dbukcupoBanHOil BeaUYnHE TCEBAOCIUHA L i JTBYXMOIOBOM CTPYHBI

1
L<D< L - ~3,5 3.14
k k Y (3.14)
T.e. ee Macca Gosblne, YeM st mepBoit Moabl (2.5), (2.6).
Bsenem mceBmocnuHOBBIN 6a3uc, B KOTOPOM
L = Lk, (3.15)
R () b -/ -/
k= ck +§(n_+n+), (3.16)
v (2 Y2 U2 1
c=N |z + 3 ) b= —2sNzj , N=(2maLl)™", (3.17)
A+ b =1. (3.18)
Hononuennem Bekropa (16) 10 6asuca sIBIISTIOTCSE
1 -1
= bk + %n - +cTﬁ’+, fiy = Ak, (3.19)

11



Ob6pathbie HOPMYTbI UMEIOT BU]L

- ~ b
k/ =ck — i(ﬁ_ + ﬁ—‘,—)y
(3.20)
A 1 -1
e
2 2
Pemenne B mcesgocimaoBoM 6asuce mormydaercs mnogcranoskoit (20) B (7), j =1,3
A}- = eijé(aj_ﬁ_ + aj+ﬁ+ + ajk];?), (3'21)
cxtl
aiy =1 — sb(z123)"?, a1p = 21b+ 2sc(z123)"/?,
(3.22)
cx1
azr = —I3 5 , asp — —(Egb.

Yrobbl 3ammcarh 1OJMHOE crpyHHOe pemienne {1,3;1,3}, Hy»KHO BOCCTAHOBUTH WHJEKC A
y BCEX BEIWYMH B BBIMIENPUBEJICHHBIX (POPMYyJIaX W BBIIUCATH AHAJOIMYHBIE BLIPAYKEHUS JIJIst
ammmnTy s, B; ¢ nngexcamu B. Tereps, BoobIie roBopsi, T4 7# TRBj, XOTS PaBHBI UX CyMMBI B
cuy (8), u Ly # Lp. Beonga B dopmyse (1.20) miasg crpyHHOro BeKTOpa

T:T,—%(5A+5B)a U:UI—%(fsA—fSB)a (3.23)

MOXKHO omycTuth 04 u 65 B (21) n amanormunoii dopmyste s B;.
CromH CTpPyHBI, €ro MOJYJIb W CIHHOBBIH Oasuc maiorcs dopmyaamu (2.14)-(2.16), (2.18),
(2.19). IlceBmocmuHOBBIe Ga3uChI AjIs aMIUIATY A; m Bj MOXKHO 3amucaTb B BUJE

ha = eMA(ficosay — Esinag — ij), oy =nh_,
(3.24)

ka=rnisinay + kcosay,

a BBIpaXKeHUs JJisd Np_ U kp MOJyYalOTCA OTCIO/NA 3aMEHOU [t4 HAa Up U (4 HA —Qp.

Da3pl U4 U U, B OTJIMIUE OT OJHOMOJIOBOIO CJIydasl, TEMEPb CYNIECTBEHHBIMU 00OPA30M
BJIUSIIOT Ha IBOJIIOIMOHHYIO TTOBEPXHOCTD.

BekTop cTtpyHBI B cucTteme MOKOsI B eIMHUIAX d UMeeT BUJI

]. - : ! ! 1 - : / / g N / / 1 g 5 ! !
(Y: EITTL (Allez(T +0’) + §Age32(T +0o’) + Biez(‘r —a’) + gBéei’yz(‘r —o )) 7
ff; = aj_ﬁA_ + aj+TALA+ + ajk];)A, (3.25)
B; = bj_fLB_ + bj+TALB+ + bjkkB,
rje BeJUYUHBI a U b jatorcs dopmysnamu (22) ¢ ungekcamu A u B B IpaBbIX 4aCTHX,

COOTBETCTBEHHO.
Paccmorpum jasee cummerpuuanoe pemenue {1,3;1,3}., Korma

T A; = TBi, LA:LB, (3.26)
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a TakKe 3HaKOBble (akTopbl (4) paBHBI S4 = sp. Ilpum sTom kKosddunmentsr a u b B (25)
paBHBI bjr = aj k. JIsg MUHEMAJBHOrO CIHHA ( = T BEKTOP CTPYHBI MOXKHO 3alllCaTh B
BHIE

2 1 S
7= —|(ajpcos 7’ sino’ + 303k COS 37 sin37")it — ay_ cos T4 f1 (04 )+
m
7 1 Iy ’ 1 ’ /
+ajycosT_f_ (o) — 33— CoS 37y f(30) + 303+ COS 3t f-(370) ], (3.27)
rie
fi(z) =jcosz =+ ksinz (3.28)

— €JIMHUYHbIE BEKTODPDI, Hp06erafonme OKPY2KHOCTb B IIPOTUBOIIOJIO2KHBIX HaIllPpaBJICHUAX,

T:t:TI:i:,LL_A,_, U:tZO',:]:,LL_, M:I::g(N’A:t/’LB)’
(3.29)
T/:T/:tlﬂ 0_/ :0-,:':1”
T 3 +5¢ 4 3 -

Ipu py =0 crpysa npu 7' = §(2k + 1)) craruBaerca B T0ouKy ¢ = 0, KOTOpasi IPOXOJUTCS CO
CKOPOCTBIO CBeTa.
Juts makcuMasibHOTO criimHa « = 0 nMmeeMm

2

1 -
q= — [(a1x sin 7’ cos o’ + 303k sin 37’ cos 30" )k + a1 coso G (14) +
1 1
+ay+ coso_gy (1) + 33— €08 30! g-(37,) + 303+ €08 30" g (371), (3.30)
G+(z) = fisinz + j cos z. (3.31)
[Ipu p— = 0 BEKTODP 3aBUCHUT TOJBKO OT COSMO’, T.e. CTPYHA CKJIABIBAETCA B JBONHYIO OTKPbI-

TYI0 KPUBYIO, KOHIBI KOTOPOit ¢/ =0 U 7 JBHIKYTCA CO CKOPOCTBIO CBETa.

Y CTpYHBI HIMeeTCst GOJIBIIOE IUCIO HECUMMETPUIHBIX JBYXMO/IOBBIX PEIIEHUH. DTO peleHne
(25) npn T 4; # Tpi, & TaKKe KOMOMHAIMM IBYyXMOIOBOIO pEIICHHs id A; M OJHOMOZOBOIO
s By {1,3;n}. dus stux pemenuit Lo # Lp

4. TpexMmoaoBbIe peleHust

Paccmorpum, HakoHerr, PCIICHH CHCTEMBI (1. 25) KOIJla HU OJUH U3 BeKTOpoB A;, i =1,2,3
He paBeH HyJI0. Buibupas opr K OPTOrOHAJIBHBIM Ag, u3 ypasHenus (6) cucremst (1.25) umeem

Ay = 23, (4.1)

(IllTpuxoBaHHBIE BEKTOPHI MMeIOT cBofctsa (1.27)). Pasmaras Ay o opram iy, k' u ucromssys
(1.25(5)), nmomyuaem
9 = 22+ﬁi‘_ + 291k’ (4.2)

Paszsaras

—

Ay =2 7+ 2, + 2k, (4.3)
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IIoJIyd9a€eM CHCTEMY YeTbhbIPEX ypaBHeHI/Iﬁ AJId MeCTN KOMIIJICKCHBIX YHCEJI

2294214 + 2ok2Yy, + 2232, =0 (1

)
A2 214 + 23 + 4232, =0 (2) (04)
2294 21— + zop21, =0 (3) .

Z%k +4z321_ =0 (4)

Paccmorpum chnavasa pemenns, korma 2oy = 0. Torma zo, # 0 m u3 ypasuenus (3) s7oif
cucrembl z1; = 0. Ypasuenue (1) mpu 9TOM BBINOTHSIETCH.
Ecmm z14+ = 0, o ypasuenue (2) yzaosiersopsiercss u u3 (4)

zop = 28(—2321 )2, (4.5)
rme s = +1 — sHakoBbIil dakTop. [lomoxkum
Z1_ = Mgy, 23 = —e" Vg, (4.6)

rae x13 > 0. Ilepexona k mosepuyTOoMy 6asmcy

-

i, = eFiBoa—ea)/dg, B (4.7)

u 0003HaUAA
§ = (041 + 013)/4, (4.8)

nosiydaeM nepsoe Tpexmozosoe perrenne {1,2,3(1)}
T ib, = T 2is 127 F._ _  3i5,. =
Ay ="z, Ay = e“2s(x123) "k, A3 = —e’u3iiy. (4.9)

U3 cBsasu (1.24)
1+ x3 =m/2. (4.10)

[MceBmoctmu (1.23) mis 9TOrO perneHns: paBeH

- 1 1 -
L=— (:c% — §x§> k. (4.11)

2ma

Bribpannbiii 6a3uc okazajcs MCEBIOCHUHOBBIM. Momysb mceBjocnnHa mpu (HDUKCUPOBAHHON
Macce W Macca mpu (BUKCHPOBAHHOM TICEBJIOCIUHE OTPAaHUYEHbI HEPABEHCTBAMU

O<L<D, D>1L, (4.12)
rae D naerca (2.6). MunumanbaoMmy L cooTBercTByeT
1 =m(V3—1)/4~0.35m/2, x3=1x,V3 (4.13)
(TpexmozoBas koHburypanus). Makcumaasaomy ncepmocnuny orsedaer 3 = 0 (oxHOMOZOBAS
KoHMUrypalus ¢ mepBoil MoIoii).

IIycre Teneps z14+ # 0. Torma u3z (4(2)) u (4(4))

21— = —23214 /214, 2ok = 28123(Zik+/21+)1/2 (4.14)
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(s1 — 3uakoBblit dakrop). [Tomoxum
214 = sw1€'t, z3 = x3€'3,
rie s — He3aBUCHMBI 3HaKOBbIT dakrop u x13 > 0. Ilepexons k Gasucy

-

n obosHauast
0= (ag - 011)/2,
noJiydaeM BTOpoe TpexmojzoBoe perrerne {1,2,3(2)}
3id

A = e"‘s(sxlﬁ_ —x3My), A= e?02s w3k, As = e3Pxsii_.

Us (1.24) u (1.23)

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)

[Ipu dbukcupoBaHHON Macce MOJIY/Ib [ICEBIOCINHA ONpaHUYeH HepaBeHCTBamu (12), rme MuHN-

MaJIbHOMY L COOTBETCTBYET

1 =m/(2V7) ~0,378m/2, x3=211/3/2

(4.21)

(TpexmMozioBasi KOHMUryparus), MakcuMajabHoMy — 3 = 0 (ogHOMO/IOBasi KOHMUrYpaIus).

Pacemorpum Teneps 2oy # 0.

Ecmm z;— = 0, To u3 ypasuenust (4(4)) zor = 0, u ypasuenne (4(3)) Bbimomusiercs. 113
ypasuenuii (4(1,2))
23 = =21 Zo4 25, 21k = 232f+(22+/z§+)1/2. (4.22)
[Tonoxum ‘ A
211 = 11" 2oy = S110€"?] (4.23)
rae x12 > 0. Ilepeiimem x Oasucy
i, = ellaz—2a) s L (4.24)
Obo3naqgas
0= g — A, (4.25)
nojiydaeM Tperbe Tpexmomosoe pemienue {1,2,3(3)}
A = ei‘sxl(ﬁ_ — 2312:), Ay = e*0 g xoh_, Ay =~z 7. (4.26)
U3 cBssu (1.24)
422 + 23 = m?/4. (4.27)
[TceBnocnua M €ro MOIY/Ib PABHBI
- 1 4 1 =~ A A
L= Ima [(gx% + 51‘%) k4 2sz2(A_ 47y |, (4.28)
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1/2

= 4.29
2ma ( )

4 1,)\?
<§x% + 51‘%) + 4z

Basuc renepp He ncepmocnmuoBblii. Ogaako dopmyra (28) Toro ke tuna, 9ro u (opmysa
(3.9) mByxmomoBoro ciaydvast. [losromy mceBmocnmHOBBINA Oasuc BBOguTCA 10 dopmyraam (3.16),
(3.19) u (3.20) ¢ cOOTBETCTBYIOIUME 3HAYEHUSIMUA 15t ¢, b n L, KOTOpPBIE JIETKO OIIPEIeIAI0TC s
u3 (28), (29).

IIpu dukcupoBannoit Macce i Tpu PUKCUPOBAHHOM IICEBIOCIIIHE
D(9/40)Y? < L < D(13/36)"/2, L(36/13)*/% < D < L(40/9)*/2. (4.30)

[Tapamerp KBaJpaTa Macchl IpH (DUKCUPOBAHHOM MCEBJOCIMHE OTPAHMYEH 3HAYeHUsAME (Ipu-
6imsurenbho) 1,70 u 2,10, MunnMaabHOe 3HAYEHHUE MCEBIOCIUHA COOTBETCTBYET

z1 = (3/40)%m/2 ~ 0,274m/2, x5 =0,7"2m/2 2 0,837m/2 (4.31)
(TpexmoyioBasi KOHMUIYpAaIysi), MAKCAMAJIbHOE —
x1=m/4, z2=0 (4.32)

(mBYxXMOMOBasi KOHMDUIYDAIHs).
[Tycts, makomern, zj— # 0. [lomaras

21— = x1€' M zop = S119€"Y%, 23 = —x3€"*?, (4.33)

rae 123 > 0, u3 ypasuennit (4(4,3,1)) momy4uaem

2ok = 281S,($1$3)1/2€i(a1+a3)/2, 2 = _s/xQ(:L,l/1,3)1/261'(0414-2042—(13)/2’
(4.34)
214 = (ml + xg)ei(2a2*a3).
[Moncrasiss stu Bblpaxkenus B ypasaenue (4(2)), momydaem
dzi(x1 + x3) + x%ﬂ — dzg(xy + xg)elBasmdazman) — (4.35)
L3
OTKY1a
a1 + 4oy — 3ag = 2km (4.36)
(mpu (2k 4+ 1)7 ypasuenue (35) Jyist peaJbHON 9aCTH HE MMeET DEIIeHUs) U
g = 2(xy(a3 — 27) /21)"?, (4.37)
I3 Z xI1. (438)
[Tonaras
il = B2y, R — | (4.39)
n obo3Ha4as
0= a3 — (g, (4.40)

nojiydaeM derBeproe TpexmojoBoe pemtenue {1,2,3(4)}

A =¢f [(wl + x3)A_ + 7y + 25(23 — w%)l/gg] ,
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. 1/2 ﬁ
Ay = 26?05, (ﬁ) [(w% — )25 — swik|, (4.41)

T
Ay = —¥0gai_.
Brech 51 u s = '€ — 3HakoBEIe (DAKTOPHL.
U3 ceasu (1.24)
2
I3 m
42 (14 =) = —. 4.42
(e )= (1.42)
[Tpn durcupoBanHoit Macce
0<z <z3<m/V32. (4.43)
Ilpu 23 -0 u 21 — 16x§ /m? pellenue MepeXoIUT B OJHOMOIOBOE DeleHue {2}ffg =3n_.
IIceBmocnimu paBen
- ZL‘% 2 x3)\ -
L=—=(-+—|k (4.44)
ma \3 1
[Ipu pukcupoBaHHON Macce ero MOJYJIb OTPAHUYEH YCIOBUSIMU
> D<L< ! D (4.45)
12 27 '
MunumanbHoe 3Hadenue L coorBercTBYeT 1 = x3 = m/v/32, makcumaibHoe — x3 = 0
(omHOMOIOBOE pereHne co Bropoit Mosoit). Ilpu dukcupoBanHOM ICeBOCIIHE
2L < D < 2,4L. (4.46)

WTak, CylecTBYIOT YeThIpe, BOOOIIE IOBOPS, PA3IUIHBIX TPEXMOJOBLIX PEICHUs s aM-
wmryn A u B {1,2,3(7)}, ¢ = 1,2,3,4. TpexmojoBbie pelieHus: Jjisi CTPYHHOTO BEKTOPA
{1,2,3(i); N}, tne N — omHO-, ABYyX- WM TPEXMOJOBOE DeIleHUs JJId aMIUIUTYAbl B, crposr-
csl B CIIMHOBOM 0asuce MoJ0OHO TOMY, KakK 9TO ObLIO CIeJaHO B IpeblylieM pasjese. Kak u
JBYXMOJIOBOE PpeIlleHre, TPEXMOJOBOE peIleHne mpu (PUKCUPOBaHHBIX Mmacce, L4 u J 3aBucur
or a3 d4,B.

5. 'aMuIbTOHOBO OIMCAaHNE M KAaHOHMYIECKOEe KBAaHTOBAHUIE

J17151 KaHOHNIeCKOTO KBAaHTOBAHUS Hafi/IeHHBIX KOHMUIYpanili CTPYHBI Hy?KHO HCIIOIb30BATDH
raMUJIBTOHOB (DOPMaJIM3M, KOIJIa CTPYHA ONUCHIBAETCs KOODAMHATONH Z(0,7T) M CONPSIZKEHHBIM
eif IMITYIbCOM (ILIOTHOCTHIO MMITYJIBCA. )

oL

—W, (5.1)

p(U,T) =

riae £ — niorHOCTh Jarpamxkuana HamOy—Toro miist 3amMKHYTOM cTpyHBI. PasmoxuM nepuoju-
yeckue 1Mo ¢ GyHKIUU B paansl Pypbe

z(o,7)=7r(1T)+ Z (qn(7) cosno + Gn(7) sinno) =

n>0
1 1 no —ino
=) g 3 (A ), 52
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plo, 1) = % (%P + Z(pn(T) cos no + P, (7) sin na)) =

n>0
1

= =2 (Au(m)e™ + Bu(r)e ™), (5.3)

n

riae A, (7) u By(7) yaosrerBopsiior yciaosuio BemiectBernnoctu (1.2), P — NOMHBI uMIyJIbe,
ucnosbsyercst obosnadenne (1.8),

A, = Pn + Tangy, + i(wanQn - pn)7 (54)
B,, = p, — mang, + i(ﬂanQn + pn)

€CTh OCHUJUIATOPHBIE TepEMEHHBbIE CTPYHBI U @ — MapaMeTp HATAKEHWUS CTPYHBI.
Jlarpam:kuaH CTpyHBI B FaMUJIBTOHOBOU (popMe paBeH

L=F—H, (5.5)
e ¢ TOYHOCTBIO JO IIOJTHOW IIPOU3BOJHON II0 T
21
F =~ [ pido = ~Pi = Y (puio + n ) =
0 n>0
Pit S 244+ BB ) (5.6)
=—Pr — _ _ .
18ma e e

n#0 "
ectb nepsas auddepenimaibaas dpopma (momeseHHas Ha dT), onpejensomas ckooku Ilyac-
cona [5], u
2m
H= 27r/ [fa(p+a2)? + fE(p — aa’)?] dr =
0

=2 (farpar(t) + forenr(T)) (5.7)
k

ecTb TaMUJIBTOHMAH CTPYHBI, DaBHbI JnHEHHOW KomOmHaimu cBsseii [8, 4, 9]. Oyukunu
fa,(o) — muoxkurerm Jlarpanxa, fa pr — ux kosddunnenter Pypoe. Pynkimu @4 pr(7) —
CB$I3M, BBIPAKEHUsI JJIsi KOTOPBIX JAIOTCs JIEBBIMU YacTAMU cooTHommenuii (1.7).

13 (6) nomywaem menysesble ckooku Ilyaccona

{Pu(7)7 TV(T)} = v, (5.8)

{AR(7), A (7)) = {BR(7), Bip(7)} = —idmang! 6, . (5.9)

Besuraumnsl, umeromue HysieBble CKOOKH ¢ raMuibToHHanoM (7), He 3aBHCAT OT T U BbIOOpa
mapaMeTpusanui. TakuMm BeJHMYHHAMI $IBJISIOTCS IOJHBIA UMIYJIbC CTPYHBI P, ee macca
m = VP? ucesgocuunnl Ly g, (1.5) u coun crpyust (1.6). Ckobkm Ilyaccoma cunuma u

umiysbca B cuiy (8), (9) umeror Bua, coorBercrBytomuii rpymme [Tyankape.
Ha moBepxmocTu cBszell COXpaHAIOTCS HYJIEBbIE CBA3M

1
oo =5 an CnC_pn, C=AB (5.10)

JIIsE JIFOOBIX, B TOM YHUCJIE KOHEUYHOMOJOBBIX, KOH(MUIYPAIM CTPYHBI.
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ITepeiijieM K OPTOHOPMAJILHOM KAJMOPOBKE M OIPAHUYUMCS B (2) KOHEYHBIM YHCJIOM YJICHOB
(moxm). B s70it KaaubpoBKe MMIYJIbC (3) MMeeT TO Ke 4YHCIo Mo, a MHoxuTesan Jlarpanxka
fa,p B (7) (mocie BapbUpOBaHMU:) PABHBIL

fo = foco=-1/(8ma), C = A,B. (5.11)

IIpu KOHEYHOM HHCIIe MOJ, CBSI3H YA Bk IPU k 7 0 sIBJISIOTCS CBSA35IMU BTOPOTO POJa U JIOJZKHBI
ObITH pellleHbl SIBHO, Jisl 9€r0 BOCIIONBb3YeMCsl Pe3yJsibTaTaMy MPeJbULyIuX pasesnos. Vcmomib-
3y KaaumOpoBKy menTpa macce (1.9), BBomsa rerpany (1.16) m passaras mo Heifl aMIUTHTYIbI
An (1) m Bp(1) (bopmynsr pasmoxkenuss (1.17), (1.18)) u mncesmocnmust (1.23), nepemnwuinem
ramuibToHnaH (7) B BHie

P2 .
H=2 Y foo (7 = cnc_n> . (5.12)
C=A,B n>0

IIpu s5TOM sIBHO JO/KHBI ObITH pemtensl cBsasu (1.25). Casb ke (1.24) BO3HHKaeT KaK IaMUIb-
TOHOBO ypaBHeHHE (B KBAHTOBOM C/Iydae — KaK OpaHHdYeHre Ha (DU3MYECKHE COCTOSHUS).
Huddepennmanbuas dopma (6) umeer Bug

F=-Pi+) (F&+Fp), (5.13)
AB
roe mig C = A uwiu B, . .
17 RN
Fo=—Y -C,C_ :
C= I nCnC s (5.14)
n>0
n 1 1 a b SU 1 c 514
Fe = idma Z ﬁCnC—nFabl/P = 56abCLCI‘abVP 5 (515)
n>0
ITOCKOJIBKY BeJIMYMHA
o
Loy =€ 3P (5.16)

AHTHCHMMETPHYIHA IO MHJEKCaM a U b (e — OpTOHOPMUPOBAHHBIE BEKTOPHLI TeTpaibl). [losromy
muddepennranbias GopMa UMeeT BUJL

F=2P+FY+F%, (5.17)

rie )
z, =1, + §6abcjcrabu (5.18)

eCTb HOBas KOODAHMHATA, 3aBUCAIAsl OT HOJHOIO ciuHa J. B dopmy (14) HY>KHO HOJICTABUTH
pertenust cBs3ei, 4To maeT auddepeHuaabuayio Gopmy, a ciaegoBaTeabHo, ckobku Ilyaccona,
HE3aBUCUMBIX TTEPEMEHHBIX.

Onnomonosoe pemtenue {u;v}. B coorBercrBum ¢ pasmesnom 2

Ay = xaita_, B, =axpiig_, (5.19)
2 2
Ly= AR, [p=-"B i, (5.20)
2mau 2mav
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[Moncrasum (19) B dopmy (14). IlomytaeM ¢ TOTHOCTBIO [0 IOTHON IPOU3BOJHOMN
Ay A_y=xpTia_(TATiAL) = x?qﬁA_ NAL= —22'33?4]'14 NAL=
= —2i$124 [EA,ﬁA} na= —4diTau [[_;A,ﬁA} A, (5.21)
OTKY/1a
FY = [LA,ﬁA} ia (5.22)

F g nosydaercs orciona 3amenoir A wa B. W3 (17) momydaem Henysesble ckoOku Ilyaccona
He3aBUCHMBIX TepeMeHHbIX (C' = A, B)

{Pﬂ, ZV} = g", {L%U L%W} = 6abCLé7 {L%”n%’ } = 6abcn%" (5'23)

(Bammcnb (22) 4epes HesaBHCHMBIE nepeMeHHble U BbIBOJ (23) u3 (22) cm. B Ilpmioxennm.)
lamunbronman (12) pasen

1 [= 1 =
H=2fx (5132 —4mau Li) +2fBo <§P2 — 4dmavy/ LQB> , (5.24)

rJie mocjae BapbUpPOBaHUs CJIeyeT UCIoab30BaTh (11). YpaBHeHUs IBUZKEHUs

1
 — HY\=——P 5.25
= {2 H) =5 P, (5.25)
n4 = {n% ,H} = ueqckyns_, n%_ ={n% ,H} = vegpckinS (5.26)
La=Lp=0, (5.27)

1 =, ]_ o
5P2 — 4mauy/ L4 =0, 5P2 — 4mavy/ L% =0 (5.28)

BOCIIPOU3BO/AT 3aBUCUMOCTb OT BPEMEHM JarpaHkeBa ommcanus B paszpenax 1 un 2. Tax,
pelrieHre mepBoro ypasHenus (26) maer

fia_ (1) = €4 (0), ifta_(0) = [ka,7ta_(0)] (5.29)

a T.[O.
It KBaHTOBaHUS 3aMEHUM HE3aBUCHMbIE JEKAPTOBBI MEpEeMEeHHBIE OlepaTopaMu, CKOOKHI

[Iyaccona (23) — kommyTatopamu {, } — —i[,] * a cBasu (28) — ypaBHeHHAME s BOTHOBOLL

dbyHKIIIN

1 =, 1 =g
(%P2—u L?4+b)z/;=0, (%P2—v LZB+b)z/;:(), (5.30)

rae b — denomenosornyeckas KOHCTAHTA, MPOCTEHIIMM 00pa30M YUHUTBHIBAIONIAS HECTPYHHOE
B3aMMOJIEIiCTBIE Ha MAaJIbIX PAcCTOsHHAX |[3|, a TakkKe, BO3MOXKHO, BaKyyMHBbIE (DIIyKTyaIun
BBICHINX CTPYHHBIX MOJ. OTH yPaBHEHHdA O3HAYAIOT, YTO A HEJbIX |4 p, He PABHBIX HYJIIO
(YCTOIYIMBOCTD KJIACCUYIECKOTO peleHus: [3]), JMOJKHO BBIMOIHATHCSH PABEHCTBO

u\/lA(lA—Fl) IU\/lB(lB—I—l), (5.31)

o
43anmerum, uTo KiIaccuueckue yciaosust Lii = 0, 72 = 1 COXpaHSIOTCS U JIJIsI OIIEPATOPOB, TAK KAK HE HPOTHBO-
pedaT uxX KOMMYTAIIMOHHBIM COOTHOIIEHUSIM.
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VIOBJIETBOPUTH KOTOPOMY TNPHU TEIbIX U,V,la,lp, OOALIINX WM PABHBIX €IMHUIE, BO3MOYKHO
TOJIBKO IIpH
u=wv, ly=Ilg=175. (5.32)

[Tosromy Gyzmem paccMaTpuBaTh KBAHTOBAHUE JIMIIL CUMMETPHYHBIX KoHuUrypammit (32).
B npencrasnenun, riae P u i g JUaroHaJbHBI, BHyTPEHHAS BOJHOBasg (YHKIUA CTPYHBI
(roroGosta) co cnmHOM j, ero mpoekuueil M u mceBaocHMHAME | MMeeT BHL

Yim(7a, MB) = Z C(jM;lma,Ilmp)Yim , (TA)Yims (TB), (5.33)

ma+mp=M

rnme C — koapdurmenter Knedbma—Topnana, { =1,2,3,... u j =0,1,2,...,2L.
I1r060J1BI IPOCTPAHCTBEHHO YeTHBI. VX KBaHTOBBIE YMCJ/Ia PABHBI

165PC = ot 5t (5.34)
Nx maccosbrit CIIEKTPp oOIlpeaessdeTcd 3HaAaYCHUAMMN IICEeBIOCIIMHA
D =u/I(l+1)—b. (5.35)

(D naercs dopmyioit (2.6)).
Beona k=0,1,2,... nyig rimaBHOH, mepBoOii, BTOPOIi,... TpaekTopuu Pemxke

j=2l—k, (5.36)

nosiydaeM k-yio OCHOBHYIO TPAa€KTODPHIO

VG+E)/i+k+2)= 1 (2b+ imQ). (5.37)
U dma
HouepHue TpPaeKTOPUU BOSHUKHYT HUXKE.

IlocTpoennast KBAHTOBas TEOPHS, KAK U T€, KOTOPbIE OyayT MOJIYYIeHbl HUKE KAHOHMIECKUM
KBaHTOBAHUEM, SIBJISETCS PEJIATUBUCTCKM WHBAPHAHTHOW, TaK KaK KOMMYTATOPHI OIEPATOPOB
YIJIOBOTO MOMEHTa U UMIIYJIbCA MMEIOT CTPYKTYPy HUX KjaccmiyecKux ckobox Ilyaccoma, mo-
CKOJIbKY IIpH IIepexojie B CKOOKaxX K oIleparopaM He BO3HHKAET IIPOOJEMBI YIIOPSI0IECHMS
OIIepaToOpOB.

OpuoMmozioBble aMIuTy 16l (19) HOPMUPOBAHBI B TOM CMBIC/IE, YTO BbIOpDAHbI GA3MCHBIE
BEKTOPEI 714 g— 1pu 7 = 0. BoIpakenns (19) He comepKaT 3aBHUCHIIEIO OT BpeMeHH (Ha30BOrO
MHOXKHUTEJsA, m03ToMy ¢dopma (22) He BbIpoXKIeHA. B cOOTBETCTBUH € 9TUM B JaJbHEHIIEM
MHOT'OMO/IOBBIE DeIleHnsT Oy/yT HOPMHPOBAHBI HA aMIUINTY/Y [epBOil MOABI (C TOYHOCTBIO IO
HE 3aBUCAIIETO OT BPEMEHHU MOBOPOTA).

HByxmomosoe perierne. Ilogacrasiss (3.7), e Tenepb Bce BEIMYUHBI (KPOME S) MOLYT
3aBuceTb OT BpeMmeHH, B dopmy (14), momyuaem (unzekc A crnpasa OIyIeH)

] 1 : . )
2maF = % (:cf + gxg) i iy +iszt Pat 2 (@ — ) K + (21 + w3)6. (5.38)

TIpu Manbix 4, p 3TO HETPY/HO MPOBEPUTH YHUCICHHO. 3aMETHM, 9TO P KBA3UKJIACCHHEECKOM KBAHTOBAHUH,
korga BMecto \/I(l + 1) ucnonb3dyercsa [, 9TOro orpaHuYIeHUs] HE BO3HUKAET.
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Orta dopma ympormaercs NIpH mepexofe K mcepaocnuHoBomy 6asucy (3.14)—(3.19), koTopsbrii
cJlellyeT IOBEPHYTb BOKPYT' k 1JI HOPMHUPOBKH Ha OJHOMOJOBLIC PELICHU

o1 R T - —iun
k=k, n_=e"n_, n,=e "“n,. (5.39)
NmeeM (¢ TOYHOCTHIO JI0 MOJHOM POU3BOIHOIN )

Lo . 1 - .
_2i[k, ] fi=Ai_ .= N [((ﬁ + §x§> i iy +2sas a2 (i@ — i) k’] —2ip,  (5.40)

rae N maercsa dbopmynamu (3.16), (3.10). Orcroma

FQ = [L, 7] it +QJ — L, (5.41)
ruoe
. 1 1 2 1/2
Q= %(m +23)%, L= oma (1’% + gl’g) + 433%3] : (5.42)

Ot HOPMYJIbI 0TOOPAYKAIOT MEPBBI KBAJIPAHT IUIOCKOCTU T1,X3 HA JIBYJIUCTHBIH YToJI ILIOC-
koctu @, L:

1 1

0<ay< (34 VI05)z, L<Q< L, (5.43)
1 1

T3 > 5(3 + V105)z; >0, 3L< @ < EL’ (5.44)

rae k gaercs dopmysoit (3.12). JIjisi HOPDMUPOBKYM Ha AMILIUTYLY IEPBOH MOJBI CJIeLyeT
BBIOpaTH

=4 (5.45)

BamernM, 4TO ABYXMOJIOBas CTPYHa IEPEXOAUT B IEpBYI0 Mody B obmacru (43) mpu x3 — 0.
B nopmuposke (45)

FQ = [L,7) it +R4, (5.46)
rae R — noBast QyHKIHs
R=Q-L. (5.47)
B cuny (43)
1
0<R< (E - 1) L. (5.48)
U3 (46) B pomonHeHme K cKoOKaM (23) mMeeM HEHyJIEBbIE CKOOKH
{6c,Rc} =1, C=A,B. (5.49)
laMuabTOHUMAH paBeH
1
H=2 CzAjB feo (§P2 — 4ma(Le + Rc)) : (5.50)

BeiTekatoriee 3 Hero 3HaYEHNE KBaJipaTa MacChl JIa€TCsi pOTannoHHbIM (Lo) U OCHUIUISITOPHBIM
(R¢) Braazamu. B repMuHax MOTEHIMAJBHBIX MOJeJIeli OCIUIUIATOPHBIH BKJIAJ COOTBETCTBYET
paanaabHOMYy BO3OYXKIEHHUIO POTAIMOHHOIO BKJIaJa. B JaHHOM Caydae TpeTbs MOJA sIBJISETCS
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OTBETCTBEHHOI 3a “pajnajabHoe’ BO30Y:KIEHHME, XOTd B ODIIEM ciIydae o0e MOJIBI JAI0OT BKJIAJ,
B 00a cjlaraeMbIX CIEKTPA.

[TepeiimeM K KAHOHMYECKOMY KBAHTOBAHUIO, HE yUUTHIBAas OIpaHHYeHUs cBepxy (48). Dro
KBAHTOBaHUE MOHAIOOUTCSA B HAJIbHEHIIEM.

[Tepeiinem or R 1 § K OCHUIATOPHBIM TEPEMEHHBIM

c=vVRe ™, ¢ =+vRe?, R=-c"e (5.51)
{c,c"} = —i. (5.52)
B kBanToBoMm CJIy4dae
R=c"¢, (5.53)
[c,c"] =1, (5.54)
1 -
(&T—aPQ—\/LQC—RCer)z/;:O, C=A,B. (5.55)

Omneparop R¢ ompeneneH ¢ TOYHOCTBIO JIO KOHCTAHTBI, KOTOpas MOYKeT OBITh BKJIIOUEHA B
koucrauty b. Orciona mosrydaem i COOCTBEHHBIX 3HAYEHUN

la=lIlg=1 na=ng=n, (5.56)

rme | u n — 1eJible MOJIOYKUTEIbHbIE, HE PAaBHBIE OIHOBPEMEHHO HYJIIO.
B npexncrasienun, rae P,7iap u R4 p AnaroHajbHbI, BOJHOBad (PYHKIUA CO CIIMHOM j,
ero mpoeknueit M, mceBHOCIUHOM [ W UMC/IOM 3aIlOJHEHHUS 1 UMeeT BUI

Yistin(ia,ip) = Y CM;Ima,lmp)Yim, (714)Yimg (76) (chcf)™[0 > . (5.57)

ma+mp=M

MaCCOBbIﬁ CIIEKTD OIIpeaessdeTCd 3HAYCHHAMU IICeBIAOCIINHA W YUC/Ia 3allOJTHEHUNA
D=1(l+1)+n—b. (5.58)

JI711 HODMUPOBKY Ha TPETHIO MOJLY, B KOTOPYIO JIBYXMO/IOBOE DeIlleHHe [ePEXOAUT B 00JIacTH
(44) mpu z1 — 0,

1= 36, (5.59)

u B dopme (46) 5.0
R=0Q - 3L, 5.60

0<R< (% - 3) L. (5.61)

Bes orpannuenns (61) momydaem 6Gosee KeCTKHUii CHEKTD

D=3Il+1)+n—b. (5.62)

3nech “pajmanbable’ BO30YKIEHUS POTAIIMOHHBIX COCTOSTHUI BBI3SBAHBI epBoit Mojioil. C dpusn-
9eCKOIl TOYKU 3peHHust 9TO 0OCTOATENLCTBO JeaeT HOpMUPOBKY (59) MeHee IpeanouTuTe bHOM.

Besesncrsue orpanndennii (48) win (61) KaHOHHYECKOE KBAHTOBAHUE JIBYXMOJIOBOI CTPYHBI
3aTpyaHeHo. He MCKIIFOYEHO, UTO OHO HEBO3MOXKHO, W 3Ta KOH(MUIYpAIWs CTPYHBI HE pPeasn3y-
eTCsl TJIIDOHHBIM TI0JIeM Ha KBaHTOBOM ypoBHe |9, 2|. /s OleHKH COCTOsIHUIA, KOTOPBIE MOLJIH
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Obl OLITH IOTEPAHDbI IIPU MCKIIOUEHUH JIBYXMOJOBOI CTPYHBI U3 PACCMOTPEHHUS Ha KBAHTOBOM
YPOBHE, MPeANnoNoKuM, 4To orpaHudenus: (48) wim (61) MOXKHO ydecTh Kak OrpaHUYEHUs!
Ha CpeJHHE 3HA4YeHUs OIIEPATOPOB IO (PU3MYECKHM COCTOSHHUSM. B 3TOM cilydae BO3HUKAET
orpaHuyenue Ha crekrp (58)

1
n < (E - 1) (1+1), (5.63)
win Ha crektp (62)

n < <% _ 3) A+, (5.64)

[Ipu n = 0 »Tu orpanuveHnsl OTCYTCTBYIOT, KBAHTOBaHUE KAHOHUYIECKOE, HO ITO OJIHOMOJIOBBII
ciaydait, paccMorpenubiii Boie. I[Ipu n > 0 aTu orpanuvenus He HAIOT HOBBIX COCTOSHUI IO
CPaBHEHUIO C TEMU, KOTOPBIE MOTYyYEHbl HUKE KAHOHMYECKUM KBAHTOBABHUEM.

TpexmonoBeie perennsi. TexHUKa TaMUJIBTOHOBA ONUCAHWS W KBAHTOBAHUS AHAJOIMYIHA
JIBYXMOJIOBOMY ciry4aro. Jlist Beex pemennii pasjena 4 umeem auddepentmanbuyio dopmy (41),
e p — YTroJl IMOBOPOTa IICEBIOCIMHOBOIO 6a3mca BOKPYT ICeBIOCHUHA. Boimuinem ¢yHKIIN
Q v L jyisi pa3jiuvHbIX PEIeHHi.

(1) Pemenue (4.9)

1 1, 1,

Q= %(:pl + x3)2, L= %kvl — §$3|, (5.65)
0<x3<V3x, L<Q, (5.66)
z3 > V321 >0, 3L<Q. (5.67)
(2) Pemenue (4.18)
Q=g (a} +42}), L= o}~ 2ad) (5.69)
0<23<+/3/2z1, L<Q, (5.69)
x5 > /3/22, >0, 6L < Q. (5.70)

(3) Pemenne (4.26)

1/2
: (5.71)

2ma 2ma

1 1 4 1.,)\?2
Q= — (422 + z2), L:—[<3 %+2m2> + 4af

6 2v/10
0 < a9 <24/ 7/3%1, \/—1_3[/ <Q< \/—_L, (572)

3

x9 > 24/7/3x1 >0, 2L <Q < —'L (5.73)
(4) Perenue (4.41)

272 x3 x3 (2 a3
Q=—01+—), L=—=(-+—]). (5.74)

Ta 1 ma \3 I

OrobparkeHue OJHOJUCTHOE:

x3>x1 >0, 2L < Q < 2,4L. (5.75)
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s pemennit (1) n (2) ycroBue HOpDMEPOBKH Ha OJHOMOJIOBBIE DeIleHHsi COBIanaeT ¢ (45).
Bemonusorest coorHomenus (46) n (47), ognako Teneps B cuiy (66) u (69) orpanndenuii Ha
R un L mer

R>0, L>0. (5.76)

KpanroBanune kanonudeckoe. BonHoBas dbyHkuust crpyHsl gaercs (57) u cuexkrp — (58).

Bce Tpum MoOJBI yYaCTBYIOT B OOpA30BAHUU 3ITOTO CIIEKTPa, OJHAKO MOXKHO CKa3aTb, YTO
BTOpasg U TPEThs MOJbI OTBETCTBEHHBI 3& BOSHUKHOBEHHUE OCIMJIJIATOPHOTO BKJaIa — ‘‘paju-
anbHBIX (B TEPMUHOJIOIMH MOTEHINATBHBIX MOJIeJIell) BO30YKICHU POTAIMOHHBIX COCTOSTHUI.

Pacemorpum HOpMupoBKy pemtenusi (1) Ha Tperbio momy (mpu x; — 0 B obmactu (67)
OHO TIEpeXOIUT B TpeThio Moay). Ilomyuaem dopmymsr (59), (60), oqrako Temepb mpu 3HAYE-
Husax L < @ dysxuus R Moxer ObITh oTpunareibHoil. Ecin orpannmuntbest obmnacteio (67),
TO KAHOHMYECKOe KBaHTOBaHMEe BO3MOKHO. OHO maer crmektp (62), KOTODBIi COOTBETCTBYET
BO3HUKHOBEHUIO ‘‘pauaJIbHBIX BO30YXKIEHUI 3a CUeT MEpPBOH W BTOPOH MOM, UTO (PU3MIECKU
MeHee TPEAmodTHTebHO. Kpome Toro, B obmactu x3 > 0, x1 > 0 HOPMHUPOBKA OKa3BIBAETCS
PAa3pbIBHOIA.

Pemenne (2) Hu npu KaKUX 3HAYEHHsIX IADAMETPOB HE MEPeXOIUT B TPeTbio Mojy. Hopmu-
poBka ero Ha 31y Moay (59), (60) B obiactu (69) mpuBoauT K orpunaTesbHbiM R, a B obacTu
(70) — k orpanuuenuo R > 3L u TpyJHOCTSAM KBaHTOBaHUs. HOpMHUPOBKA OKa3bIBAETCS DPas-
PBIBHOMA.

Pemenne (3) npu 1 — 0 mepexoauT B JABYXMOJIOBOE, OJHAKO HOPMHUPOBKA €0 HA BTODPYIO
W KaKylo JIMOO JPYTYIO MOJY OCTaBJseT orpaHndenust Ha R u L u TpyIHOCTH KBAHTOBAHUS.
[HonobubiM cBoficrBoM obaataer u pemenue (4). Ipu 21 = cxd, 3 — 0 (¢ — KoncranTa)
OHO TepexXOnuT BO BTOpyio Moay. Ilpm z1 = x3 oHO mepexomut B pernenue (3), ecim B 9TOM
MOCTIEJIHEM TIOJIOKUTh L1 = 2X3. DTO TOBOPUT B MOJIL3Y €JIUHOW HOPMHUPOBKHU 3TUX PEIICHU.
Bynewm npenmonarats, ato pemternst (3) u (4) He peasn3yoTcs TJIIOOHHBIM ITOJIEM HA KBAHTOBOM
YDOBHe.

6. CreKTp u peakKeBcKue TpaeKropuu riobdosioB. CpaBHeHHUe
C 9KCIEePUMEHTOM

Kanonndeckoe KBaHTOBaHWE OIHOMOIOBOI U TPEXMOJIOBON 3amMKHyTONH cTpyHbl HamOy-—
loro B koHUrypalusx, KOTOPbIE JIOMYCKAIOT TAKOe KBAHTOBAHUE, JIAET JJIs MAaCC KBAHTOBBIX
COCTOAHUN COOTHOIICHNE

m? = 8ma(u\/I(1 + 1) +n — b), (6.1)
rme u = 1,2,3,..., — HOMep MOJBI OJTHOMOIOBOM cTpyHEIL, | = 0,1,2,..., — 3HaUYeHUE MCEBIOCIN-
ma, n = 0,1,2,... — 3HaYeHNe YNC/Ia 3AMOIHEHN, TprdeM | 1 1 He PaBHBI HYJIIO OJHOBPEMEHHO.

IIpu u > 1 sra dpopmyna nmosyuena Jjumib npu n = 0. Counr cocrostaust j = 0,1,2, ..., 2. Ilpu
j # 0 cmexkTp BBIPOXKIEH To crnuHy. 30cnuH M 9€THOCTH DABHBI

IGjPC — 0+j++- (62)

[TapameTp HaTSXKEHUSA CTPYHBI OMpPeEJIeJIEeH W3 CIIEKTpa KBapK-aHTUKBApPKOBBIX ME30HOB B pa-
Gorax [2]
a = (0,176 4 0,02) 5B (6.3)
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Takum 06pa3oM, CTPyHHAsI MOJEJb [IIOOOJIOB COMEPIXKUT OJUH Iapamerp b, Koropwlil B [3| GbL1
onpezeses u3 JaHHbBIX 110 fo(1500)-mes0ny (b = ag/2, rae ap — KoHcTanTa paborsl [3|)

b= 0,905 = 0, 02. (6.4)

Do nospossier BbruncanTb u3 (1) mMaccebl apyrux riobosos, cobpanHble B Tabi. 1, a Takke
PEIPKEBCKUE TPAEKTOPUU TJIIO0OJIOB.

Tabmuua 1. Ipeackasanust mace (B I'9B) u kBaHTOBBIX Umcen serkux (aerde 4 I'sB) riuro6onos. n — 4au-
CJI0 3amo/IHeHus, 1 > 1 COOTBETCTBYIOT mouepHUM TpaekTopuaM. Crun-yernoctu 195P¢ =
07 jTT. Henpuseiennbie omMubKU Npe/ICKA3aHU, CBA3aHHBIE ¢ OMMUOKAMU B apameTpax (3),
(4), oueHUBAIOTCS ABYMS-TPEMS €JUHULAMY [OCIEIHEIO YKA3AHHOIO Pa3Psia.

ITceBmocnuu [ | Cnun Howmep moant u =1 u=2 | u=3
n=0 n=1 n=2 | n=3 | n=4
0 0 0,65+ 0,07 | 2,20 | 3,04 | 3,70

1 0,1,2 1,50 2,58 3,33 1394 | >4 1292 3,22

2 0,1,.4 | 2,61 3,35 396 | >4 | >4 | >4 | >4

3 0,1,..., 6 | 3,36 3,97 >4 | >4 | >4 | >4 | >4

4 0,1,..., 8 | 3,97 >4 >4 >4 | >4 | >4 >4

C pocroMm macc T000JI0B YBEJTUINBAETCS UNUCIO TJII000I0B ¢ OJU3KAMHU MACCaMU U COBIIA-
JAOIMIMMI KBAHTOBBIMU YHCJIaMHA. YYeT UX B3aUMOJEHCTBUI MOXKET MPHBECTH K 3aMETHOMY
CIBUTY HUX MAacc.

CpaBHeHne TpelCcKa3aHuil ¢ UMEIOIIMMUCS JaHHBIMU O TJI000/Iax, T.e. MEe30HAX, KOTOphIEe B
CTPYHHOI Mogesu [2] He SABIAIOTCS KBApK-aHTUKBAPKOBBIMU, NPUBEJIEHO B Tabi. 2.

Tabmmma 2. CpaBHeHHe NMPEICKA3aHUN MOJEIN C MMEIONMMACS JAHHBIMA O ME30HAX, KOTOPBIE MOTYT
OBITH HHTEPIPETUPOBAHBI KaK [IIOOOMBL (T.€. HE OMUCBHIBAIOTCA CTPYHHON MOJEIBIO KBADK-
AHTWKBAPKOBBIX COCTOsHUI [2]).

CTpyHHas MOJENb Dkcnepument [10]
0T0FF [ 650 £70 | 0707+ | 400-1200 | fo(400 — 1200)
0ro* 1500 070" | 1500 + 10 fo(1500)

01t 1500 0T1t* | 1518 £5 fi( )
0f2tF | 1500 [0F2FF | 1544 £17 f2(1565)
0F0TF | 2200 | 0FOFF | 2197 £17 | fo(2200)

Baxkno yrounurs ganubie o f1(1510)-, f2(1565)- u f((2200)-me30Hax u momyunTs uHGOpP-
MAaIlMIO O TsXKEeJIbIX Me30oHax B obsactu macc 2600; 3000; 3300; 3700 m 3900 M»3B.
BBoas HOMep pejzkeBckoil Tpaekropun k = 0,1,2,... (raBHas, nepsasi, BTOpas,...)

j=2l—k, (6.5)
nomydaeM u3 (1) dopmyny misa Tpaextopun j = j(m?;u, k,n)
. - 2 1 5
\/(j+k)(J+k+2)_;<b+87T—am —n). (6.6)
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[Ipu GospIUX j OHU MMEIOT HAKJIOH, 3aBUCSIIAN TOJIHKO OT % ¥ OOPATHO MPOMOPINOHAIBHBIN U

dj 11
= _, = ~(0,45240,005) TsB ™%, m® — oo, (6.7)

dm? udma

Cnapubivm spasmioTess TpaekTopun j(m?;u) = j(m?;u,0,0). Jas v = 1 riaBHas TpaeKTopus
paccmorpena B [3|. g w > 1 Bblumc/ieHHst aHAJOIMYHBL. 3HAYEHWs U HAKJIOHBI [JIABHBIX
TpaexTopuii ipu m? = 0 cobpanbl B Tabi. 3.

Tabauna 3. Ilepecedenuss ¢ ocbio m?=0 1 HaKIOHBI Ipu M2 =0 IVIABHBIX PEIKEBCKUX TPAEKTOPUil IpH
Pa3JIMYHBIX HOMEPaX MO/I.

j(0;u) j'(0;u), TsB~*
1,07+£0,03 | 0,395+ 0,005
0,35+£0,01 | 0,151+ 0,006

0,168 + 0,007 | 0,078 & 0,003

W~

Bosbmiee enuHumpl nepecedenne TIaBHON TPAGKTOPUH IEPBOil MOJIBI He TIPOTUBOPEYUT JIaH-
HBIM [0 BBICOKOSHEPIeTHYECKOMY DACCesHUIO aIpoHoB [11].

Aprop Gmaromaper A.B. PasymoBy 3a crumynmpytomue obcy:kiaenuss u B.A. IlerpoBy 3a
MTOJIEPKKY.

IIpniaoxkenne

OcuoBHasi quddepeHnuaibHasa popMa B HE3AaBUCUMBIX epPEMEHHbBIX

Beipasum puddepennuanbiyo dhopmy (5.22) gepes HezaBucumble nepeMentble. Ormyckast
HHJIEKC A, 3aluieM IICeBINOCHUH U JBa OPTOTOHAJBLHBLIX €My BEKTOpa B CEPUUECKON CHCTeMe

=g —

L = Lk = L(sin © cos ¢, sin® sin ¢, cos ), (T1.1)
ko = (— cos © cos ¢, —cosO sin ¢, sin ©), (I1.2)
ky = (sing, — cos ¢, 0). (11.3)

Bekropsl kg, ko, k 00pa3yioT mpaBblii OpTOHOPMHUPOBaHHLIA 6a3uc. BekTop 71, opToroHabHbII
k, MoxKeT OBITH TIPEACTABIEH B BUIE

i = ko cos 3+ ks sin 3, (I1.4)
OTKy1a
J = [k, 7] = kacos 8 — kosin 3, (I1.5)
n_:ﬁ—i;—ewlg_, I1.6
k- = ko — iks. (I1.7)
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Orcrona

FO = [L,/] i= L] ii= %Lﬁ, i=1L <5+ %E, 12+) -
= L(B — ko k2) = L(3 + cos ©¢) (IL.8)
Takum obpazom, .
F'=L3+ Mg, (T1.9)
rie
M = Lcos©. (11.10)

Dta dopma jaer HeHyseBble ckoOKHU Ilyaccona

{8, L} =1, {p, M} =1. (T1.11)

Orcrona HeTpyHO mosyunTh CKOOKE IlyaccoHa mekapToBbIx KoMmnoeHT tcepipoctuna (I1.1),
npusejieHuble B Tekcre (5.23).
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JI.ZI. ConoBbes.

MmuoromooBasi pesIATHBUACTCKAs CTpyHA. Kiaccuyeckue pelreHnss 1 KBAHTOBAHUE.
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