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Àííîòàöèÿ

Åæåëà Â.Â. Î êîððåêòíîì ÷èñëîâîì ïðåäñòàâëåíèè ðåçóëüòàòîâ ñîâìåñòíûõ èçìåðåíèé:
Ïðåïðèíò ÈÔÂÝ 2006�28. � Ïðîòâèíî, 2006. � 25 ñ., 1 òàáë., áèáëèîãð.: 40.

Ïðåäñòàâëåíà ïîäáîðêà ïðèìåðîâ âðåäîíîñíîé ïðàêòèêè ÷èñëîâîãî âûðàæåíèÿ è ïðåäñòàâëå-
íèÿ ðåçóëüòàòîâ ñîâìåñòíûõ èçìåðåíèé (îöåíîê) íåñêîëüêèõ ñëó÷àéíûõ âåëè÷èí â íàó÷íûõ ïóáëè-
êàöèÿõ, ñïðàâî÷íèêàõ, ó÷åáíèêàõ è â àâòîðèòåòíûõ ýëåêòðîííûõ ðåñóðñàõ îöåíåííûõ äàííûõ ïî
ôóíäàìåíòàëüíîé ìåòðîëîãèè è ïî ôóíäàìåíòàëüíîé ôèçèêå.

Îñíîâíàÿ ïðè÷èíà ïîÿâëåíèÿ íåêîððåêòíûõ äàííûõ � ýòî îòñóòñòâèå ìåæäóíàðîäíîãî ñòàíäàð-
òà íà ÷èñëîâîå âûðàæåíèå è ïðåäñòàâëåíèå ðåçóëüòàòîâ ñîâìåñòíîãî èçìåðåíèÿ íåñêîëüêèõ âåëè÷èí
è íåïðàâîìåðíîå èñïîëüçîâàíèå ðåêîìåíäàöèé èçâåñòíîãî äîêóìåíòà ISO GUM, ðàçðàáîòàííîãî äëÿ
ñëó÷àÿ èçìåðåíèÿ (îöåíêè) îäíîé âåëè÷èíû, âíå îáëàñòè åãî ïðèìåíèìîñòè.

Ïðåäëîæåíû ïðîñòûå êîëè÷åñòâåííûå ïàðàìåòðû îáåñïå÷åíèÿ êîððåêòíîñòè ÷èñëîâîãî âûðà-
æåíèÿ îöåíîê ìíîãîìåðíûõ ñëó÷àéíûõ âåëè÷èí è ñôîðìóëèðîâàíû �êðèòåðèè ñîñòîÿòåëüíîñòè ðå-
çóëüòàòà� îöåíêè, êîòîðûå ïðåäëàãàåòñÿ âêëþ÷èòü â ïîëîæåíèÿ ðàçðàáàòûâàåìîãî ðàñøèðåíèÿ ISO
GUM íà ìíîãîìåðíûé ñëó÷àé.

Abstract

Ezhela V.V. On the Correct Numerical Expression of the Results of Joint Measurements:
IHEP Preprint 2006–28. – Protvino, 2006. – p. 25, tables 1, refs.: 40.

Collection of the bad practice examples in the expression of results in the joint measurements of
several measurands is presented. Examples are extracted from the scientific papers in respectable journals,
handbooks, textbooks, and from electronic resources of the evaluated data in fundamental metrology and
fundamental physics.

The origin of the appearance of incorrect data is the absence of international standard on the numerical
expression and presentation of the results in joint measurements (estimation) of several measurands, and
the inadmissable implementation of the famous ISO GUM outside the region if its applicability. Note
that ISO GUM is intended for one measurand only.

Simple quantitative parameters to assure the correctness of the numerical expression the results of
joint measurements of several measurands are proposed.

The “criteria of the results in joint measurements” is also proposed to be included as a part of the
clauses in the expansion of the ISO GUM to several measurands.
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1. Ââåäåíèå

Ñóùåñòâóþùèå ñòàíäàðòíûå ðóêîâîäñòâà ïî ïðåäñòàâëåíèþ ðåçóëüòàòîâ èçìåðåíèé èëè
îöåíîê ôèçè÷åñêèõ âåëè÷èí, êàê ïðàâèëî, äåòàëüíî ðàçðàáîòàíû òîëüêî äëÿ ñëó÷àÿ îöåíêè
îäíîé âåëè÷èíû [1], [2].

Ê ñîæàëåíèþ, âîïðîñû ñòàíäàðòèçàöèè ïðåäñòàâëåíèÿ ðåçóëüòàòîâ ñîâìåñòíî îöåíåííûõ
ôèçè÷åñêèõ âåëè÷èí â íàó÷íî-òåõíè÷åñêîé äîêóìåíòàöèè, â òðàäèöèîííûõ è ýëåêòðîííûõ
ïóáëèêàöèÿõ, â áàçàõ äàííûõ, ïî-âèäèìîìó, íå ïîïàëè åùå â ñôåðó íåîòëîæíîé àêòèâíîñòè
ôóíäàìåíòàëüíîé è ïðèêëàäíîé ìåòðîëîãèè 1.

Ìåæäó òåì â èññëåäîâàòåëüñêîé ïðàêòèêå âñå ÷àùå ïðèõîäèòñÿ ñòàëêèâàòüñÿ ñ ñîâ-
ìåñòíî îöåíèâàåìûìè (èçìåðÿåìûìè) âåëè÷èíàìè 2. Îòñóòñòâèå ñîãëàñîâàííûõ ïðîöåäóð
ïðåäñòàâëåíèÿ ðåçóëüòàòîâ ñîâìåñòíî îöåíåííûõ (èçìåðåííûõ) âåëè÷èí â ïóáëèêàöèÿõ èíî-
ãäà ïðèâîäèò ê ïîëíîé ïîòåðå âîçìîæíîñòè ñðàâíåíèÿ ðåçóëüòàòîâ îöåíêè îäíèõ è òåõ æå
âåëè÷èí, ïîëó÷åííûõ â ðàçíûõ ýêñïåðèìåíòàõ, èç-çà íåïîëíîòû èõ ïðåäñòàâëåíèÿ â ïóáëè-
êàöèÿõ.

Íàïîìíèì, ÷òî äëÿ êîððåêòíîãî êîëè÷åñòâåííîãî ïðåäñòàâëåíèÿ ñëó÷àéíîé âåëè÷èíû
íåîáõîäèìà êàê ìèíèìóì ñëåäóþùàÿ ñòðóêòóðà äàííûõ: ñðåäíåå çíà÷åíèå è äîâåðèòåëüíàÿ
îáëàñòü èëè îáëàñòü ðàññåÿíèÿ. Äëÿ ñêàëÿðíîé âåëè÷èíû � ýòî ñðåäíåå çíà÷åíèå è èíòåð-
âàë, îïðåäåëÿåìûé âåëè÷èíîé ñòàíäàðòíîãî îòêëîíåíèÿ. Â ñëó÷àå âåêòîðíîé âåëè÷èíû �
ýòî âåêòîð ñðåäíèõ çíà÷åíèé è äîâåðèòåëüíàÿ îáëàñòü, îïðåäåëÿåìàÿ ïî ôóíêöèè ïëîòíîñòè
ðàñïðåäåëåíèÿ âåðîÿòíîñòåé.

Äëÿ m-ìåðíîãî íîðìàëüíîãî ðàñïðåäåëåíèÿ âåðîÿòíîñòåé äîâåðèòåëüíàÿ îáëàñòü � ýòî
äîâåðèòåëüíûé ýëëèïñîèä, îïðåäåëÿåìûé m × m-ìàòðèöåé êîâàðèàöèé èëè ñâÿçàííûìè ñ
íåé âåêòîðîì ñòàíäàðòíûõ îòêëîíåíèé è ìàòðèöåé êîððåëÿöèé. Âîò ïðèìåð òàêîé ñòðóê-
òóðû äëÿ äâóõ èçìåðåíèé:([

ζ
η

]
,

[
σ2

ζ σζση · rζη

σζση · rζη σ2
η

])
⇒
([

ζ ± σζ

η ± ση

]
,

[
1 rζη

rζη 1

])
. (1)

Ïåðåíîñ ñòàíäàðòîâ è ïðàâèë ïðåäñòàâëåíèÿ ðåçóëüòàòîâ îöåíîê (èçìåðåíèé), ðàçðàáî-
òàííûõ äëÿ �ñêàëÿðíûõ� âåëè÷èí, íà ïðåäñòàâëåíèå ðåçóëüòàòîâ ñîâìåñòíûõ îöåíîê êîìïî-
íåíò �âåêòîðíûõ� âåëè÷èí, êàê ïðàâèëî, íåâîçìîæåí èç-çà íåîáõîäèìîñòè îöåíêè íå òîëüêî
âàðèàöèé, íî è êîâàðèàöèé êîìïîíåíò âåêòîðîâ. Êðîìå òîãî, ïîÿâëÿþòñÿ åùå ïðîáëåìû
ñîãëàñîâàíèÿ ÷èñëîâûõ ïðåäñòàâëåíèé ðàçíûõ êîìïîíåíò, ñâÿçàííûå ñ ïîÿâëåíèåì íîâîãî
îáúåêòà îöåíêè � ìàòðèöû êîâàðèàöèé (êîððåëÿöèé) ñî ñâîéñòâàìè ñèììåòðèè, ïîëîæè-
òåëüíîé îïðåäåëåííîñòè è ñ íàëè÷èåì äîïîëíèòåëüíûõ îáÿçàòåëüíûõ ñâÿçåé: êîîðäèíàòû
êîíöà âåêòîðà ñðåäíèõ çíà÷åíèé äîëæíû ïðèíàäëåæàòü îáðàçó èñõîäíîé îáëàñòè ðàññåÿíèÿ
ïðè ëþáûõ íåîñîáåííûõ êîîðäèíàòíûõ ïðåîáðàçîâàíèÿõ îöåíîê (è ïðè îêðóãëåíèÿõ).

Ñòàíäàðòíûå äëÿ ñêàëÿðíûõ âåëè÷èí ïðàâèëà ÷èñëîâûõ ïðåäñòàâëåíèé è èõ ïðåîáðàçî-
âàíèé (íàïðèìåð, îêðóãëåíèé) íåëüçÿ ïðèìåíÿòü äëÿ ñðåäíèõ çíà÷åíèé êîìïîíåíò âåêòîðà,
èõ ñòàíäàðòíûõ îòêëîíåíèé è êîýôôèöèåíòîâ êîððåëÿöèé áåç ó÷åòà ñâîéñòâ ìàòðèöû êî-
âàðèàöèé (êîððåëÿöèé).

1Ñëåäóåò îòìåòèòü, îäíàêî, ÷òî ðàáîòà ïî óëó÷øåíèþ [1] è îáîáùåíèþ îïûòà åãî ïðàêòè÷åñêîãî èñïîëü-
çîâàíèÿ íà÷àëàñü ñðàçó ïîñëå åãî ïîÿâëåíèÿ ñì. [4], [5], [6].

2 Íàèáîëåå ïðîäâèíóòîé îáëàñòüþ â îáðàáîòêå êîððåëèðîâàííûõ äàííûõ ÿâëÿåòñÿ, ïî-âèäèìîìó, ÿäåðíàÿ
ôèçèêà è ÿäåðíàÿ òåõíîëîãèÿ [32].
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Íåñìîòðÿ íà î÷åâèäíîñòü ñäåëàííûõ âûøå çàìå÷àíèé, â ëèòåðàòóðå íåðåäêè ñëó÷àè ÿâ-
íîé �ïîð÷è� ðåçóëüòàòîâ îöåíêè (èçìåðåíèé) íåàäåêâàòíûìè ôîðìàìè è íåïîëíîòîé ïðåä-
ñòàâëåíèÿ (íåêîððåêòíîå îêðóãëåíèå, ñîêðûòèå êîððåëÿöèé, . . . ).

Äëÿ èëëþñòðàöèè ðàññìîòðèì ïðîñòîé ïðèìåð �ïîð÷è� äàííûõ íåêîððåêòíûìè ïðåä-
ñòàâëåíèÿìè äâóìåðíîãî âåêòîðà (x, y), ïîëó÷åííîãî èç âåêòîðà (ζ, η) ïðîñòûì ïîâîðîòîì
íà π/4: [

ζ
η

]
=
([√

2(1.500± 0.100)√
2(0.345± 0.001)

]
, r(ζ, η) =

[
1.0 0.0
0.0 1.0

])
⇒
[
x = (ζ + η)/

√
2

y = (ζ − η)/
√

2

]
⇒[

x
y

]
=
([

1.845± 0.100
1.155± 0.100

]
, r(x, y) =

[
1.0000 0.9998
0.9998 1.0000

])
. (2)

Çäåñü âû÷èñëåíèÿ ïðîâåäåíû êîððåêòíî (ñ äîñòàòî÷íîé âû÷èñëèòåëüíîé òî÷íîñòüþ). ßñíî,
÷òî ñòàíäàðòíûå ïðàâèëà îêðóãëåíèÿ, ñôîðìóëèðîâàííûå äëÿ ñêàëÿðíûõ âåëè÷èí, â ýòîì
ïðèìåðå íåïðèìåíèìû.

• Ïðè îêðóãëåíèè êîýôôèöèåíòà êîððåëÿöèè ìàòðèöà êîððåëÿöèé âåêòîðà
(x, y) ñòàíîâèòñÿ âûðîæäåííîé, ò.å. èçíà÷àëüíàÿ îáëàñòü ðàññåÿíèÿ âûðîæ-
äàåòñÿ ïîñëå ïîâîðîòà è îêðóãëåíèÿ â îáëàñòü ìåíüøåé ðàçìåðíîñòè, ÷òî
íåäîïóñòèìî.

• Çàïèñü çíà÷åíèé êîìïîíåíò ïîâåðíóòîãî âåêòîðà, èçáûòî÷íàÿ ñ òî÷êè çðå-
íèÿ ñòàíäàðòà çàïèñè ñêàëÿðíûõ ÷èñåë ñ ïîãðåøíîñòÿìè, òàêæå êîððåêòíà.
Äàëüíåéøåå íåçàâèñèìîå îêðóãëåíèå íåäîïóñòèìî, òàê êàê îêðóãëåíèå êîì-
ïîíåíò âåêòîðà ïî ñòàíäàðòíûì äëÿ ñêàëÿðíûõ âåëè÷èí ïðàâèëàì âûâîäèò
âåêòîð èç äîâåðèòåëüíîé îáëàñòè. Íàïðèìåð, ïðè ïåðâîì øàãå îêðóãëåíèÿ
ìû ïîëó÷àåì âåêòîð îòêëîíåíèÿ[

∆x/σx

∆y/σy

]
=
([
−0.05
0.05

]
, r(x, y) =

[
1.0000 0.9998
0.9998 1.0000

])
.

Äëÿ õàðàêòåðèçàöèè ñòåïåíè îòêëîíåíèÿ óäîáíî èñïîëüçîâàòü êâàäðàòè÷íóþ
ôîðìó χ2. Äîâåðèòåëüíàÿ îáëàñòü â ïåðåìåííûõ (∆x,∆y) îïðåäåëÿåòñÿ óñëî-
âèåì

[∆x/σx,∆y/σy] ·
1

1− 0.99982

[
1.0000 −0.9998
−0.9998 1.0000

]
·
[
∆x/σx

∆y/σy

]
= χ2(∆x,∆y) ≤ 1.

Ïîäñòàâëÿÿ çíà÷åíèÿ îòíîñèòåëüíûõ îòêëîíåíèé ïîñëå ïåðâîãî øàãà îêðóã-
ëåíèÿ, ïîëó÷àåì

χ2(−0.005, 0.005) =
0.0025

1.9998 · 0.0002
· [−1, 1] ·

[
1.0000 −0.9998
−0.9998 1.0000

]
·
[
−1
1

]
= 25 > 1.

Ýòî çíà÷åíèå χ2 ñîîòâåòñòâóåò óõîäó êîíöà îêðóãëåííîãî âåêòîðà èç äîâå-
ðèòåëüíîé îáëàñòè áîëåå ÷åì íà òðè �ñòàíäàðòíûõ îòêëîíåíèÿ�. Åñëè îêðóã-
ëÿòü êîìïîíåíòû ïîâåðíóòîãî âåêòîðà ñðàçó äî îäíîãî äåñÿòè÷íîãî çíàêà
(1.845± 0.100, 1.155± 0.100) =⇒ (1.8± 0.1, 1.2± 0.1), òî χ2(−0.045, 0.045) =2025 � 1,
÷òî ñîîòâåòñòâóåò óõîäó êîíöà îêðóãëåííîãî âåêòîðà èç äîâåðèòåëüíîé îá-
ëàñòè áîëåå ÷åì íà 30 ñòàíäàðòíûõ îòêëîíåíèé.

2



• Íåðåäêî â àíàëîãè÷íûõ ñèòóàöèÿõ àâòîðû âû÷èñëåíèé îãðàíè÷èâàþòñÿ òîëü-
êî ïðèâåäåíèåì îöåíîê íåîïðåäåëåííîñòåé ïðåîáðàçîâàííûõ êîìïîíåíò, íî
íå ïðèâîäÿò è äàæå íå âû÷èñëÿþò êîâàðèàöèè êîìïîíåíò. Èç ïðèìåðà âèä-
íî, ÷òî ïîäîáíîå ïðåíåáðåæåíèå ïî÷òè ïîëíîñòüþ ðàçðóøàåò ðåçóëüòàò èç-
ìåðåíèÿ.

Èòàê, ìû óáåäèëèñü, ÷òî ïðè ïðåäñòàâëåíèè è èñïîëüçîâàíèè îöåíîê ñîâìåñòíî îöåíåí-
íûõ (èçìåðåííûõ) ñëó÷àéíûõ âåëè÷èí â êàæäîì øàãå ÷èñëîâûõ ïðåîáðàçîâàíèé îöåíîê
íåîáõîäèìî êîíòðîëèðîâàòü è îáåñïå÷èâàòü ïîëíîòó è òî÷íîñòü âû÷èñëåíèé, äîñòàòî÷íóþ
äëÿ ñîõðàíåíèÿ îñíîâíûõ ñâîéñòâ êîìïîíåíò îöåíîê, òàêèõ êàê êîìïàêòíîñòü äîâåðèòåëü-
íîé îáëàñòè è ïðèíàäëåæíîñòü êîíöà ïðåîáðàçîâàííîãî âåêòîðà ñðåäíèõ çíà÷åíèé íàèáîëåå
ïîëíîìó îáðàçó èñõîäíîé äîâåðèòåëüíîé îáëàñòè.

Â ñëåäóþùåì ðàçäåëå áóäóò ïðåäñòàâëåíû ïðèìåðû íåáðåæíîãî îôîðìëåíèÿ ðåçóëü-
òàòîâ èçìåðåíèé (îöåíîê) â ïóáëèêàöèÿõ àâòîðèòåòíûõ èññëåäîâàòåëüñêèõ îðãàíèçàöèé,
èçäàòåëüñòâ è ðåäàêöèé íàó÷íî-òåõíè÷åñêîé ëèòåðàòóðû.

2. Ïðèìåðû íåêîððåêòíûõ ïðåäñòàâëåíèé êîððåëèðîâàííûõ äàííûõ

â èññëåäîâàòåëüñêèõ è ìåòðîëîãè÷åñêèõ ïóáëèêàöèÿõ

Èç-çà îòñóòñòâèÿ îáùåïðèíÿòîãî äåòàëüíîãî ñòàíäàðòà íà ïðåäñòàâëåíèå êîððåëèðîâàí-
íûõ äàííûõ â íàó÷íî-òåõíè÷åñêîé äîêóìåíòàöèè è ÿâíî íåêîððåêòíûõ óñòàíîâîê �àâòîðè-
òåòíîãî� è øèðîêî èñïîëüçóåìîãî ðóêîâîäñòâà (ISO GUM) [1] â ëèòåðàòóðå ÷àñòî âñòðå-
÷àþòñÿ âñåâîçìîæíûå èñêàæåíèÿ äàííûõ, à èíîãäà, êàê áóäåò ïîêàçàíî äàëåå, è ïîëíîå
ðàçðóøåíèå ïîëó÷åííûõ äîðîãîñòîÿùèõ ðåçóëüòàòîâ âñëåäñòâèå íåîáîñíîâàííûõ îêðóãëå-
íèé è íåïîëíîòû ïðåäñòàâëåíèÿ äàííûõ.

Â äàëüíåéøåì íàì ïîòðåáóþòñÿ ìíîãîêðàòíûå îòñûëêè íà íåêîòîðûå ïîñòàíîâî÷íûå
óòâåðæäåíèÿ èç ðàçäåëà 0 Introduction îñíîâíîãî äîêóìåíòà ISO GUM. Òàê êàê ýòî òðóä-
íîäîñòóïíûé äîêóìåíò, íèæå ïðèâåäåíû íåîáõîäèìûå äëÿ íàñ óòâåðæäåíèÿ èç îðèãèíàëà
è åãî ïåðåâîäà íà ðóññêèé ÿçûê, âûïîëíåííîãî âî ÂÍÈÈÌ [3], ïîëíîñòüþ.

0.1 When reporting the result of a measu-
rement of a physical quantity, it is obligatory
that some quantitative indication of the quality
of the result be given so that those who
use it can assess its reliability. Without such
an indication, measurement result cannot be
compared, either among themselves or with
reference values given in a speci�cation or
standard. It is therefore necessary that there be
a readily implemented, easily understood, and
generally accepted procedure for characterizing
the quality of a result of a measurement, that
is, for evaluating and expressing its uncertainty.

0.1 Ïðè ñîñòàâëåíèè îò÷åòà î ðåçóëüòàòå
èçìåðåíèÿ ôèçè÷åñêîé âåëè÷èíû íåîáõîäè-
ìî äàòü êàêîå-ëèáî êîëè÷åñòâåííîå óêàçàíèå
î êà÷åñòâå ðåçóëüòàòà òàê, ÷òîáû òå, êòî èñ-
ïîëüçóþò ýòîò ðåçóëüòàò, ìîãëè áû îöåíèòü
åãî íàäåæíîñòü. Áåç òàêîãî óêàçàíèÿ èçìåðå-
íèÿ íåëüçÿ ñëè÷àòü êàê äðóã ñ äðóãîì, òàê è
ñî ñïðàâî÷íûìè çíà÷åíèÿìè, äàííûìè â ñïå-
öèôèêàöèè èëè â ñòàíäàðòå. Ïîýòîìó íåîáõî-
äèìî íàëè÷èå ïðîñòîé â ïðèìåíåíèè, ïîíÿò-
íîé è îáùåïðèçíàííîé ìåòîäèêè äëÿ õàðàê-
òåðèñòèêè êà÷åñòâà ðåçóëüòàòîâ èçìåðåíèÿ,
ò.å. äëÿ îöåíêè è âûðàæåíèÿ åãî íåîïðåäå-

ëåííîñòè.
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0.2 The concept of uncertainty as a quanti-
�able attribute is relatively new in the history
of measurement, although error and error

analysis have been long a part of the practice
of measurement science or metrology. It is now
widely recognized that, when all of the known
or suspected components of error have been
evaluated and the appropriate corrections have
been applied, there still remains an uncertainty
about the correctness of the stated result,
that is, a doubt about how well the result of
the measurement represents the value of the
quantity being measured.

0.2 Ïîíÿòèå íåîïðåäåëåííîñòè, êàê îïðåäå-
ëÿåìîãî â êîëè÷åñòâåííîì îòíîøåíèè àòðè-
áóòà, ÿâëÿåòñÿ îòíîñèòåëüíî íîâûì â èñòî-
ðèè èçìåðåíèÿ, õîòÿ òåðìèíû ïîãðåøíîñòü

è àíàëèç ïîãðåøíîñòåé äàâíî èñïîëüçóþòñÿ
â ïðàêòèêå íàóêè îá èçìåðåíèÿõ èëè â ìåòðî-
ëîãèè. Ñåé÷àñ îáùåïðèçíàííî, ÷òî, êîãäà âñå
èçâåñòíûå èëè ïðåäïîëàãàåìûå êîìïîíåíòû
ïîãðåøíîñòè îöåíåíû è âíåñåíû ñîîòâåòñòâó-
þùèå ïîïðàâêè, âñå åùå îñòàåòñÿ íåîïðåäå-
ëåííîñòü îòíîñèòåëüíî èñòèííîñòè óêàçàííî-
ãî ðåçóëüòàòà, ò.å. ñîìíåíèå â òîì, íàñêîëü-
êî òî÷íî ðåçóëüòàò èçìåðåíèÿ ïðåäñòàâëÿåò
çíà÷åíèå èçìåðÿåìîé âåëè÷èíû.

0.3 Just as the nearly universal use of the
International System of Units (SI) has brought
coherence to all scienti�c and technological
measurements, a worldwide consensus on the
evaluation and expression of uncertainty in
measurement would permit the signi�cance
of a vast spectrum of a measurement results
in science, engineering, commerce, industry,
and regulation to be readily understood and
properly interpreted. In this era of the global
marketplace, it is imperative that the method
for evaluating and expressing uncertainty
be uniform throughout the world so that
measurements performed in di�erent countries
can be easily compared.

0.3 Òàê æå, êàê Ìåæäóíàðîäíàÿ ñèñòå-
ìà åäèíèö (ÑÈ), áóäó÷è ñèñòåìîé ïðàêòè÷å-
ñêè óíèâåðñàëüíîãî èñïîëüçîâàíèÿ, ïðèâíåñ-
ëà ñîãëàñîâàííîñòü âî âñå íàó÷íûå è òåõíî-
ëîãè÷åñêèå èçìåðåíèÿ, âñåìèðíîå åäèíñòâî
â îöåíêå è âûðàæåíèè íåîïðåäåëåííîñòè èç-
ìåðåíèÿ îáåñïå÷èëî áû äîëæíîå ïîíèìàíèå
è ïðàâèëüíîå èñïîëüçîâàíèå øèðîêîãî ñïåê-
òðà ðåçóëüòàòîâ èçìåðåíèé â íàóêå, òåõíè-
êå, òîðãîâëå, ïðîìûøëåííîñòè è ðåãóëèðóþ-
ùèõ àêòàõ. Â ýðó ãëîáàëüíîãî ðûíêà íàñòîÿ-
òåëüíî íåîáõîäèìî, ÷òîáû ìåòîä äëÿ îöåíêè
è âûðàæåíèÿ íåîïðåäåëåííîñòè áûë åäèíûì
âî âñåì ìèðå òàê, ÷òîáû èçìåðåíèÿ, ïðîâî-
äèìûå â ðàçíûõ ñòðàíàõ, ìîæíî áûëî ëåãêî
ñëè÷àòü.

0.4 The ideal method for evaluating and
expressing the uncertainty of the result of a
measurement should be:

0.4 Èäåàëüíûé ìåòîä äëÿ îöåíêè è âûðà-
æåíèÿ íåîïðåäåëåííîñòè ðåçóëüòàòîâ èçìå-
ðåíèÿ äîëæåí áûòü:

universal: the method should be applicable to
all kinds of measurements and to all types
of input data used in measurements.

óíèâåðñàëüíûì: ìåòîä äîëæåí áûòü ïðèìå-
íèì êî âñåì òèïàì âõîäÿùèõ äàííûõ,
èñïîëüçóåìûõ â èçìåðåíèÿõ;

The actual quantity used to express uncertainty
should be:

Âåëè÷èíà, íåïîñðåäñòâåííî èñïîëüçóåìàÿ
äëÿ âûðàæåíèÿ íåîïðåäåëåííîñòè, äîëæíà
áûòü:
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internally consistent: it should be directly
derivable from the components that
contribute to it, as well as independent of
how these components are grouped and
of the decomposition of the components
into subcomponents;

âíóòðåííå ñîãëàñóþùåéñÿ: îíà äîëæíà
íåïîñðåäñòâåííî âûâîäèòüñÿ èç êîìïî-
íåíòîâ, ñîñòàâëÿþùèõ åå, à òàêæå áûòü
íåçàâèñèìîé îò òîãî, êàê ýòè êîìïîíåí-
òû ãðóïïèðóþòñÿ, è îò äåëåíèÿ êîìïî-
íåíòîâ íà ïîäêîìïîíåíòû;

transferable: it should be possible to use
directly the uncertainty evaluated for one
result as a component in evaluating the
uncertainty of another measurement in
which the �rst result is used. . . .

ISO GUM [1], p. vii

äîïóñêàþùåé ïåðåäà÷ó: äîëæíà ñóùåñòâî-
âàòü âîçìîæíîñòü íåïîñðåäñòâåííîãî
èñïîëüçîâàíèÿ íåîïðåäåëåííîñòè, îöå-
íåííîé äëÿ îäíîãî ðåçóëüòàòà, êàê ñî-
ñòàâëÿþùåé ïðè îöåíêå íåîïðåäåëåí-
íîñòè äðóãîãî èçìåðåíèÿ, â êîòîðîì
èñïîëüçóåòñÿ ïåðâûé ðåçóëüòàò. . . .

ISO GUM (ïåðåâîä ÂÍÈÈÌ)[3], ñ. vi-vii

Ýòè óòâåðæäåíèÿ ìîæíî îòíåñòè ê îáùèì òðåáîâàíèÿì ñîñòîÿòåëüíîñòè ïðîöåññà ïîçíà-
íèÿ è îñâîåíèÿ ôèçè÷åñêîé äåéñòâèòåëüíîñòè. Îíè âûòåêàþò èç ñòðóêòóðû ôîðìàëèçîâàí-
íîãî êîëëåêòèâíîãî (ÿâíîãî) çíàíèÿ, ñîñòàâëÿþò îñíîâó êðèòåðèÿ ðåçóëüòàòà ðåøåíèÿ
çàäà÷è èçìåðåíèÿ (îöåíêè) ôèçè÷åñêèõ âåëè÷èí è äîëæíû ëåæàòü â îñíîâå ÿçûêà îïèñàíèÿ
è ïåðåäà÷è ôèçè÷åñêèõ çíàíèé â íàó÷íî-òåõíè÷åñêîé ñôåðå.

Äåòàëüíîå ðàñêðûòèå ýòèõ îáùèõ òðåáîâàíèé â äîêóìåíòå äîëæíî áûëî ñòàòü îñíîâîé
ôîêóñèðîâàíèÿ óñèëèé ýêñïåðòîâ ìåòðîëîãîâ è ïðàêòèêóþùèõ ôèçèêîâ íà ôîðìèðîâàíèå
ñòàíäàðòíûõ ìåòîäèê ïðîâåäåíèÿ èçìåðåíèé (îöåíîê) è ïðåäñòàâëåíèÿ ðåçóëüòàòîâ â òðà-
äèöèîííîé è ýëåêòðîííîé ôîðìàõ. Âîò ïðèìåð òàêîé áîëåå äåòàëüíîé ðåêîìåíäàöèè èç
ðàçäåëà 7 Reporting uncertainty ðóêîâîäñòâà ISO GUM.

7.1.4 Although in practice the amount
of information necessary to document a
measurement result depends on its intended
use, the basic principle of what is required
remains unchanged: when reporting the result
of a measurement and its uncertainty, it is
preferable to err on the side of providing too
much information rather than too little. For
example, one should

7.1.4 Õîòÿ íà ïðàêòèêå êîëè÷åñòâî èíôîð-
ìàöèè, íåîáõîäèìîå äëÿ òîãî, ÷òîáû çàäîêó-
ìåíòèðîâàòü ðåçóëüòàò èçìåðåíèÿ, çàâèñèò
îò åãî ïðåäïîëàãàåìîãî èñïîëüçîâàíèÿ, îñ-
íîâíîé ïðèíöèï íàçíà÷åíèÿ òðåáîâàíèé ê
íèì îñòàåòñÿ íåèçìåííûì: ïðè ñîñòàâëåíèè
îò÷åòà î ðåçóëüòàòå èçìåðåíèÿ è åãî íåîïðå-
äåëåííîñòè ëó÷øå äàòü ñëèøêîì ìíîãî èí-
ôîðìàöèè, ÷åì ñëèøêîì ìàëî. Íàïðèìåð,
ñëåäóåò

a) describe clearly the methods used to
calculate the measurement result and the
uncertainty from the experimental observations
and input data;

a) ÿñíî îïèñàòü ìåòîäû, èñïîëüçóåìûå
äëÿ âû÷èñëåíèÿ ðåçóëüòàòà èçìåðåíèÿ è åãî
íåîïðåäåëåííîñòè èç ýêñïåðèìåíòàëüíûõ íà-
áëþäåíèé è âõîäíûõ äàííûõ;
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b) list all uncertainty components and docu-
ment fully how they were evaluated;

b) ïåðå÷èñëèòü âñå ñîñòàâëÿþùèå íåîïðå-
äåëåííîñòè è ïîëíîñòüþ çàäîêóìåíòèðîâàòü,
êàê îíè îöåíèâàëèñü;

c) present data analysis in such a way that each
of its important steps can be readily followed
and the calculation of the reported results can
be independently repeated if necessary;

c) ïðåäñòàâèòü àíàëèç äàííûõ òàêèì îáðà-
çîì, ÷òîáû ìîæíî áûëî ëåãêî ñëåäîâàòü âñåì
åãî âàæíûì ýòàïàì è â ñëó÷àå íåîáõîäèìîñòè
íåçàâèñèìî ïîâòîðèòü âû÷èñëåíèå ñîîáùàå-
ìîãî ðåçóëüòàòà;

d) give all corrections and constants used in
the analysis and their sources.

d) äàòü âñå ïîïðàâêè è êîíñòàíòû, èñïîëü-
çóåìûå â àíàëèçå, è èõ èñòî÷íèêè.

A test of the foregoing list is to ask oneself
�Have I provided enough information in a
su�ciently clear manner that my result can
be updated in the future if new information or
data become available?�

ISO GUM [1], p. 25

Äëÿ òîãî ÷òîáû ïðîâåðèòü ïðèâåäåííûé âû-
øå ñïèñîê, íóæíî ñïðîñèòü ñåáÿ: �Äàë ëè ÿ
äîñòàòî÷íî èíôîðìàöèè â äîñòàòî÷íî ÿñíîì
âèäå äëÿ òîãî, ÷òîáû ìîé ðåçóëüòàò ìîæíî
áûëî óëó÷øèòü â áóäóùåì, åñëè ïîÿâèòñÿ íî-
âàÿ èíôîðìàöèÿ èëè íîâûå äàííûå?�

ISO GUM (ïåðåâîä ÂÍÈÈÌ) [3], ñ.27

Ðóêîâîäñòâî ISO GUM ñóùåñòâóåò áîëåå äåñÿòè ëåò, à ñîîòâåòñòâóþùèõ îáùåïðèíÿòûõ
ìåòîäèê ïðåäñòàâëåíèÿ ðåçóëüòàòîâ âñå åùå íåò. Íåò è ñîãëàñîâàííûõ íàó÷íûìè èçäàòåëü-
ñòâàìè è ðåäàêöèÿìè æóðíàëîâ ïðàâèë ïðåäñòàâëåíèÿ ýêñïåðèìåíòàëüíûõ (èçìåðèòåëü-
íûõ) äàííûõ â ïóáëèêàöèÿõ, ò.å. ïðàâèë, ãàðàíòèðóþùèõ êà÷åñòâî ïðåäñòàâëåíèÿ ýêñïåðè-
ìåíòàëüíûõ çíàíèé â ïóáëèêàöèÿõ íà óðîâíå òðåáîâàíèé 0.0.1�0.0.4, 7.1.4 ISO GUM.

Ïî-âèäèìîìó, ýòî îò÷àñòè ñâÿçàíî ñ òåì, ÷òî ISO GUM åùå âåñüìà ñûðîé äîêóìåíò 3,
îñîáåííî â ïîäðàçäåëàõ ïðåäñòàâëåíèÿ ðåçóëüòàòîâ ñîâìåñòíûõ èçìåðåíèé íåñêîëüêèõ âå-
ëè÷èí, ãäå ïðèñóòñòâóþò ðåêîìåíäàöèè, ïðîòèâîðå÷àùèå çäðàâîìó ñìûñëó è ìàòåìàòèêå.
Äëÿ êîíêðåòíîñòè ýòè ðåêîìåíäàöèè ïðèâåäåíû íèæå ïîëíîñòüþ.

7.2.5 If a measurement determines simulta-
neously more than one measurand, that is, if
it provides two or more output estimates yi

(see H.2, H.3, and H.4), then, in addition to
giving yi and uc(yi), give the covariance matrix
element u(yi, yj) or the element r(yi, yj) of
the correlation coe�cient matrix (C.3.6,
note 2) (and preferably both).

7.2.5 Åñëè ïðîöåäóðà èçìåðåíèÿ îïðåäå-
ëÿåò îäíîâðåìåííî áîëåå îäíîé èçìåðÿåìîé
âåëè÷èíû, ò.å. åñëè îíà äàåò çíà÷åíèÿ äâóõ
èëè áîëåå âûõîäíûõ îöåíîê yi (ñìîòðè H.2,
H.3 è H.4), òî êðîìå yi è uc(yi) äëÿ êàæäîé
íóæíî äàòü ýëåìåíòû êîâàðèàöèîííîé ìàò-
ðèöû u(yi, yj) èëè ýëåìåíòû r(yi, yj) ìàòðè-
öû êîððåëÿöèè (C.3.6, Ïðèìå÷àíèå 2), à
ëó÷øå è òå, è äðóãèå.

3Îáñóæäåíèÿ íåîáõîäèìîñòè êðèòè÷åñêîãî ðàññìîòðåíèÿ ïîëîæåíèé ISO GUM äëÿ âûÿâëåíèÿ ïóòåé
ñîãëàñîâàíèÿ èõ ñ àíàëîãè÷íûìè ïîëîæåíèÿìè ðîññèéñêîé íîðìàòèâíîé ìåòðîëîãè÷åñêîé äîêóìåíòàöèè
ïðîäîëæàþòñÿ ñ 1994 ãîäà [7], [8], [9].
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7.2.6 The numerical values of the estimates y
and its standard uncertainty uc(y) or expanded
uncertainty U should not be given with an
excessive number of digits. It usually su�ces to
quote uc(y) [as well as the standard uncertainty
u(xi) of the input estimates xi] to at most two
signi�cant digits, although in some cases it may
be necessary to retain additional digits to avoid
round-o� errors in subsequent calculations.

7.2.6 ×èñëåííûå çíà÷åíèÿ îöåíêè y è
åå ñòàíäàðòíîé íåîïðåäåëåííîñòè uc(y) èëè
ðàñøèðåííîé íåîïðåäåëåííîñòè U íå ñëåäó-
åò äàâàòü ñ èçáûòî÷íûì ÷èñëîì öèôð. Îáû÷-
íî äîñòàòî÷íî ïðèâåñòè uc(y) è U (à òàêæå
ñòàíäàðòíîé íåîïðåäåëåííîñòè u(xi) âõîä-
íûõ îöåíîê xi) îò ñèëû ñ äâóìÿ çíà÷àùèìè
öèôðàìè, õîòÿ â íåêîòîðûõ ñëó÷àÿõ ìîæåò
áûòü íåîáõîäèìî ñîõðàíèòü äîïîëíèòåëüíûå
öèôðû äëÿ òîãî, ÷òîáû èçáåæàòü ïîãðåøíî-
ñòåé îêðóãëåíèÿ â ïîñëåäóþùèõ ðàñ÷åòàõ.

In reporting �nal results it may sometimes
be appropriate to round uncertainties up
rather than to the nearest digit. For example,
uc(y) = 10.47 mΩ might be rounded to 11 mΩ.
However, common sense should prevail and a
value such as uc(y) = 28.05 kHz should be
rounded down to 28 kHz. Output and input
estimates should be rounded to be consistent
with their uncertainties; for example, if y =
10.05762 Ω with uc(y) = 27 mΩ, y should be
rounded to 10.058 Ω. Correlation coe�cients
should be given with three-digit accuracy if
their absolute values are near unity.

ISO GUM [1], ð. 26-27

Ïðè ñîîáùåíèè îêîí÷àòåëüíûõ ðåçóëüòà-
òîâ èíîãäà ìîæåò áûòü óìåñòíûì îêðóã-
ëèòü íåîïðåäåëåííîñòè â ñòîðîíó óâåëè÷å-
íèÿ, à íå äî áëèæàéøåé öèôðû. Íàïðè-
ìåð, uc(y) = 10.47 ìÎì ìîæíî îêðóãëèòü
äî 11 ìÎì. Îäíàêî çäðàâûé ñìûñë äîë-
æåí âîçîáëàäàòü, è çíà÷åíèå, òàêîå êàê
uc(y) = 28.05 êÃö, ñëåäóåò îêðóãëèòü äî
28 êÃö. Âûõîäíûå è âõîäíûå îöåíêè äîëæ-
íû îêðóãëÿòüñÿ òàê, ÷òîáû ñîîòâåòñòâîâàòü
ñâîèì íåîïðåäåëåííîñòÿì; íàïðèìåð, åñëè
y = 10.05762 Îì ñ uc(y) = 27 ìÎì, òî y
ñëåäóåò îêðóãëèòü äî 10.058 Îì. Êîýôôèöè-
åíòû êîððåëÿöèè äîëæíû äàâàòüñÿ ñ òî÷íî-
ñòüþ äî òðåòüåé öèôðû, åñëè èõ àáñîëþòíûå
çíà÷åíèÿ áëèçêè ê åäèíèöå.

ISO GUM (ïåðåâîä ÂÍÈÈÌ) [3], ñ. 29

2.1. Íåêîððåêòíîå ïðåäñòàâëåíèå â ISO GUM

ßñíî, ÷òî ðåêîìåíäàöèè ISO GUM ïî ÷èñëîâîìó ïðåäñòàâëåíèþ êîððåëèðîâàííûõ äàí-
íûõ íå ïðèìåíèìû óæå äëÿ ïðîñòîãî ñëó÷àÿ ïîâîðîòà âåêòîðà, ðàññìîòðåííîãî âî ââåäåíèè.
Ïðèìåíåíèå ðåêîìåíäàöèé 7.2.6 â ïðèìåðàõ H.2 ðàçäåëàAnnex H: Examples ðóêîâîäñòâà
ISO GUM òàêæå ïîêàçûâàåò èõ ÿâíóþ íåñîñòîÿòåëüíîñòü. Â ñàìîì äåëå, ïðèâåäåííàÿ â òàá-
ëèöàõ Í.3 è Í.4 ìàòðèöà êîððåëÿöèé â ñîîòâåòñòâèè ñ ðåêîìåíäàöèåé 7.2.6 ïðåäñòàâëåíà
ñ òðåìÿ äåñÿòè÷íûìè çíàêàìè ñïðàâà îò äåñÿòè÷íîé òî÷êè 1. −0.588 −0.485

−0.588 1. 0.993
−0.485 0.993 1.

 . (3)

Ñîáñòâåííûå ÷èñëà ýòîé ìàòðèöû [2.403 740 76, 0.596 712 77, −0.000 453 53], ò.å. îíà èñïîð-
÷åíà îêðóãëåíèåì ïî ïðàâèëó 7.2.6.
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Ïðàâèëüíàÿ ìàòðèöà, âû÷èñëåííàÿ ïî äàííûì òàáëèöû H.2 ñ 16 äåñÿòè÷íûìè çíàêàìè,
èìååò âèä 1. −0.588 276 855 797 0084 −0.485 064 613 663 1822

−0.588 276 855 797 0084 1. 0.992 507 542 132 0323
−0.485 064 613 663 1822 0.992 507 542 132 0323 1.

 ,

åå ñîáñòâåííûå çíà÷åíèÿ âñå ïîëîæèòåëüíûå, êàê è äîëæíî áûòü ó ìàòðèöû êîððåëÿöèé ïî
ee îïðåäåëåíèþ:

2.403 564 371 235 8685, 0.596 435 606 493034, 2.227 109 758 149 771× 10−8.

Ñîãëàñíî îöåíêå ìèíèìàëüíîãî ÷èñëà äåñÿòè÷íûõ çíàêîâ ñïðàâà îò äåñÿòè÷íîé òî÷êè â
ìàòðè÷íûõ ýëåìåíòàõ ïîëîæèòåëüíî îïðåäåëåííîé ìàòðèöû êîððåëÿöèé, ãàðàíòèðóþùåãî
ïîëîæèòåëüíóþ îïðåäåëåííîñòü îêðóãëåííîé ìàòðèöû, ìû ìîæåì ïðåäñòàâèòü âû÷èñëåí-
íóþ ìàòðèöó â áîëåå îáîçðèìîì âèäå: 1. −0.588 276 86 −0.485 064 61

−0.588 276 86 1. 0.992 507 54
−0.485 064 61 0.992 507 54 1.

 .

Çàìå÷àíèå. Îòìåòèì íåïîñëåäîâàòåëüíîñòü â ëîãèêå èçëîæåíèÿ ìàòåðèàëà â ISO GUM.
C îäíîé ñòîðîíû, â òåêñòå åñòü ïðåäîñòåðåæåíèå î òîì, ÷òî äîêóìåíò ïðèìåíèì òîëüêî
äëÿ ñëó÷àÿ ÷èñëîâîãî ïðåäñòàâëåíèÿ îäíîé ñëó÷àéíîé âåëè÷èíû, à ñ äðóãîé, ïðè îáñóæäå-
íèè ìåòîäèêè îöåíêè ïîãðåøíîñòè îäíîé ñëó÷àéíîé âåëè÷èíû, íî çàâèñÿùåé îò íåñêîëüêèõ
äðóãèõ ñëó÷àéíûõ âåëè÷èí, ìû ñ íåèçáåæíîñòüþ ñòàëêèâàåìñÿ ñ ïðîáëåìîé êîððåêòíîñòè
÷èñëîâîãî âûðàæåíèÿ íåñêîëüêèõ ñîâìåñòíî èçìåðåííûõ (îöåíåííûõ) âåëè÷èí. Ê ñîæàëå-
íèþ, íåëåïîñòü ðåêîìåíäàöèé 7.2.6 ISO GUM ïî îêðóãëåíèþ ìàòðè÷íûõ ýëåìåíòîâ ìàòðèöû
êîððåëÿöèé, êàê è íåäîïóñòèìîå èñêàæåíèå ìàòðèöû êîððåëÿöèé â ïðèìåðå H.2 îñòàëèñü
íåçàìå÷åííûìè â ìåòðîëîãè÷åñêîì ñîîáùåñòâå. Îíè âîñïðîèçâîäÿòñÿ â äðóãèõ ìåòðîëîãè-
÷åñêèõ íîðìàòèâíûõ äîêóìåíòàõ (ñì. [2], [3]), â íåäàâíåì îáçîðå �ïåðåäîâîé ïðàêòèêè� [29]
(ñì. ñòð. 20), èñïîëüçóþòñÿ â ïóáëèêàöèÿõ, â ìîíîãðàôèÿõ è ó÷åáíèêàõ (ñì. ñëåäóþùèå
ïîäðàçäåëû è, íàïðèìåð, ó÷åáíèê [10] còð. 128�129).

2.2. Ýêñïåðèìåíò CLEO â Physical Review

Â ðàáîòå [11] ñîòðóäíè÷åñòâà CLEO ïðåäñòàâëåíû ðåçóëüòàòû ïî èçìåðåíèÿì íåñêîëü-
êèõ îòíîñèòåëüíûõ âåðîÿòíîñòåé ðàñïàäîâ τ -ëåïòîíà. �Ïîïðàâëåííàÿ� ìàòðèöà êîððåëÿöèé
ïîãðåøíîñòåé, ïðèâåäåííàÿ â Erratum, èìååò ñëåäóþùèé âèä:

TABLE XII. Correlation coe�cients between branching fraction measurements.

Cτ Be Bµ Bh Bµ/Be Bh/Be

Be 1.00 0.50 0.48 −0.42 −0.39
Bµ 1.00 0.50 0.58 0.08
Bh 1.00 0.07 0.63

Bµ/Be 1.00 0.45
Bh/Be 1.00

Ñîáñòâåííûå çíà÷åíèÿ ýòîé ìàòðèöû (2.1735, 1.7819, 1.0550, −0.0075, −0.0028) ÿâíî ïðîòè-
âîðå÷àò òðåáîâàíèþ ïîëîæèòåëüíîé îïðåäåëåííîñòè ìàòðèöû êîððåëÿöèé.
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2.3. Ýêñïåðèìåíò CERN-LEP-DELPHI â European Physical Journal

Ïðåäñòàâëåííûå â [12] ðåçóëüòàòû ýêñïåðèìåíòà ïî èçìåðåíèþ îòíîñèòåëüíûõ âåðîÿò-
íîñòåé ðàñïàäîâ

B1(τ− → h− neutrals), B3(τ− → h+ 2h− neutrals), B5(τ− → 2h+ 3h− neutrals)

ìîæíî ñîáðàòü èç òåêñòà ñòàòüè â ñòðóêòóðó (ñì. [12] ñòð. 636 è Table 6.):B1

B3

B5

 =

0.85316± 0.000929stat ± 0.000492syst

0.14569± 0.000929stat ± 0.000477syst

0.00115± 0.000126stat ± 0.000059syst

 ,

 1.00 −0.98 −0.08
−0.98 1.00 −0.08
−0.08 −0.08 1.00

 , (4)

â êîòîðîé ìàòðèöà êîððåëÿöèé � ýòî ìàòðèöà êîððåëÿöèé ïîëíûõ ïîãðåøíîñòåé (ñòàòèñòè-
÷åñêèõ è ñèñòåìàòè÷åñêèõ). Â ïðèâåäåííûõ âûøå ïðèìåðàõ (2) è (3) ïîêàçàíî, ÷òî îêðóã-
ëåíèå ìàòðè÷íûõ ýëåìåíòîâ ìàòðèöû êîððåëÿöèé � ýòî îïàñíîå ïðåîáðàçîâàíèå, îñîáåííî
êîãäà ïðèñóòñòâóþò áîëüøèå (áëèçêèå ê 1 ïî àáñîëþòíîé âåëè÷èíå) èõ çíà÷åíèÿ. Ïîëíûé
êîððåëÿòîð, ïðåäñòàâëåííûé â ïóáëèêàöèè, îêðóãëåí äî äâóõ çíàêîâ (ñì. (4)), ýòî íàñòî-
ðàæèâàåò. Êðîìå òîãî, â òåêñòå ñòàòèñòè÷åñêèå è ñèñòåìàòè÷åñêèå ïîãðåøíîñòè ïðèâåäåíû
îòäåëüíî (4), à êàê ïîëó÷åíà ïðèâåäåííàÿ â [12] íà ñòð. 636 �ïîëíàÿ� ìàòðèöà êîððåëÿ-
öèé, â ñòàòüå íå ñîîáùàåòñÿ. Ïîïûòêè ñîãëàñîâàòü äàííûå, ïðèâåäåííûå â ðàçíûõ ðàçäåëàõ
ñòàòüè, îêàçàëèñü áåçóñïåøíûìè èç-çà ñîêðûòèÿ àâòîðàìè äåòàëåé ïðåîáðàçîâàíèé ÷èñëî-
âûõ âûðàæåíèé ðåçóëüòàòîâ. Îïèøåì ïðîöåäóðû, èñïîëüçîâàííûå ïðè ïîïûòêå ïîëó÷èòü
ñàìîñîãëàñîâàííîå ïðåäñòàâëåíèå ðåçóëüòàòîâ, íåêîððåêòíî ïðåäñòàâëåííûõ â [12]. Áóäåì
èñïîëüçîâàòü äàííûå èç [12], ïðåäñòàâëåííûå òàì íà ñòð. 63 è â òàáëèöå (Table 6):

(Source of systematic)i σi(B1)× 106 σi(B3)× 106 σi(B5)× 106

1 Dilepton background 110 -109 -1
2 Cosmic ray background 5 -5 1
3 Four fermin background 42 -41 -1
4 Z → qq background 25 -24 -1
5 Neural Network qq rejection 50 -48 -5
6 Tracking 157 -152 -16
7 VD e�ciency 55 -60 6
8 Conversions 126 -121 -8
9 Inelasic Nucl. reinteractons 90 -80 -10
10 Elastic Nucl. reinteractions 24 -24 -2
11 Electron identi�cation 104 -97 -7
12 δ-ray weights 8 -8 1
13 KS regeneration 5 -5 1
14 Exclusive BRs 228 -204 -44
15 3-prong decay modelling 116 -121 10
16 Trigger 15 -15 1
17 E and p scales 19 -20 1
18 τ polarization 18 -19 1
19 Simulation statistics 310 -310 31

Total systematic 492 477 59
Statistical 929 929 126

Ìàòðèöà ñèñòåìàòè÷åñêèõ êîâàðèàöèé ñòàòèñòè÷åñêîãî ïðîèñõîæäåíèÿ (íåîïðåäåëåííîñòè
òèïà À, ñì. [1], [2]) âû÷èñëÿåòñÿ êàê ìàòðèöà Ãðàìà âåêòîðîâ ~σ(B1),~σ(B3),~σ(B5) � âêëàäîâ
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îò èñòî÷íèêîâ â ñèñòåìàòè÷åñêèå êîâàðèàöèè íàáëþäàåìûõ âåëè÷èí (ñì. òàêæå ìîíîãðà-
ôèþ [13] ñòð. 180, ôîðìóëû (8.53)�(8.56) è ñòð. 277, ôîðìóëû (12.10), (12.11)). Íà ïðàêòèêå
�èç ýêîíîìè÷åñêèõ� ñîîáðàæåíèé òàê âû÷èñëÿþò ñèñòåìàòè÷åñêèå êîâàðèàöèè îò âñåõ èñ-
òî÷íèêîâ (âêëþ÷àÿ è ïîãðåøíîñòè òèïà Á). Ïîñòóïàÿ êàê �íà ïðàêòèêå�, ïîëó÷àåì:

Covsyst
ij = ~σ(Bi) · ~σ(Bj) =

 2.42595× 10−7 −2.34695× 10−7 −4.485× 10−9

−2.34695× 10−7 2.27629× 10−7 3.065× 10−9

−4.485× 10−9 3.065× 10−9 3.54× 10−9

 . (5)

Ñîîòâåòñòâóþùèå âåêòîð ñòàíäàðòíûõ îòêëîíåíèé è ìàòðèöà êîððåëÿöèé èìåþò âèä0.000492539
0.000477105
0.000059498

 ,

 1. −0.998732 −0.153045
−0.998732 1. 0.107973
−0.153045 0.107973 1.

 .

Îòìåòèì, ÷òî îêðóãëåíèå ìàòðè÷íûõ ýëåìåíòîâ ïîëó÷åííîé ìàòðèöû êîððåëÿöèé, êî-
ãäà îñòàâëÿþò òîëüêî òðè çíàêà ñïðàâà îò äåñÿòè÷íîé òî÷êè, êàê ðåêîìåíäîâàíî â ISO
GUM.7.2.6, íåäîïóñòèìî, òàê êàê ýòî ïðèâåäåò ê ðàçðóøåíèþ ïîëîæèòåëüíîé îïðåäåëåííî-
ñòè îêðóãëåííîé ìàòðèöû.

Ïî äàííûì ñòðóêòóðû (4) ïîñòðîèì ïîëíóþ ìàòðèöó êîâàðèàöèé è, âû÷èòàÿ èç íåå
ìàòðèöó (5), ïîëó÷àåì âàðèàíò ñòàòèñòè÷åñêîé ìàòðèöû êîâàðèàöèé, âñå ñîáñòâåííûå ÷èñëà
êîòîðîé ïîëîæèòåëüíûå (1.70453× 10−6, 3.449919× 10−8, 2.93866× 10−9).

Îäíàêî ñòàòèñòè÷åñêàÿ ìàòðèöà êîâàðèàöèé äîëæíà áûòü âûðîæäåííîé ìàòðèöåé ïî
ïîñòðîåíèþ ïðîöåäóðû îöåíèâàíèÿ. Îíà ñòðîèòñÿ êàê êîâàðèàöèîííàÿ ìàòðèöà òðåõ íà-
áëþäàåìûõ B1, B3 = 1−B1−B5, B5, ëèíåéíî çàâèñÿùèõ îò äâóõ êîððåëèðîâàííûõ íàáëþ-
äàåìûõ B1, B5.

Òàêèì îáðàçîì, èìååòñÿ ÿâíîå ïðîòèâîðå÷èå â ïðåäñòàâëåííûõ äàííûõ. Ìû âèäèì òðè
ïðè÷èíû, êîòîðûå ìîãëè áû ïðèâåñòè ê òàêîé ñèòóàöèè: àâòîðñêîå èñêàæåíèå äàííûõ ïðè
ïîäãîòîâêå òåêñòà ïóáëèêàöèè; îïå÷àòêè â æóðíàëå; íàøà íåâåðíàÿ èíòåðïðåòàöèÿ òåêñòà
ñòàòüè.

Åñòü âîçìîæíîñòü îöåíèòü ñòàòèñòè÷åñêóþ ìàòðèöó êîâàðèàöèé ïî-äðóãîìó, âîñïîëüçî-
âàâøèñü îöåíêàìè (4) ñòàòèñòè÷åñêèõ ïîãðåøíîñòåé è óðàâíåíèåì ñâÿçè.

Èç óðàâíåíèÿ ñâÿçè B3 = 1−B1−B5 âàðèàöèÿ σ2
3 = σ2

1 +σ2
5 +2σ1σ5rstat(B1, B5), îòêóäà

òåïåðü ìîæíî ïîëó÷èòü ñêðûòûé àâòîðàìè êîýôôèöèåíò êîððåëÿöèè rstat(B1, B5) è ïî-
ñòðîèòü �ïðàâèëüíóþ� ìàòðèöó ñòàòèñòè÷åñêèõ êîâàðèàöèé, êîòîðàÿ âûðîæäåíà, êàê ëåãêî
ïðîâåðèòü:  σ2

1 −(σ2
1 + σ2

3 − σ2
5)/2 (σ2

3 − σ2
1 − σ2

5)/2
−(σ2

1 + σ2
3 − σ2

5)/2 σ2
3 −(σ2

3 + σ2
5 − σ2

1)/2
(σ2

3 − σ2
1 − σ2

5)/2 −(σ2
3 + σ2

5 − σ2
1)/2 σ2

5

 ,

è åå ÷èñëîâîå ïðåäñòàâëåíèå 8.63041× 10−7 −8.55103× 10−7 −7.938× 10−9

−8.55103× 10−7 8.63041× 10−7 −7.938× 10−9

−7.938× 10−9 −7.938× 10−9 1.5876× 10−8

 . (6)

Ñîáñòâåííûå ÷èñëà ýòîé ìàòðèöû (1.718144× 10−6, 2.3814× 10−8, 1.2× 10−22), ïîñëåäíåå èç
êîòîðûõ ñëåäóåò ñ÷èòàòü íóëåâûì (ìàøèííûé íîëü). Òåïåðü ìû ìîæåì ïîëó÷èòü �ïðàâèëü-
íóþ� êîìáèíèðîâàííóþ ìàòðèöó êîâàðèàöèé è ñðàâíèòü åå ñ ïðåäñòàâëåííîé â ïóáëèêàöèè
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è â âûðàæåíèè (4): 1. −0.9924148111607243 −0.08478919616844724
−0.9924148111607243 1. −0.03348650681292892
−0.08478919616844724 −0.03348650681292892 1.

 . (7)

Ñîáñòâåííûå ÷èñëà åå {1.993743788696688, 1.0056742957244327, 0.0005819155788786556}.
Ñîãëàñíî îöåíêå ìèíèìàëüíîãî ÷èñëà äåñÿòè÷íûõ çíàêîâ ñïðàâà îò äåñÿòè÷íîé òî÷êè, â

ìàòðè÷íûõ ýëåìåíòàõ ïîëîæèòåëüíî îïðåäåëåííîé ìàòðèöû êîððåëÿöèé, ãàðàíòèðóþùåãî
ïîëîæèòåëüíóþ îïðåäåëåííîñòü îêðóãëåííîé ìàòðèöû [22] (ñì. ðàçäåë 4.), ìîæíî ïðåäñòà-
âèòü ìàòðèöó (7) â áîëåå îáîçðèìîì âèäå: 1. −0.9924 −0.0848

−0.9924 1. −0.0335
−0.0848 −0.0335 1.

 . (8)

Ïðè ýòîì ìèíèìàëüíîå ÷èñëî äåñÿòè÷íûõ çíàêîâ ñïðàâà îò äåñÿòè÷íîé òî÷êè, ãàðàíòèðó-
þùåå ñîõðàíåíèå êîíöà îêðóãëåííîãî âåêòîðà âíóòðè îáëàñòè ðàññåÿíèÿ, ðàâíî 5.

Ïîïûòêè ïîëó÷èòü êîððåêòíîå ÷èñëîâîå ïðåäñòàâëåíèå ðåçóëüòàòîâ îò àâòîðîâ òàêæå
íå ïðèâåëè ê óñïåõó. Êîððåêòíûå ÷èñëîâûå ðåçóëüòàòû, íà êîòîðûõ îñíîâàíà ïóáëèêàöèÿ,
ïî-âèäèìîìó, óòåðÿíû íàâñåãäà.

2.4. Íåêîððåêòíîå ïðåäñòàâëåíèå äàííûõ ïî ôóíäàìåíòàëüíûì ôèçè÷åñêèì
ïîñòîÿííûì â Reviews of Modern Physics è â àâòîðèòåòíûõ ïåðåïå÷àòêàõ

Ðàññìîòðèì òåïåðü ïðèìåðû íåêîððåêòíîãî ïðåäñòàâëåíèÿ äàííûõ ïî ôóíäàìåíòàëü-
íûì ïîñòîÿííûì íà ïðèìåðå âûáîðêè èçáðàííûõ ïîñòîÿííûõ èç ïîñëåäíèõ òðåõ ïîñëåäî-
âàòåëüíûõ ïåðåîöåíîê.

Âñå òðè ìàòðèöû êîððåëÿöèé ïðåäñòàâëåíû â òàáë. 1 â ñîîòâåòñòâèè ñ ðåêîìåíäàöèåé
7.2.6 â ISO GUM c òðåìÿ äåñÿòè÷íûìè çíàêàìè, êîòîðûõ ÿâíî íåäîñòàòî÷íî, òàê êàê òàêîå
îêðóãëåíèå ïðèâåëî ê ïîòåðå èõ ïîëîæèòåëüíîé ïîëóîïðåäåëåííîñòè.

Íàáîðû ñîáñòâåííûõ ÷èñåë, ïðèâåäåííûõ â ýòîé òàáëèöå ìàòðèö, ñîäåðæàò îòðèöàòåëü-
íûå ñîáñòâåííûå çíà÷åíèÿ, äàëåêî îòñòîÿùèå îò �ìàøèííîãî íóëÿ� ∼ 10−17 :

CODATA : 1986 {2.99891, 1.00084, 0.000420779, −0.000172106};
CODATA : 1998 {2.99029, 1.01003, −0.000441572, 0.00012358};
CODATA : 2002 {2.99802, 1.00173, 0.000434393, −0.000183906}.

Çàìå÷àíèå. Â ìàå 2005 ã. íà ñàéòå NIST ðàñêðûòà íîâàÿ âåðñèÿ íàáîðà ôóíäàìåíòàëüíûõ
ôèçè÷åñêèõ ïîñòîÿííûõ (v.4.2).

Â âåðñèè 4.2 óñòðàíåíû îáíàðóæåííûå â âåðñèè 4.0 îïå÷àòêè è âïåðâûå ðàñêðûòû âñå
ôàéëû ñ îöåíåííûìè äàííûìè äëÿ òàê íàçûâàåìûõ áàçîâûõ ïîñòîÿííûõ â âèäå, ïðèãîäíîì
äëÿ êîìïüþòåðíûõ âû÷èñëåíèé.

Äàííûå, ñîäåðæàùèåñÿ â ìàøèíî÷èòàåìûõ ôàéëàõ, ïðèâåäåíû ñ èñ÷åðïûâàþùåé ïîë-
íîòîé, ñâîáîäíû îò ïðåäñòàâëåííîé â [22] êðèòèêè ïðåäûäóùèõ âåðñèé, è èõ ìîæíî è íóæíî
èñïîëüçîâàòü äëÿ âûñîêîòî÷íûõ âû÷èñëåíèé.
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Òàáëèöà 1. Ñðàâíåíèå çíà÷åíèé èçáðàííûõ ïîñòîÿííûõ, ðåêîìåíäîâàííûõ CODATA â 1986 ã. [14],
1998 ã. [15] è 2002 ã. âåðñèÿ 4.0 [16].

CODATA:1986 Symbol [units] Value (uncertainty)×scale Correlations

Elementary charge e [C] 1.602 177 33(49)× 10−19 e h me

Plank constant h [J s] 6.626 075 5(40)× 10−34 0.997
Electron mass me [kg] 9.109 389 7(54)× 10−31 0.975 0.989
1/α(0) α(0)−1 137.035 989 5(61) −0.226 −0.154 −0.005

CODATA:1998 Symbol [units] Value (uncertainty)×scale Correlations

Elementary charge e [C] 1.602 176 462(63)× 10−19 e h me

Plank constant h [J s] 6.626 068 76(52)× 10−34 0.999
Electron mass me [kg] 9.109 381 88(72)× 10−31 0.990 0.996
1/α(0) α(0)−1 137.035 999 76(50) −0.049 −0.002 0.092

CODATA:2002 Symbol [units] Value (uncertainty)×scale Correlations

Elementary charge e [C] 1.602 176 53(14)× 10−19 e h me

Plank constant h [J s] 6.626 0693(11)× 10−34 1.000
Electron mass me [kg] 9.109 3826(16)× 10−31 0.998 0.999
1/α(0) α(0)−1 137.035 999 11(46) −0.029 −0.010 0.029

Ïðåäîñòåðåæåíèå.

Îáðàòèì âíèìàíèå íà èñòîðè÷åñêè ñëîæèâøóþñÿ ïàðàäîêñàëüíóþ ñèòóàöèþ ñ ñîïðî-
âîæäåíèåì îöåíîê ôóíäàìåíòàëüíûõ ôèçè÷åñêèõ ïîñòîÿííûõ (ÔÔÏ). Îêàçûâàåòñÿ,
÷òî ñîïðîâîæäåíèåì îöåíîê è èõ ñîãëàñîâàíèåì ïðîôåññèîíàëüíî çàíèìàþòñÿ òîëü-
êî â NIST (USA), è íåò íè îäíîé äðóãîé (îòêðûòîé) îðãàíèçàöèè, êîòîðàÿ ïðîâîäèëà
áû íåçàâèñèìóþ ðàáîòó ïî ïîëíîìàñøòàáíîé îöåíêå è ñîãëàñîâàíèþ ôèçè÷åñêèõ ïî-
ñòîÿííûõ è ìîãëà áû ñðàâíèâàòü ïîëó÷åííûå ðåçóëüòàòû ñ îöåíêàìè NIST.

Âñå íàöèîíàëüíûå ìåòðîëîãè÷åñêèå ñëóæáû áåçîãîâîðî÷íî âîñïðèíèìàëè ðåêî-
ìåíäàöèè CODATA è ïåðåïå÷àòûâàëè òàáëèöû NIST áåç âíèìàòåëüíîãî êðèòè÷å-
ñêîãî àíàëèçà ðåçóëüòàòîâ è ìåòîäèêè èõ ïîëó÷åíèÿ.

Òàê, íàïðèìåð, â ÑÑÑÐ è â Ðîññèè ïîâåðêà òàáëèö ÔÔÏ, ïðîèçâîäèìûõ NIST,
è ñåðòèôèêàöèÿ èõ äëÿ èñïîëüçîâàíèÿ â íàó÷íî-òåõíè÷åñêîé ñôåðå è â îáðàçîâà-
íèè íèêîãäà íå ïðîâîäèëàñü íàöèîíàëüíûìè ìåòðîëîãè÷åñêèìè îðãàíèçàöèÿìè. Âñå
ðîññèéñêèå ñïðàâî÷íèêè è ó÷åáíèêè âîñïðîèçâîäÿò èñïîð÷åííûå ïåðåîêðóãëåíèåì
äàííûå î ÔÔÏ èç ïóáëèêàöèé NIST ðàçíûõ ëåò.

Ïî÷òè âî âñåõ àâòîðèòåòíûõ èçäàíèÿõ ïåðåïå÷àòêè äàííûõ NIST ïðèâîäÿòñÿ áåç
ïðåäîñòåðåãàþùèõ êîììåíòàðèåâ î íàëè÷èè áîëüøèõ êîððåëÿöèé ïîãðåøíîñòåé (ñì.
[17], [18], [19], [20], [21]).
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3. Êðèòåðèé ñîñòîÿòåëüíîñòè ðåçóëüòàòà ñîâìåñòíîé îöåíêè íåñêîëüêèõ

ôèçè÷åñêèõ âåëè÷èí

3.1. Áåçîïàñíîå ñîâìåñòíîå îêðóãëåíèå

Â ïðèâåäåííûõ âûøå ïðèìåðàõ ïîêàçàíî, ÷òî ïåðåíîñ ñòàíäàðòíûõ ïðàâèë ÷èñëîâîãî
ïðåäñòàâëåíèÿ ðåçóëüòàòîâ èçìåðåíèÿ îäíîé âåëè÷èíû íà ñëó÷àé ñîâìåñòíîãî èçìåðåíèÿ
íåñêîëüêèõ âåëè÷èí íåðåäêî ïðèâîäèò ê ðàçðóøåíèþ ðåçóëüòàòà. Ýòîãî ìîæíî èçáåæàòü,
åñëè ñëåäîâàòü ïðàâèëàì áåçîïàñíîãî îêðóãëåíèÿ îöåíîê ìíîãîìåðíûõ ñëó÷àéíûõ âåëè-
÷èí � íå ïåðåõîäèòü ïîðîãîâ ðàâíîìåðíûõ îêðóãëåíèé.

Â ýòîì ðàçäåëå âîñïðîèçâîäèòñÿ (ñì. [22]) ïîñòðîåíèå îöåíîê ìèíèìàëüíîãî ÷èñëà äåñÿ-
òè÷íûõ çíàêîâ ñïðàâà îò äåñÿòè÷íîé òî÷êè (ïîðîãîâ îêðóãëåíèé), êîòîðûå ñ íåîáõîäèìî-
ñòüþ äîëæíû ñîõðàíÿòüñÿ â ÷èñëîâûõ ïðåäñòàâëåíèÿõ ñîâìåñòíî èçìåðåííûõ (îöåíåííûõ)
ñëó÷àéíûõ âåëè÷èí. Äëÿ ýòîãî íàì ïîíàäîáÿòñÿ íåñêîëüêî ìàòåìàòè÷åñêèõ óòâåðæäåíèé
èç òåîðèè ìàòðèö.

Òåîðåìà Âåéëÿ (ñì. [23] ñòð. 103 è [25] ñòð.218):

Ïóñòü C = A + B, ãäå A,B, C ∈ Rn×n � ñèììåòðè÷åñêèå ìàòðèöû è (α1 ≤ α2 · · · ≤ αn),
(β1 ≤ β2 · · · ≤ βn), (γ1 ≤ γ2 · · · ≤ γn) � èõ ñîáñòâåííûå ÷èñëà ñîîòâåòñòâåííî.
Òîãäà ∀i èìåþò ìåñòî íåðàâåíñòâà

αi + βmin ≤ γi ≤ αi + βmax. (9)

Òåîðåìà Ãåðøãîðèíà (ñì. [23] ñòð. 247, [24] ñòð. 390 è [25] ñòð. 413):

Êàæäîå ñîáñòâåííîå ÷èñëî αi ìàòðèöû A âñåãäà ðàñïîëîæåíî â îäíîì èç êðóãîâ

|aii − αi| ≤
n∑

j=1

|ai6=j |. (10)

Òåîðåìà Øóðà (ñì. [25] ñòð. 231):

Ïóñòü ìàòðèöà B ∈ Rn×n ñèììåòðè÷íà, çíà÷åíèÿ å�å äèàãîíàëüíûõ ýëåìåíòîâ b1 ≤ b2 ≤
· · · ≤ bn (â ëþáîì ïîðÿäêå) è ñîáñòâåííûå ÷èñëà β1 ≤ β2 · · · ≤ βn, òîãäà ∀k ≤ n

k∑
i=1

βi ≤
k∑

i=1

bi , (11)

ïðè÷åì ðàâåíñòâî èìååò ìåñòî òîëüêî ïðè k = n.

Èñïîëüçóÿ óòâåðæäåíèÿ ýòèõ òåîðåì, ìû óâèäèì, êàê ïðîñòûå è åñòåñòâåííûå òðåáî-
âàíèÿ ê êà÷åñòâó ÷èñëîâîãî ïðåäñòàâëåíèÿ ðåçóëüòàòîâ èçìåðåíèé ïðèâîäÿò ê ïðàâèëàì
ôîðìèðîâàíèÿ êîððåêòíûõ ÷èñëîâûõ ïðåäñòàâëåíèé ðåçóëüòàòîâ ñîâìåñòíûõ èçìåðåíèé
íåñêîëüêèõ âåëè÷èí.

Ðàññìîòðèì ñíà÷àëà ïðîáëåìó áåçîïàñíîãî îêðóãëåíèÿ ïðåäñòàâëåíèé îöåíîê íåñêîëü-
êèõ ñîâìåñòíî èçìåðåííûõ èëè îöåíåííûõ âåëè÷èí xi: ñðåäíèõ çíà÷åíèé 〈xi〉, èõ ïîãðåø-
íîñòåé ui, è êîððåëÿöèé rij äåñÿòè÷íûìè ÷èñëàìè ñ äîñòàòî÷íîé òî÷íîñòüþ.
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Ïóñòü {〈xi〉, ui, rij , N r
dig}, i, j = 1, . . . , n � ñïèñîê äåñÿòè÷íûõ ÷èñåë, ïðåäñòàâëÿþùèõ

ðåçóëüòàòû ñîâìåñòíîãî èçìåðåíèÿ èëè îöåíêè n ôèçè÷åñêèõ âåëè÷èí, ãäå:
〈xi〉 � âåùåñòâåííîå ñðåäíåå çíà÷åíèå i-òîé íàáëþäàåìîé â äåñÿòè÷íîì ïðåäñòàâëåíèè;
ui � ïîãðåøíîñòü ñðåäíåãî çíà÷åíèÿ, ïðåäñòàâëåííàÿ ïîëîæèòåëüíûì ÷èñëîì â äåñÿ-

òè÷íîì ïðåäñòàâëåíèè;
rij � âåùåñòâåííàÿ, ñèììåòðè÷íàÿ è ïîëîæèòåëüíî îïðåäåëåííàÿ ìàòðèöà â äåñÿòè÷íîì

ïðåäñòàâëåíèè ñî ñâîéñòâàìè

rii = 1 ∀ i = 1, . . . , n, |ri6=j | < 1.0 ;

N r
dig � öåëîå íåîòðèöàòåëüíîå ÷èñëî, õàðàêòåðèçóþùåå åäèíóþ äåñÿòè÷íóþ òî÷íîñòü

ïðåäñòàâëåíèÿ íåäèàãîíàëüíûõ ìàòðè÷íûõ ýëåìåíòîâ ìàòðèöû êîððåëÿöèé rij .
Ýòî ñïèñîê ìèíèìàëüíîãî íàáîðà õàðàêòåðèñòèê äëÿ ñîäåðæàòåëüíîãî êîëè÷åñòâåííîãî

îïèñàíèÿ ñëó÷àéíîé âåêòîðíîé âåëè÷èíû {xi} è åå îáëàñòè ðàññåÿíèÿ, îïðåäåëÿåìîé �ðàäè-
óñîì äîâåðèòåëüíîñòè� Rg,CL äëÿ ñîâìåñòíîãî ðàñïðåäåëåíèÿ ïëîòíîñòè âåðîÿòíîñòè g ïðè
óðîâíå äîâåðèòåëüíîñòè CL

n∑
ij

xi − 〈xi〉
ui

· r−1
ij · xj − 〈xj〉

uj
< R2

g,CL. (12)

Â ñëó÷àå, êîãäà g íåèçâåñòíà, à ìàòðèöà âòîðûõ ìîìåíòîâ èçâåñòíà, èñïîëüçóåòñÿ ýëëèïñîèä
ðàññåÿíèÿ Êðàìåðà c R2 = n + 2 (ñì. [27] ñòð. 80�81, [28] còð. 102)

Ââåäåíèå äîïîëíèòåëüíîãî ýëåìåíòà ýëåìåíòà N r
dig â òðàäèöèîííóþ ñòðóêòóðó äàííûõ

ïðîäèêòîâàíî íåîáõîäèìîñòüþ îáåñïå÷åíèÿ ãàðàíòèè êà÷åñòâà äàííûõ è åãî ñîõðàíåíèÿ ïðè
îáìåíàõ è ïðåîáðàçîâàíèÿõ. Îöåíêà ýòîé äîïîëíèòåëüíîé õàðàêòåðèñòèêè ïîëó÷àåòñÿ èç
òðåáîâàíèÿ îãðàíè÷åííîñòè îáëàñòè ðàññåÿíèÿ (ïîëîæèòåëüíîé îïðåäåëåííîñòè ìàòðèöû
êîððåëÿöèé).

Ðàññìîòðèì äâå ñòðóêòóðû D = {〈xi〉, ui, rij , N
r
dig} è D∗ = {〈xi〉∗, u∗i , r∗ij , N

r,∗
dig}, ïîëó-

÷åííóþ èç D �ðàâíîìåðíûì� îêðóãëåíèåì: N r
dig → N r,∗

dig < N r
dig.

Ïóñòü Rij � âåùåñòâåííàÿ ìàòðèöà �îêðóãëÿòîð� íåäèàãîíàëüíûõ ìàòðè÷íûõ ýëåìåíòîâ
ìàòðèöû rij , ò.å. ìàòðèöà, äîáàâëåíèå êîòîðîé ê ìàòðèöå rij ïðèâåäåò ê ìàòðèöå r∗ij =
rij +Rij ñ ñîõðàíåíèåì âñåõ ñâîéñòâ ìàòðèöû êîððåëÿöèé: ñèììåòðèè, ïîëîæèòåëüíîé îïðå-
äåëåííîñòè, âñå |r∗i6=j | < 1 äåñÿòè÷íûå ÷èñëà ñ N r,∗

dig çíàêàìè ñïðàâà îò äåñÿòè÷íîé òî÷êè.
Ìàòðèöà Rij èìååò ñâîéñòâà

Rii = 0 ∀i = 1, . . . , n; |Ri6=j | ≤ 5.0× 10−Nr,∗
dig−1. (13)

Ïóñòü äàëåå c1 ≤ · · · ≤ cn, ρ1 ≤ · · · ≤ ρn, è c∗1 ≤ · · · ≤ c∗n ïðåäñòàâëÿþò óïîðÿäî÷åííûå
íàáîðû ñîáñòâåííûõ ÷èñåë ìàòðèö rij , Rij è r∗ij ñîîòâåòñòâåííî. Òîãäà ïî òåîðåìå Âåéëÿ (9)
∀l = 1, . . . , n ìû áóäåì èìåòü cl + ρ1 ≤ c∗l ≤ cl + ρn.

Ïî òåîðåìå Ãåðøãîðèíà (10)

ρ1 ≥ −(n− 1) · 5 · 10−(Nr,∗
dig+1) = −(n− 1)

2
· 10−Nr,∗

dig ,

è, ñëåäîâàòåëüíî, äëÿ îáåñïå÷åíèÿ ïîëîæèòåëüíîé îïðåäåëåííîñòè r∗ij äîñòàòî÷íî ïîòðåáî-
âàòü âûïîëíåíèÿ óñëîâèÿ

0 < c1 −
(n− 1)

2
· 10−Nr,∗

dig ≤ c∗1 .
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Èç ëåâîãî íåðàâåíñòâà ïîëó÷àåì îêîí÷àòåëüíóþ îöåíêó ìèíèìàëüíîãî ÷èñëà äåñÿòè÷íûõ

çíàêîâ ñïðàâà îò äåñÿòè÷íîé òî÷êè â ïðåäñòàâëåíèè íåäèàãîíàëüíûõ ìàòðè÷íûõ ýëåìåíòîâ

ïîëîæèòåëüíî îïðåäåëåííîé ìàòðèöû êîððåëÿöèé rij ñ ìèíèìàëüíûì ñîáñòâåííûì ÷èñëîì

c1 = λr
min

N r,∗
dig ≥ N r,th

dig =

⌈
log10

(
n − 1

2 · λr
min

)⌉
. (14)

Çàìå÷àíèå. Ñîãëàñíî óòâåðæäåíèÿì òåîðåì Âåéëÿ (9), Ãåðøãîðèíà (10) è Øóðà (11),
ëþáîå îêðóãëåíèå íåäèàãîíàëüíûõ ìàòðè÷íûõ ýëåìåíòîâ ïîëîæèòåëüíî ïîëóîïðåäåëåííîé
ìàòðèöû êîððåëÿöèé íåäîïóñòèìî, òàê êàê ïðè ëþáîì îêðóãëåíèè âûðîæäåííîé ìàòðèöû
êîððåëÿöèé ó îêðóãëåííîé ìàòðèöû ïîÿâëÿþòñÿ îòðèöàòåëüíûå ñîáñòâåííûå çíà÷åíèÿ.

Â ñàìîì äåëå, òàê êàê ìàòðèöà îêðóãëÿòîð ÿâëÿåòñÿ ýðìèòîâîé ìàòðèöåé ñ íóëåâîé ãëàâ-
íîé äèàãîíàëüþ, òî ïî íåðàâåíñòâàì (11) îíà èìååò îòðèöàòåëüíîå ìèíèìàëüíîå ñîáñòâåí-
íîå çíà÷åíèå. Äàëåå, ïî ëåâîìó íåðàâåíñòâó (9) ìèíèìàëüíîå ñîáñòâåííîå ÷èñëî ó ìàòðèöû,
ïîëó÷åííîé îêðóãëåíèåì íåäèàãîíàëüíûõ ýëåìåíòîâ âûðîæäåííîé ìàòðèöû êîððåëÿöèé, ñ
íåèçáåæíîñòüþ áóäåò îòðèöàòåëüíûì.

Èòàê, ìû âèäèì, ÷òî òðåáîâàíèå ïîëîæèòåëüíîé îïðåäåëåííîñòè ìàòðèöû
êîððåëÿöèé íàêëàäûâàåò îãðàíè÷åíèÿ íà ñâîáîäó âûáîðà òî÷íîñòè ïðåäñòàâ-
ëåíèÿ ìàòðè÷íûõ ýëåìåíòîâ îêðóãëåííîé ìàòðèöû êîððåëÿöèé äåñÿòè÷íûìè
÷èñëàìè.

Ìèíèìàëüíîå êîëè÷åñòâî äåñÿòè÷íûõ çíàêîâ ñïðàâà îò äåñÿòè÷íîé òî÷êè
â ïðåäñòàâëåíèè ìàòðè÷íûõ ýëåìåíòîâ ïîëîæèòåëüíî îïðåäåëåííîé ìàòðèöû
êîððåëÿöèé îïðåäåëÿåòñÿ åå ìèíèìàëüíûì ñîáñòâåííûì ÷èñëîì ïî ôîðìóëå (14) 4.

Óáåäèìñÿ òåïåðü, ÷òî àíàëîãè÷íîå îãðàíè÷åíèå ñâîáîäû îêðóãëåíèÿ äåñÿòè÷íûõ ïðåä-
ñòàâëåíèé ñðåäíèõ çíà÷åíèé 〈xi〉 è ñòàíäàðòíûõ ïîãðåøíîñòåé ui òîæå îïðåäåëÿåòñÿ ìèíè-
ìàëüíûì ñîáñòâåííûì ÷èñëîì ìàòðèöû êîððåëÿöèé.

Ïóñòü xR
i � �îêðóãëÿþùèé� âåêòîð

|xR
i |[uniti] ≤ 5 · 10−(Nx

dig,i+1)[uniti] (15)

òàêîé, ÷òî ïîëó÷àåìûé îêðóãëåííûé âåêòîð 〈xi〉∗ = 〈xi〉 + xR
i ëåæèò âíóòðè èñõîäíîãî

ýëëèïñîèäà ðàññåÿíèÿ, îïðåäåëÿåìîãî íåîêðóãëåííîé ìàòðèöåé êîððåëÿöèé (12)

n∑
ij

xR
i

ui
· [r−1]ij ·

xR
j

uj
< R2

g,CL . (16)

Â áàçèñå èç ñîáñòâåííûõ âåêòîðîâ èñõîäíîãî êîððåëÿòîðà rij âûðàæåíèå (16) ïðåîáðà-
çóåì ê

n∑
ij

n∑
lm

xR
i

ui
· [L−1]il ·

δlm

λm
· [L]mj ·

xR
j

uj
< R2

g,CL, (17)

ãäå L � ìàòðèöà ïîâîðîòà, a λm � ñîáñòâåííûå ÷èñëà êîððåëÿòîðà.

4 Ýòà îöåíêà â äðóãèõ òåðìèíàõ è ðÿä äðóãèõ àíàëîãè÷íûõ îöåíîê ïîëó÷åíû íåäàâíî â ðàáîòå [26].
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Òàê êàê ìû èùåì äîñòàòî÷íûå óñëîâèÿ ïðèíàäëåæíîñòè îêðóãëåííîãî âåêòîðà ñðåäíèõ
çíà÷åíèé ê èñõîäíîé îáëàñòè ðàññåÿíèÿ (17), òî íàì äîñòàòî÷íî ïîòðåáîâàòü ñïðàâåäëè-
âîñòü íåðàâåíñòâà, ïîëó÷åííîãî èç (17), çàìåíîé âñåõ ñîáñòâåííûõ çíà÷åíèé êîððåëÿòîðà
íà ìèíèìàëüíîå. Òîãäà íåðàâåíñòâî (17) ïåðåéäåò â ñëåäóþùåå íåðàâåíñòâî:

n∑
i

(
xR

i

ui

)2

< (R2
g,CL)λr

min . (18)

Íåðàâåíñòâî (18) îçíà÷àåò, ÷òî ìû ìîæåì íåçàâèñèìî îêðóãëÿòü êîìïîíåíòû âåêòîðà
ñðåäíèõ çíà÷åíèé òîëüêî âíóòðè ãèïåðêóáà, �âïèñàííîãî� â èñõîäíûé ýëëèïñîèä ðàññåÿíèÿ:

|xR
i |

ui
<

√
(R2

g,CL) · λr
min

n
. (19)

Ïîäñòàâëÿÿ â íåðàâåíñòâî (19) îãðàíè÷åíèÿ íà êîìïîíåíòû îêðóãëÿþùåãî âåêòîðà (15),

ïîñëå íåñëîæíûõ ïðåîáðàçîâàíèé ïîëó÷àåì äîñòàòî÷íóþ îöåíêó íà ìèíèìàëüíûå ÷èñëà

Nx
dig,i äåñÿòè÷íûõ çíàêîâ ñïðàâà îò äåñÿòè÷íîé òî÷êè â ïðåäñòàâëåíèè îêðóãëåííîãî âåê-

òîðà ñðåäíèõ çíà÷åíèé, ïðè êîòîðûõ êîíåö îêðóãëåííîãî âåêòîðà ñðåäíèõ çíà÷åíèé ëåæèò

âíóòðè èñõîäíîãî ýëëèïñîèäà ðàññåÿíèÿ:

Nx
dig,i >

⌈
1

2
log10

(
n

4 · (R2
g,CL) · λr

min · (ui/[uniti])2

)⌉
. (20)

Â ñîîòâåòñòâèè ñ îáùåïðèíÿòîé ïðàêòèêîé è ñ ðåêîìåíäàöèÿìè 7.2.2, 7.2.4 ISO GUM [1],
÷òî ÷èñëî äåñÿòè÷íûõ çíàêîâ ñïðàâà îò äåñÿòè÷íîé òî÷êè â ÷èñëîâîì ïðåäñòàâëåíèè ñðåäíå-
ãî çíà÷åíèÿ è ñòàíäàðòíîé íåîïðåäåëåííîñòè ui äîëæíî áûòü îäíèì è òåì æå, ìû ïîëàãàåì

Nu
dig,i = Nx

dig,i, ∀i = 1, . . . , n . (21)

Òàêèì îáðàçîì, ìû âèäèì, ÷òî íåçàâèñèìîå ðàâíîìåðíîå îêðóãëåíèå ÷èñåë â ñòðóêòóðå
{〈xi〉, ui, rij}, i, j = 1, . . . , n, ïðåäñòàâëÿþùåé ðåçóëüòàòû ñîâìåñòíîãî èçìåðåíèÿ (îöåíêè) n
ñëó÷àéíûõ âåëè÷èí, äîïóñòèìî òîëüêî ñ ñîáëþäåíèåì îãðàíè÷åíèé, íàêëàäûâàåìûõ òðåáî-
âàíèåì êîìïàêòíîñòè �îêðóãëåííîé� îáëàñòè ðàññåÿíèÿ è ïðèíàäëåæíîñòè êîíöà îêðóãëåí-
íîãî âåêòîðà ñðåäíèõ çíà÷åíèé ê �îêðóãëÿåìîé� îáëàñòè ðàññåÿíèÿ (îïðåäåëÿåìîé èñõîäíîé
ìàòðèöåé êîððåëÿöèé).

Êàê ïîêàçàíî âûøå, âûïîëíåíèå ýòèõ òðåáîâàíèé ãàðàíòèðóåòñÿ ñïåöèàëüíûì âûáî-
ðîì òî÷íîñòåé ïðåäñòàâëåíèÿ ÷èñåë ñòðóêòóðû. Êðèòè÷åñêèå òî÷íîñòè îïðåäåëÿþòñÿ ìè-
íèìàëüíûì ñîáñòâåííûì ÷èñëîì ìàòðèöû êîððåëÿöèé îêðóãëÿåìîé ñòðóêòóðû è âû÷èñëÿ-
þòñÿ ïî ïðîñòûì ïðàâèëàì (14), (20), (21).
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3.2. Êðèòåðèé ñîñòîÿòåëüíîñòè ðåçóëüòàòà ñîâìåñòíîé îöåíêè

Â ñëó÷àå ñîâìåñòíîãî èçìåðåíèÿ èëè îöåíêè íåñêîëüêèõ ñëó÷àéíûõ âåëè÷èí ñ íîðìàëüíîé
ñîâìåñòíîé ôóíêöèåé ðàñïðåäåëåíèÿ äëÿ ñîäåðæàòåëüíîãî êîëè÷åñòâåííîãî ïðåäñòàâëåíèÿ
ðåçóëüòàòà íåîáõîäèìà ñòðóêòóðà {〈xi〉, u(xi), r(xi, xj)}, i, j = 1, . . . , n, êîòîðóþ ïðåäëàãà-
åòñÿ ðàñøèðèòü äî ñòðóêòóðû

{{〈xi〉, u(xi), Nx
dig,i}, {r(xi, xj), N

r,th
dig }}, i, j = 1, . . . , n (22)

è èñïîëüçîâàòü êàê ñòàíäàðò äëÿ ÷èñëîâîãî ïðåäñòàâëåíèÿ ðåçóëüòàòîâ êîððåëèðîâàííûõ
èçìåðåíèé (îöåíîê). Òàêîå ðàñøèðåíèå íåîáõîäèìî êàê ñðåäñòâî ãàðàíòèè êà÷åñòâà ðåçóëü-
òàòà è êàê ñðåäñòâî èíôîðìèðîâàíèÿ ïîëüçîâàòåëåé î íåîáõîäèìîé òî÷íîñòè äàííûõ äëÿ
õðàíåíèÿ è îáìåíà ìåæäó âû÷èñëèòåëüíûìè ïðîöåäóðàìè.

Â ñàìîì äåëå, äëÿ ôîðìèðîâàíèÿ ñòðóêòóðû äàííûõ (22) ïîòðåáóþòñÿ:

• âû÷èñëåíèå ìàòðè÷íûõ ýëåìåíòîâ ìàòðèöû êîððåëÿöèé ñ âû÷èñëèòåëüíîé òî÷íîñòüþ,
äîñòàòî÷íîé äëÿ îáåñïå÷åíèÿ åå ïîëîæèòåëüíîé îïðåäåëåííîñòè è äëÿ âû÷èñëåíèÿ
ñîîòâåòñòâóþùåé ïîðîãîâîé òî÷íîñòè îêðóãëåíèé N r,th

dig ;

• âû÷èñëåíèå ñðåäíèõ çíà÷åíèé è èõ ñòàíäàðòíûõ îòêëîíåíèé ñ òî÷íîñòÿìè íå ìåíåå
ïîðîãîâûõ Nx

dig,i.

4. Íåèçáåæíîñòü íåëèíåéíûõ ïðèáëèæåíèé â ïðîöåäóðàõ ïåðåíîñà

ïîãðåøíîñòåé â ìíîãîìåðíîì ñëó÷àå

Â ýòîì ðàçäåëå áóäåò ïîêàçàíî, ÷òî ïðîáëåìà êîððåêòíîãî ÷èñëîâîãî ïðåäñòàâëåíèÿ
êîððåëèðîâàííûõ îöåíîê òðåáóåò ïåðåõîäà ê èíòåãðàëüíûì èëè íåëèíåéíûì äèôôåðåíöè-
àëüíûì ïðîöåäóðàì ïåðåíîñà ïîãðåøíîñòåé ïðè ëþáîé íåëèíåéíîñòè.

Ïóñòü ìû èìååì çàäà÷ó ïåðåíîñà ïîãðåøíîñòåé â m ïåðåìåííûõ {〈xα〉, u(xα), r(xα, xβ)}
c ïîëîæèòåëüíî îïðåäåëåííîé ìàòðèöåé êîððåëÿöèé r(xα, xβ) íà ñèñòåìó n ôóíêöèé yi =
{fi(xα)}n

1 . Ýòî îçíà÷àåò, ÷òî ìû äîëæíû ïîëó÷èòü îöåíêó {〈yi〉, u(yi), r(yi, yj)}. Â îáùåì
ñëó÷àå ïðè èçâåñòíîé ñîâìåñòíîé ôóíêöèè ïëîòíîñòè âåðîÿòíîñòè g(x1, . . . , xm) ýòà çàäà÷à
ôîðìóëèðóåòñÿ ñëåäóþùèì îáðàçîì:

1) âû÷èñëèòü

µi = 〈yi〉 =
∫

fi(xα) · g(xα)dmx , (23)

2) âû÷èñëèòü

u(yi, yj) = u(yi) · r(yi, yj) · u(yj) =
∫

(fi(xα)− µi) · (fj(xα)− µj) · g(xα)dmx (24)

ñ äîñòàòî÷íîé âû÷èñëèòåëüíîé òî÷íîñòüþ äëÿ îáåñïå÷åíèÿ ñîñòîÿòåëüíîñòè îöåíêè.
Â ñèëó íåîòðèöàòåëüíîé îïðåäåëåííîñòè ôóíêöèè g(xα) ìàòðèöà êîâàðèàöèé (24), âû-

÷èñëåííàÿ ñ äîñòàòî÷íîé òî÷íîñòüþ, ÿâëÿåòñÿ ïîëîæèòåëüíî îïðåäåëåííîé ìàòðèöåé äëÿ
ëèíåéíî íåçàâèñèìîé ñèñòåìû ôóíêöèé {fi(xα)}n

1 (ñì. [25] ñòð. 483, òåîðåìà 7.2.10).
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Ïîêàæåì ýòî äëÿ ôóíêöèé fi(xα), ïðèíàäëåæàùèõ ôóíêöèîíàëüíîìó ïðîñòðàíñòâó áåñ-
êîíå÷íî äèôôåðåíöèðóåìûõ è êâàäðàòè÷íî èíòåãðèðóåìûõ ïî ìåðå îïðåäåëÿåìîé g(xα). Â
ñàìîì äåëå, ìàòðèöà (24) åñòü n × n ÷èñëîâàÿ ìàòðèöà Ãðàìà n áåñêîíå÷íîìåðíûõ âåêòî-
ðîâ fi(xα) − µi èç ôóíêöèîíàëüíîãî ïðîñòðàíñòâà ñ ïîëîæèòåëüíî îïðåäåëåííûì ñêàëÿð-
íûì ïðîèçâåäåíèåì. Îíà ÿâëÿåòñÿ ýðìèòîâîé ìàòðèöåé è, ñëåäîâàòåëüíî, îáëàäàåò áàçèñîì
èç ñîáñòâåííûõ âåêòîðîâ â Rn ñ âåùåñòâåííûìè ñîáñòâåííûìè çíà÷åíèÿìè. Åñëè ñèñòåìà
ôóíêöèîíàëüíûõ âåêòîðîâ fi(xα) − µi ëèíåéíî íåçàâèñèìà, òî âñå ñîáñòâåííûå çíà÷åíèÿ
ìàòðèöû (24) ïîëîæèòåëüíû. Ïðåäïîëîæèì ïðîòèâíîå: ñóùåñòâóåò íåíóëåâîé âåêòîð z èç
Rn, òàêîé ÷òî

n∑
1

u(yi, yj) · zj = 0.

Ýòî çíà÷èò, ÷òî ∫ ( n∑
i

(fi(xα)− µi) · zi

)2

g(xα)dmx = 0,

à ýòî âîçìîæíî òîëüêî ïðè óñëîâèè

n∑
i

(fi(xα)− µi) · zi = 0

â îáëàñòè îïðåäåëåíèÿ g(xα). Äëÿ ãëàäêèõ ôóíêöèé fi ýòî óñëîâèå ïåðåõîäèò â óñëîâèå

n∑
i

(fi(xα)− µi) · zi ≡ 0,

îçíà÷àþùåå ëèíåéíóþ çàâèñèìîñòü ôóíêöèîíàëüíûõ âåêòîðîâ fi(xα)−µi. Ïîëó÷åííîå ïðî-
òèâîðå÷èå äîêàçûâàåò ïîëîæèòåëüíóþ îïðåäåëåííîñòü ìàòðèöû êîâàðèàöèé (24) äëÿ ñè-
ñòåìû ëèíåéíî íåçàâèñèìûõ ôóíêöèé.

B ðåàëüíîñòè ôóíêöèè ïëîòíîñòè âåðîÿòíîñòè íåèçâåñòíû, íî èçâåñòíû ïåðâûå ìîìåíòû
è â áîëüøèíñòâå ñëó÷àåâ âû÷èñëåíèÿ ïðîâîäÿòñÿ â ðàìêàõ �äèôôåðåíöèàëüíîãî çàêîíà
ïåðåíîñà ïîãðåøíîñòåé�, êîòîðûé ïîëó÷àåòñÿ èç èíòåãðàëüíîãî (24) çàìåíîé fi(xα) − µi

ïîëèíîìîì � îòðåçêîì ðàçëîæåíèÿ â ðÿä Òåéëîðà â îêðåñòíîñòè 〈xα〉

fi(xα)− µi ⇒ PN
i (xα) =

N∑
k=1

1
k!

∂kfi

∂xα1 · · · ∂xαk

∣∣∣∣
〈xα〉

·∆xα1 · · ·∆xαk
, (25)

ãäå ∆xαj = xαj − 〈xαj 〉 è ïî ïîâòîðÿþùèìñÿ èíäåêñàì αj ïîäðàçóìåâàåòñÿ ñóììèðîâàíèå
(ñì. â ýòîé ñâÿçè ISO GUM: 5.1.2 ôîðìóëà (10) è å�å íåêîððåêòíîå ðàñøèðåíèå äî ÷åòâåðòîãî
ïîðÿäêà ïî u(xα) =

√
〈(∆xα)2〉).

Îêàçûâàåòñÿ, ÷òî òðåáîâàíèå ïîëîæèòåëüíîé îïðåäåëåííîñòè ìàòðèöû êîâàðèàöèé âî
ìíîãèõ ñëó÷àÿõ äåëàåò íåâîçìîæíûì �ýêîíîìíîå� ïðèìåíåíèå äèôôåðåíöèàëüíîé ïðîöå-
äóðû ïåðåíîñà ïîãðåøíîñòåé, äàæå â ñàìîì áëàãîïðèÿòíîì ñëó÷àå êîãäà µi ≈ fi(〈xα〉), ò.å.
êîãäà ëèíåéíîå ïðèáëèæåíèå ñïðàâåäëèâî (ñòàðøèå ìîìåíòû ïðåíåáðåæèìî ìàëû).
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Â ñàìîì äåëå, ìàêñèìàëüíîå ÷èñëî T (N,m) ëèíåéíî íåçàâèñèìûõ ôóíêöèîíàëüíûõ âåê-
òîðîâ âèäà (25) îïðåäåëÿåòñÿ ñîîòíîøåíèåì

T (N, m) =
N∑

k=1

(m + k − 1)!

(m − 1)! · k!
=

(N + m)!

N ! · m!
− 1 . (26)

Îòñþäà ïîëó÷àåì óòâåðæäåíèå: åñëè ìàòðèöà êîâàðèàöèé ñèñòåìû n ôóíêöèé
{fi(xα)}n

1 îò m ñëó÷àéíûõ ïåðåìåííûõ {xα}m
1 îïðåäåëÿåòñÿ ïî äèôôåðåíöèàëüíîé

ïðîöåäóðå (25) ïîðÿäêà N òàêîãî, ÷òî T (N,m) < n, òî îíà âûðîæäåíà, è ëþáîå
åå ÷èñëîâîå ïðåäñòàâëåíèå áóäåò ìàòðèöåé ïî êðàéíåé ìåðå ñ îäíèì íåïîëîæè-
òåëüíûì ñîáñòâåííûì ÷èñëîì.

Â ÷àñòíîñòè, øèðîêî èñïîëüçóåìîå ëèíåéíîå (N = 1)ïðèáëèæåíèå

fi(xα)− µi ≈
m∑

α=1

∂fi

∂xα

∣∣∣∣
〈xα〉

(xα − 〈xα〉) (27)

äëÿ n > m íåäîïóñòèìî, à ïðè n ≤ m îïàñíî, òàê êàê âîçìîæíî ñóùåñòâîâàíèå ñêðûòûõ
ôóíêöèîíàëüíûõ ñîîòíîøåíèé Φ(f1, f2, . . . , fn) = const.

Â ñàìîì äåëå, ïóñòü n ≤ m. Òîãäà âûõîäíàÿ ìàòðèöà â ëèíåéíîì ïðèáëèæåíèè â îáùåì
ñëó÷àå íå âûðîæäåíà, îäíàêî, åñëè ìåæäó ôóíêöèÿì fi èìååòñÿ õîòÿ áû îäíî ôóíêöèîíàëü-
íîå ñîîòíîøåíèå Φ(f1, f2, . . . , fn) = const, òî ìàòðèöà u(fi, fj) îïðåäåëåííàÿ ïî ëèíåéíîìó
äèôôåðåíöèàëüíîìó ïðèáëèæåíèþ, âûðîæäåíà. Äåéñòâèòåëüíî, åñëè ôóíêöèÿ Φ(fi) äèô-
ôåðåíöèðóåìà, òî åå ãðàäèåíò ïî ïåðåìåííûì {xα}m

1 , ñ îäíîé ñòîðîíû, âûðàæàåòñÿ êàê
ëèíåéíàÿ êîìáèíàöèÿ ãðàäèåíòîâ fi,

∂Φ
∂xαi

=
∂φ

∂f1
· ∂f1

∂xαi

+
∂φ

∂f2
· ∂f2

∂xαi

+ · · ·+ ∂φ

∂fn
. . .

∂fn

∂xαi

= 0,

à ñ äðóãîé, � îí íóëåâîé âåêòîð, ò.å. ãðàäèåíòû fi ëèíåéíî çàâèñèìû, è, ñëåäîâàòåëüíî,
ìàòðèöà êîâàðèàöèé îïðåäåëÿåìàÿ ëèíåéíûì äèôôåðåíöèàëüíûì ïðèáëèæåíèåì âûðîæ-
äåíà. Îäíàêî ìàòðèöà u(fi, fj), âû÷èñëÿåìàÿ ñ äîñòàòî÷íîé òî÷íîñòüþ ïî åå èíòåãðàëüíîìó
îïðåäåëåíèþ (24) ñ ó÷åòîì ôóíêöèîíàëüíîãî ñîîòíîøåíèÿ Φ(f1, f2, . . . , fn) = const

u(fi, fj) =
∫

(fi(xα)− µi) · (fj(xα)− µj) · g(xα) · δ(Φ(fi)− const)dmx, (28)

ãäå δ(. . . ) � íåîòðèöàòåëüíî îïðåäåëåííàÿ ôóíêöèÿ Äèðàêà, ÿâëÿåòñÿ ïîëîæèòåëüíî îïðå-
äåëåííîé ìàòðèöåé. Òàêèì îáðàçîì, ìû âèäèì, ÷òî ïðîâåðêà ïîëîæèòåëüíîé îïðåäåëåííî-
ñòè ìàòðèö êîððåëÿöèé (êîâàðèàöèé) ÿâëÿåòñÿ íåîáõîäèìîé ìåðîé îáåñïå÷åíèÿ íàäåæíîñòè
âû÷èñëåíèé è êîððåêòíîñòè ÷èñëîâîãî ïðåäñòàâëåíèÿ ðåçóëüòàòîâ.

Ïðèìå÷àíèå. Ê ñîæàëåíèþ, â áîëüøèíñòâå èçâåñòíûõ àâòîðó òåêñòîâ ïî ñòàòèñòè÷åñêîé
îáðàáîòêå äàííûõ, íåîáõîäèìîñòü ïîëîæèòåëüíîé îïðåäåëåííîñòè äåêëàðèðóåòñÿ, íî íå
êîíòðîëèðóåòñÿ íè â àíàëèòè÷åñêèõ âûêëàäêàõ, íè â âû÷èñëåíèÿõ. Îãðàíè÷èìñÿ ïðèìå-
ðîì ðåêîìåíäàöèè èç ISO GUM:
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5.1.2 The combined standard uncertainty uc(y) is the
positive square root of the combined variance u2

c(y), which
is given by

u2
c(y) =

NX
i=1

„
∂f

∂xi

«2

u2(xi) (10)

where f is the function given in equation (1). Each u(xi)
is a standard uncertainty evaluated as described in 4.2
(Type A evaluation) or as in 4.3 (Type B evaluation).
The combined standard uncertainty uc(y) is an estimated
standard deviation and characterizes the dispersion of the
values that could reasonably be attributed to the measurand
Y (see 2.2.3).

Equation (10) and its counterpart for correlated
input quantities, equation (13), both of which are based
on a �rst-order Taylor series approximation of Y =
f(X1, X2, . . . , XN ), express what is termed in this Guide
the law of propagation of uncertainty (see E.3.1 and E.3.2).

5.1.2 Ñóììàðíàÿ ñòàíäàðòíàÿ íåîïðåäåëåííîñòü uc(y)
ïðåäñòàâëÿåò ñîáîé ïîëîæèòåëüíûé êâàäðàòíûé êîðåíü
èç ñóììàðíîé äèñïåðñèè u2

c(y), ïîëó÷åííîé èç ôîðìóëû:

u2
c(y) =

NX
i=1

„
∂f

∂xi

«2

u2(xi) (10)

ãäå f � ôóíêöèÿ, ïðèâåäåííàÿ â óðàâíåíèè (1), êàæ-
äàÿ u(xi) � ñòàíäàðòíàÿ íåîïðåäåëåííîñòü, îöåíåííàÿ,
êàê îïèñàíî â 4.2 (îöåíêà ïî òèïó À) èëè â 4.3 (îöåí-
êà ïî òèïó Â). Ñóììàðíàÿ ñòàíäàðòíàÿ íåîïðåäåëåííîñòü
uc(y) ïðåäñòàâëÿåò ñîáîé îöåíåííîå ñòàíäàðòíîå îòêëî-
íåíèå è õàðàêòåðèçóåò ðàçáðîñ çíà÷åíèé, êîòîðûå ìîãóò
áûòü ñ äîñòàòî÷íûì îñíîâàíèåì ïðèïèñàíû èçìåðÿåìîé
âåëè÷èíå Y (ñì. 2.2.3).

Óðàâíåíèå (10) è åãî ýêâèâàëåíò äëÿ êîððåëèðîâàí-
íûõ âõîäíûõ âåëè÷èí � óðàâíåíèå (13), îáà èç êîòîðûõ
áàçèðóþòñÿ íà àïïðîêñèìàöèè Y = f(X1, X2, . . . , XN ) ðÿ-
äîì Òåéëîðà ïåðâîãî ïîðÿäêà, âûðàæàþò çàêîí ðàñïðî-
ñòðàíåíèÿ íåîïðåäåëåííîñòè â òåðìèíàõ äàííîãî ðóêî-
âîäñòâà (ñì. Å.3.1 è Å.3.2).

Note � When nonlinearity of f is signi�cant, higher-order
terms in the Taylor series expansion must be included in the
expression for u2

c(y), equation (10). When the distribution of
each Xi is symmetric about the mean, the most important
terms of next highest order to be added to the terms of
equation (10) are

NX
i=1

NX
j=1

 
1

2

„
∂2f

∂xi∂xj

«2

+
∂f

∂xi

∂3f

∂xi∂2xj

!
u2(xi)u

2(xj)

See H.1 for an example of a situation where the contribution
of higher-order terms to u2

c(y) needs to be considered.

ISO GUM [1], ð. 19

Ïðèìå÷àíèå.
Ïðè çíà÷èòåëüíîé íåëèíåéíîñòè f ÷ëåíû áîëåå âûñîêîãî
ïîðÿäêà â ðàçëîæåíèè â ðÿä Òåéëîðà äîëæíû áûòü âêëþ-
÷åíû â âûðàæåíèå äëÿ u2

c(y), óðàâíåíèå (10). Êîãäà ðàñ-
ïðåäåëåíèå êàæäîãî Xi ðàñïîëàãàåòñÿ ñèììåòðè÷íî îò-
íîñèòåëüíî åãî ñðåäíåãî çíà÷åíèÿ, ñàìûìè âàæíûìè ÷ëå-
íàìè ñëåäóþùåãî áîëåå âûñîêîãî ïîðÿäêà, êîòîðûå íàäî
äîáàâèòü ê ÷ëåíàì óðàâíåíèÿ (10), ÿâëÿþòñÿ

NX
i=1

NX
j=1

 
1

2

„
∂2f

∂xi∂xj

«2

+
∂f

∂xi

∂3f

∂xi∂2xj

!
u2(xi)u

2(xj).

Ñìîòðè Í.1 â êà÷åñòâå ïðèìåðà ñèòóàöèè, ãäå íåîáõîäè-
ìî ðàññìîòðåòü âêëàä ÷ëåíîâ áîëåå âûñîêîãî ïîðÿäêà â
u2

c(y).
ISO GUM (ïåðåâîä ÂÍÈÈÌ) [3], ñòð. 20

Â ýòîé ðåêîìåíäàöèè â ôîðìóëå äëÿ âêëàäà â âàðèàöèþ u2
c(y) îò ÷ëåíîâ ÷åòâåðòîãî

ïîðÿäêà ïî u(xi) ñëàãàåìûå, ñîäåðæàùèå òðåòüþ ïðîèçâîäíóþ, âêëþ÷åíû ïî îøèáêå è äëÿ
íåêîòîðûõ ôóíêöèé f áóäóò ïðèâîäèòü ê îòðèöàòåëüíûì çíà÷åíèÿì u2

c(y). Ê ñîæàëåíèþ,
ýòà ìàòåìàòè÷åñêàÿ íåêîððåêòíîñòü ðåêîìåíäàöèè 5.1.2 ISO GUM íå áûëà çàìå÷åíà ïå-
ðåâîä÷èêàìè èç ÂÍÈÈÌ è âîñïðîèçâîäèòñÿ â äðóãèõ ìåòðîëîãè÷åñêèõ äîêóìåíòàõ (ñìîò-
ðè [29], ñòð.68�70), è â íåäàâíåé ïóáëèêàöèè [39] ïî òåìå �On higher-order corrections for
propagating uncertainties�. Ïðàâèëüíûå ôîðìóëû ïðèâåäåíû, íàïðèìåð, â êíèãå [13] â ðàç-
äåëå 12.4.2 (ñòð. 278�280).

5. Çàêëþ÷åíèå

Íà íåñêîëüêèõ ïðèìåðàõ ìû óáåäèëèñü â òîì, ÷òî ñëîæèâøàÿñÿ ïðàêòèêà îöåíêè, ÷èñ-
ëîâîãî ïðåäñòàâëåíèÿ è ïåðåäà÷è ðåçóëüòàòîâ èçìåðåíèé óñòàðåëà5 è òðåáóåò ñóùåñòâåííîé

5Ðàñïðîñòðàíåííîñòü íåêîððåêòíûõ ïðåäñòàâëåíèé ÷èñëîâûõ äàííûõ â ëèòåðàòóðå è â ñèñòåìàõ ñòàòè-
ñòè÷åñêîãî àíàëèçà îòìå÷àëàñü íåîäíîêðàòíî [31], [33], [35], [36], [38].
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êîððåêöèè. Ïðîáëåìà ìîäåðíèçàöèè �âûðàæåíèÿ ðåçóëüòàòîâ èçìåðåíèé� îáîñòðåíà â ôóí-
äàìåíòàëüíûõ ðàçäåëàõ åñòåñòâîçíàíèÿ, ãäå òðåáîâàíèÿ ê êîððåêòíîñòè è òî÷íîñòè ÷èñëî-
âûõ ïðåäñòàâëåíèé ðåçóëüòàòîâ èçìåðåíèé (îöåíîê) ïîñòîÿííî ïîâûøàþòñÿ, ìåòîäèêè ïðî-
âåäåíèÿ èçìåðåíèé è âû÷èñëåíèé ðàçâèâàþòñÿ, à ïðàêòèêà ïðåäñòàâëåíèÿ (ïóáëèêàöèè)
è îáìåíà èçìåðèòåëüíûìè äàííûìè, ñòàíäàðòèçàöèÿ è îáó÷åíèå �ïîäñòðàèâàþòñÿ� íåäî-
ñòàòî÷íî îïåðàòèâíî. Ýòî çàïàçäûâàíèå è ïðèâîäèò ê ïîÿâëåíèþ íåïîëíûõ è èñêàæåííûõ
äàííûõ â æóðíàëàõ, â áàçàõ äàííûõ è â ðåñïåêòàáåëüíûõ íàó÷íûõ èíôîðìàöèîííûõ ðåñóð-
ñàõ, �ñêîâàííûõ� óñòàðåâøèìè ñòàíäàðòàìè è ìåòîäè÷åñêèìè ðåêîìåíäàöèÿìè óâàæàåìûõ
ìåæäóíàðîäíûõ îðãàíèçàöèé (ñìîòðè àíàëîãè÷íûå ðàññóæäåíèÿ D.L.Smith [32] ñòð. 134-135
è P. De Bi�evre [34]).

Â ïåðâóþ î÷åðåäü, íåîáõîäèìà ïåðåðàáîòêà ISO GUM. Ïðåäñòàâëÿåòñÿ áîëåå ïðàâèëü-
íûì íå êîððåêöèÿ ISO GUM â óêàçàííûõ âûøå ìåñòàõ, à ïîëíàÿ ðåâèçèÿ åãî òåêñòà ñ
ó÷åòîì: íîâûõ íàðàáîòîê ïî ïðîãðàììå SSfM [5] (ñì., íàïðèìåð, [4], [29], [30], [6]); ðåçóëüòà-
òîâ ðàáî÷åé ãðóïïû NNDC(BNL) Cross Section Evaluation Working Group, ïðåäñòàâëåííûõ
â [37] (ñì. ðàçäåëû 30.�40.); êðèòèêè è ïðåäëîæåíèé èç [38], [40] è âîçìîæíîñòåé, ïðåäî-
ñòàâëÿåìûõ ýëåêòðîííûìè ïóáëèêàöèÿìè 6.

Çàòåì íåîáõîäèìà êîððåêöèÿ ðóêîâîäñòâ, ñïðàâî÷íèêîâ, ó÷åáíèêîâ è (áàç äàííûõ ?),
èñïîëüçóþùèõ óñòàðåâøèå ïîëîæåíèÿ ISO GUM.

Äàëåå ïðåäñòàâëÿåòñÿ íåîáõîäèìûì óñêîðèòü ôîðìèðîâàíèå �GUM Supplement 2�, â
òåêñò êîòîðîãî ïðåäëàãàåòñÿ ââåñòè ñëåäóþùèå ïîëîæåíèÿ:

• Â êà÷åñòâå îáÿçàòåëüíûõ ýëåìåíòîâ ñòðóêòóðû äàííûõ ñëåäóåò ïðèâîäèòü ÷èñëîâûå
õàðàêòåðèñòèêè ñîñòîÿòåëüíîñòè ðåçóëüòàòà èçìåðåíèÿ (îöåíêè): çíà÷åíèÿ îöåíåííûõ
àâòîðàìè ïîðîãîâ îêðóãëåíèÿ äëÿ ñðåäíèõ (èëè íàèáîëåå âåðîÿòíûõ) çíà÷åíèé êîìïî-
íåíò âåêòîðà íàáëþäàåìûõ âåëè÷èí, ïîðîãîâ îêðóãëåíèÿ ìàòðè÷íûõ ýëåìåíòîâ ìàò-
ðèö êîððåëÿöèé, è êîìïîíåíò âåêòîðà ñòàíäàðòíûõ îòêëîíåíèé åñëè èñïîëüçîâàëîñü
ðàâíîìåðíîå îêðóãëåíèå. Åñëè èñïîëüçîâàëîñü íåðàâíîìåðíîå îêðóãëåíèå, òî îáÿçà-
òåëüíî äåòàëüíîå îïèñàíèå íàïðàâëåííîãî îêðóãëåíèÿ (directed rounding) êàæäîãî
÷èñëà ïðåäñòàâëåííîãî ðåçóëüòàòà ñîâìåñòíûõ èçìåðåíèé íåñêîëüêèõ âåëè÷èí.

• Åñëè â ïðîöåññå ïîëó÷åíèÿ îöåíîê èñïîëüçîâàëèñü çàèìñòâîâàííûå èçìåðèòåëüíûå
äàííûå ñîâìåñòíûõ èçìåðåíèé, ïðèâåäåííûõ â ïåðâîèñòî÷íèêå áåç óêàçàíèÿ ïîðîãîâ
îêðóãëåíèÿ, òî â òåêñòå ïðåäúÿâëåíèÿ ðåçóëüòàòîâ äîëæíû áûòü ïðèâåäåíû ðåçóëü-
òàòû �âõîäíîãî� êîíòðîëÿ êà÷åñòâà çàèìñòâîâàííûõ äàííûõ.

• Åñëè â ïðîöåññå ïîëó÷åíèÿ ðåçóëüòàòà èñïîëüçîâàëñÿ äèôôåðåíöèàëüíûé ïåðåíîñ ïî-
ãðåøíîñòåé, òî ïðîöåäóðà ïåðåíîñà äîëæíà áûòü äåòàëüíî îïèñàíà ñ óêàçàíèåì èñ-
ïîëüçîâàííîãî ïîðÿäêà ïðèáëèæåíèÿ ïîëèíîìîì Òåéëîðà è ïðîöåäóðû îöåíêè ñòàð-
øèõ ìîìåíòîâ ñîâìåñòíîé ôóíêöèè ðàñïðåäåëåíèÿ âåðîÿòíîñòåé íåçàâèñèìûõ ïåðå-
ìåííûõ.

Ïîñëå ïîÿâëåíèÿ ïåðâîé îôèöèàëüíîé âåðñèè �ISO GUM Supplement 2� âåñüìà æåëà-
òåëüíî ðàñïðîñòðàíåíèå ïðèçûâà ê ðåäàêòîðàì âñåõ íàó÷íî-òåõíè÷åñêèõ æóðíàëîâ, íàó÷íî-

6Ïðåäëîæåíèÿ ïî îïòèìàëüíîé ôîðìå îò÷åòà î ðåçóëüòàòàõ ïîèñêîâûõ ýêñïåðèìåíòîâ ñîäåðæàòñÿ â [13]
(â ðàçäåëå 13.2 Desiderata for an optimal report of search results, ñòð.28-6-287).
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òåõíè÷åñêèõ èíôîðìàöèîííûõ àãåíòñòâ è ñàéòîâ, àíàëîãè÷íîãî ïðèçûâó P. De Bi�evre â
1997 ãîäó:

". . . So, a result without reliability (uncertainty) statement cannot be published
or communicated because it is not (yet) a result. I am appealing to my colleagues of
all analytical journals not to accept papers anymore which do not respect this simple
logic."

Paul De Bi�evre [35]

Áëàãîäàðíîñòè

Àâòîð áëàãîäàðåí R.M. Barnett (LBNL), À.Í. Òîëñòåíêîâó (ÌÀÃÀÒÝ), À.Â. Åìåëüÿ-
íåíêî (DeltaConcept), Í.Â. Åìåëüÿíåíêî (ÖÅÐÍ), À.Ä. Ðÿáîâó (ÈÔÂÝ), ïðåäîñòàâèâøèì
ìíå âîçìîæíîñòü ðàáîòû ñ òðóäíîäîñòóïíîé ëèòåðàòóðîé ïî ìåòðîëîãèè, ìàòåìàòèêå, ìå-
òîäàì âû÷èñëåíèé è ñòàòèñòè÷åñêîìó àíàëèçó äàííûõ, à òàêæå È.È. Äåãòÿðåâó (ÈÔÂÝ),
óêàçàâøåìó íà ðåëåâàíòíûå äîêóìåíòû ïî îáðàáîòêå ÿäåðíûõ äàííûõ, è êîëëåãàì èç ñî-
òðóäíè÷åñòâ PDG è ÊÎÌÏÀÑ çà ïëîäîòâîðíûå îáñóæäåíèÿ è êîììåíòàðèè.

Áëàãîäàðþ ïðåäñòàâèòåëåé êîìèòåòà CODATA À.Ä. Ãâèøèàíè (ÃÔÖ ÐÀÍ, Ðîññèÿ),
Krishan Lal (NPL, India) è P.J. Mohr (NIST, USA) çà êðèòèêó è ïðåäëîæåíèÿ ïî óëó÷øåíèþ
òåêñòà ñòàòüè.

Îñîáàÿ áëàãîäàðíîñòü ÐÔÔÈ è Ã.Â. Åæåëå çà ôèíàíñîâóþ ïîääåðæêó ó÷àñòèÿ â ðàáîòå
êîíôåðåíöèè CODATA-2006.
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