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Îñíîâíàÿ çàäà÷à äàííîé ñòàòüè â òîì, ÷òîáû ïîçíàêîìèòü ÷èòàòåëÿ ñ ìàòåìàòè÷åñêèì ìåòîäîì
� êîíòèíóàëüíûì èíòåãðàëîì, êîòîðûé ðåàëèçóåò àëüòåðíàòèâíûé ïîäõîä ê êâàíòîâîé ìåõàíèêå,
íî, ÷òî åùå âàæíåå, â ñâîåì áîëåå îáùåì âèäå ÿâëÿåòñÿ êëþ÷îì ê ãëóáîêîìó ïîíèìàíèþ êâàíòîâîé
òåîðèè ïîëÿ è åå ïðèìåíåíèé, ïðîñòèðàþùèõñÿ îò ôèçèêè ÷àñòèö äî ôàçîâûõ ïåðåõîäîâ è ñâîéñòâ
êâàíòîâûõ ãàçîâ. Â ÷àñòíîñòè, â ðàáîòå ïîêàçàíî, ÷òî îïåðàòîð ýâîëþöèè êâàíòîâîìåõàíè÷åñêîé
âîëíîâîé ôóíêöèè ìîæíî çàïèñàòü êàê èíòåãðàë ïî ïóòÿì, ÷òî äàåò íîâûé âçãëÿä íà ýâîëþöèþ
êâàíòîâîìåõàíè÷åñêîé ñèñòåìû. Èñïîëüçóÿ êîíòèíóàëüíûé èíòåãðàë, àâòîð ïðîâîäèò âû÷èñëåíèå
îïåðàòîðîâ ýâîëþöèè ïðîñòåéøèõ êâàíòîâîìåõàíè÷åñêèõ ñèñòåì: ñâîáîäíîé ÷àñòèöû, ãàðìîíè÷å-
ñêîãî îñöèëëÿòîðà è êâàçèêëàññè÷åñêîãî äâèæåíèÿ â ïðîèçâîëüíîì ïîòåíöèàëå.

Abstract

Braguta V.V. Path Integrals in Quantum Mechanics: IHEP Preprint 2009–2. – Protvino, 2009. – p. 7,
refs.: 3.

The main aim of this preprint is to give brief introduction into the approach - path integral which
realizes alternative approach to quantum mechanic and what is more important it has become the key to
deep understanding of quantum field theory which extends from particle physics to the physics of phase
transition. In particular, it is shown in the preprint that the evolution of wave function in quantum
mechanic can be written as the path integral, what gives new insight to the evolution in quantum
mechanic. Using the path integral the simplest quantum mechanical problems have been solved: free
particle, harmonic oscillator and semiclassical motion in the arbitrary potential.
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Ââåäåíèå

Îñíîâíàÿ çàäà÷à äàííîé ñòàòüè (à âåðíåå, ìåòîäè÷åñêîãî ïîñîáèÿ) ñîñòîèò â òîì, ÷òîáû
ïîçíàêîìèòü ÷èòàòåëÿ ñ ìàòåìàòè÷åñêèì ìåòîäîì � êîíòèíóàëüíûì èíòåãðàëîì, êîòîðûé
ðåàëèçóåò àëüòåðíàòèâíûé ïîäõîä ê êâàíòîâîé ìåõàíèêå, íî, ÷òî åùå âàæíåå, â ñâîåì áîëåå
îáùåì âèäå ÿâëÿåòñÿ êëþ÷îì ê ãëóáîêîìó ïîíèìàíèþ êâàíòîâîé òåîðèè ïîëÿ è åå ïðè-
ìåíåíèé, ïðîñòèðàþùèõñÿ îò ôèçèêè ÷àñòèö äî ôàçîâûõ ïåðåõîäîâ è ñâîéñòâ êâàíòîâûõ
ãàçîâ.

Êîíòèíóàëüíûå èíòåãðàëû (èíòåãðàëû ïî ïóòÿì) � ýòî ìàòåìàòè÷åñêèå îáúåêòû, êî-
òîðûå ìîæíî ðàññìàòðèâàòü êàê îáîáùåíèå îáû÷íûõ èíòåãðàëîâ íà ñëó÷àé áåñêîíå÷íîãî
÷èñëà ïåðåìåííûõ, ïðåäñòàâëÿåìûõ òðàåêòîðèÿìè (ïóòÿìè). Ó íèõ òàêèå æå àëãåáðàè÷å-
ñêèå ñâîéñòâà, êàê è ó îáû÷íûõ èíòåãðàëîâ, íî ñ òî÷êè çðåíèÿ àíàëèçà, îíè îáëàäàþò òàêæå
íåêîòîðûìè íîâûìè ñâîéñòâàìè. Êîíòèíóàëüíûé èíòåãðàë � ýòî ìîùíûé èíñòðóìåíò äëÿ
èçó÷åíèÿ êâàíòîâîé ìåõàíèêè, ïîòîìó ÷òî îí îñîáåííî ÷åòêî âûäåëÿåò ñîîòâåòñòâèå ìåæäó
êëàññè÷åñêîé è êâàíòîâîé ìåõàíèêîé. Ôèçè÷åñêèå âåëè÷èíû ÿâëÿþòñÿ ñðåäíèìè ïî âñåì
âîçìîæíûì òðàåêòîðèÿì, íî â êâàçèêëàññè÷åñêîì ïðèáëèæåíèè h̄ → 0 âåäóùèé âêëàä äà-
åòñÿ òðàåêòîðèÿìè, íàèáîëåå áëèçêèìè ê êëàññè÷åñêèì. Òàêèì îáðàçîì, êîíòèíóàëüíûé
èíòåãðàë ñïîñîáñòâóåò èíòóèòèâíîìó ïîíèìàíèþ è äàåò âîçìîæíîñòü ñðàâíèòåëüíî ïðîñòî
ðàññ÷èòûâàòü ôèçè÷åñêèå âåëè÷èíû â êâàçèêëàññè÷åñêîì ïðèáëèæåíèè.

Ôîðìóëèðîâêà êâàíòîâîé ìåõàíèêè, îñíîâàííàÿ íà êîíòèíóàëüíûõ èíòåãðàëàõ, äàæå åñ-
ëè è êàæåòñÿ ìàòåìàòè÷åñêè áîëåå ñëîæíîé, ÷åì îáû÷íûé ôîðìàëèçì äèôôåðåíöèàëüíûõ
óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ, òåì íå ìåíåå, îíà õîðîøî ïðèñïîñîáëåíà ê îïèñàíèþ
ñèñòåì ñ áîëüøèì ÷èñëîì ñòåïåíåé ñâîáîäû, ãäå ôîðìàëèçì Øðåäèíãåðîâà òèïà ãîðàçäî
ìåíåå ïîëåçåí. Ïîýòîìó îíà ïîçâîëÿåò ëåãêî ïåðåéòè îò êâàíòîâîé ìåõàíèêè ñ íåáîëüøèì
÷èñëîì ÷àñòèö ê êâàíòîâîé òåîðèè ïîëÿ èëè ê ñòàòèñòè÷åñêîé ôèçèêå. Â ÷àñòíîñòè, îáîá-
ùåííûå êîíòèíóàëüíûå èíòåãðàëû (ïîëåâûå èíòåãðàëû) ïðèâîäÿò ê ïîíèìàíèþ ãëóáîêèõ
âçàèìîñâÿçåé ìåæäó êâàíòîâîé òåîðèåé ïîëÿ è êðèòè÷åñêèìè ÿâëåíèÿìè â ôàçîâûõ ïåðå-
õîäàõ âòîðîãî ðîäà.

Îñíîâíîé öåëüþ äàííîãî ïîñîáèÿ ÿâëÿåòñÿ äåìîíñòðàöèÿ ìåòîäà êîíòèíóàëüíîãî èí-
òåãðàëà ïðèìåíèòåëüíî ê ïðîñòåéøèì çàäà÷àì êâàíòîâîé ìåõàíèêè. Â ÷àñòíîñòè, áóäåò
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ïîêàçàíî, êàêèì îáðàçîì îïåðàòîð ýâîëþöèè âîëíîâîé ôóíêöèè ñâÿçàí ñ èíòåãðàëîì ïî
ïóòÿì. Èñïîëüçóÿ äàííîå ïðåäñòàâëåíèå, áóäåò âûâåäåí îïåðàòîð ýâîëþöèè äëÿ ñâîáîäíîé
÷àñòèöû, ãàðìîíè÷åñêîãî îñöèëëÿòîðà è êâàçèêëàññè÷åñêîãî äâèæåíèÿ â ïðîèçâîëüíîì ïî-
òåíöèàëå.

1. Êîíòèíóàëüíûé èíòåãðàë ïî ôàçîâîìó ïðîñòðàíñòâó

Â ýòîì ðàçäåëå áóäåò âûâåäåíà ôîðìóëà, âûðàæàþùàÿ îïåðàòîð ýâîëþöèè âîëíîâîé
ôóíêöèè â òåðìèíàõ êîíòèíóàëüíîãî èíòåãðàëà. Îäíàêî ïðåæäå ÷åì âûâåñòè ýòó ôîðìóëó,
äàäèì îïðåäåëåíèå îïåðàòîðà ýâîëþöèè. Â íåðåëÿòèâèñòñêîé êâàíòîâîé ìåõàíèêå ñîñòîÿíèå
ñèñòåìû c êîîðäèíàòàìè q â ìîìåíò âðåìåíè t îïðåäåëÿåòñÿ âîëíîâîé ôóíêöèåé Ψ(q, t).
Äàëåå áóäåì ñ÷èòàòü, ÷òî ìû ðàáîòàåì â îäíîì èçìåðåíèè q = x. Èçìåíåíèå âîëíîâîé
ôóíêöèè ñî âðåìåíåì çàäàåòñÿ óðàâíåíèåì Øðåäèíãåðà [1]:

ih̄
∂Ψ(x, t)

∂t
= ĤΨ(x, t), (1)

ãäå

Ĥ =
p̂2

2m
+ U(x). (2)

Â ïîñëåäíåì óðàâíåíèè p̂ = −ih̄ d/dx � îïåðàòîð èìïóëüñà, U(x) � ïîòåíöèàëüíàÿ ýíåðãèÿ.
Äàëåå âûáåðåì ñèñòåìó åäèíèö, â êîòîðîé h̄ = 1.

Ðåøåíèå óðàâíåíèÿ (1) ìîæíî çàïèñàòü ñ ïîìîùüþ îïåðàòîðà ýâîëþöèè U(t, t0):

Ψ(t, x) = U(t, t0)Ψ(t0, x). (3)

Íåòðóäíî ïîíÿòü, ÷òî îïåðàòîð ýâîëþöèè â ïðåäåëå δt = t− t0 → 0 ìîæíî çàïèñàòü â âèäå

U(t0 + δt, t0) = 1− iĤδt + O(δt2). (4)

Ïåðåéäåì òåïåðü ê âûâîäó ïðåäñòàâëåíèÿ îïåðàòîðà ýâîëþöèè ÷åðåç èíòåãðàë ïî ïó-
òÿì [2]. Â äàëüíåéøåì íàì áóäóò íåîáõîäèìû ñîáñòâåííûå âåêòîðû îïåðàòîðà êîîðäèíàòû
x̂ è èìïóëüñà p̂, êîòîðûå ìîæíî îïðåäåëèòü ñëåäóþùèì îáðàçîì:

x̂|x0〉 = x0|x0〉, p̂|p0〉 = p0|p0〉,

〈p|x〉 =
(

1
2π

)1/2

e−ipx, 〈x|p〉 =
(

1
2π

)1/2

eipx. (5)

Ó÷èòûâàÿ ôîðìóëó (4), íåòðóäíî íàéòè ìàòðè÷íûé ýëåìåíò 〈p|U(t + δt, t)|x〉:

〈p|U(t + δt, t)|x〉 =
(

1− iH(p, x)δt
)
× 〈p|x〉+ O(δt2) = exp (−iH(p, x)δt)× 〈p|x〉+ O(δt2), (6)

ãäå H(p, x) = p2/2m + U(x).
Âûâåäåì òåïåðü âûðàæåíèå äëÿ îïåðàòîðà ýâîëþöèè çà êîíå÷íîå âðåìÿ U(t2, t1). Äëÿ

ýòîãî ðàçîáüåì èíòåðâàë (t1, t2) íà N èíòåðâàëîâ äëèíîé δt. Òîãäà ÿäðî îïåðàòîðà ýâîëþöèè
〈x′|U(t2, t1)|x〉 ìîæíî ïðåäñòàâèòü â âèäå

〈x′|U(t2, t1)|x〉 = 〈x′|U(t2, t2 − δt)× U(t2 − δt, t2 − 2δt)...U(t1 + 2δt, t1 + δt)× U(t1 + δt, t1)|x〉. (7)
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Ìåæäó ëþáûìè äâóìÿ îïåðàòîðàìè U âñòàâèì ïîëíûé íàáîð ñîáñòâåííûõ âåêòîðîâ
∫

dx|x〉〈x| = 1. (8)

Òîãäà ôîðìóëó (7) ìîæíî ïåðåïèñàòü â ñëåäóþùåì âèäå:

〈x′|U(t2, t1)|x〉 =
∫
〈x′|U(t2, t1)|xN 〉

N∏

i=1

dxi〈xi|U(t2, t1)|xi−1〉. (9)

Â ïîñëåäíåé ôîðìóëå ïðåäïîëàãàåòñÿ, ÷òî x0 = x. Äàëåå ïðèìåíèì ôîðìóëó

〈xi|U(t2, t1)|xi−1〉 =
∫

dpi〈xi|pi〉〈pi|U(t2, t1)|xi−1〉. (10)

Ïîäñòàâëÿÿ ýòó ôîðìóëó â ôîðìóëó (9) è ó÷èòûâàÿ ôîðìóëó (6), ïîëó÷àåì âûðàæåíèå äëÿ
ÿäðà îïåðàòîðà ýâîëþöèè:

〈x′|U(t2, t1)|x〉 =
∫

exp

{
i[pN+1(xN+1 − xN ) + ... + p1(x1 − x0)]−

−[H(pN+1, xN )δt + ... + H(p1, x0)δt]
}

dpN+1

2π

∏

i

dpidxi

2π
. (11)

Â ïîñëåäíåé ôîðìóëå ñ÷èòàåòñÿ, ÷òî xN+1 = x′, x0 = x.
Ïåðåéäåì òåïåðü ê ïðåäåëó N →∞, δt → 0. Ïðè ýòîì ÷èñëî ïåðåìåííûõ èíòåãðèðîâà-

íèÿ òàêæå ñòðåìèòñÿ ê áåñêîíå÷íîñòè, è ìîæíî ñ÷èòàòü, ÷òî â ïðåäåëå ìû èíòåãðèðóåì ïî
çíà÷åíèÿì ôóíêöèé p(t), x(t) ïðè âñåõ t èç èíòåðâàëà t ∈ (t2, t1). Íà ôóíêöèþ x(t) íàëîæåíî
óñëîâèå

x(t2) = x′, x(t1) = x. (12)

Ïîêàçàòåëü ýêñïîíåíòû â ýòîì ïðåäåëå ïåðåõîäèò â èíòåãðàë

A =
∫ t2

t1
dt

(
p(t)x(t)−H(p(t), q(t))

)
, (13)

ò. å. â êëàññè÷åñêîå äåéñòâèå íà èíòåðâàëå (t1, t2). Òàêèì îáðàçîì, ìû ïîëó÷àåì îñíîâíîé
ðåçóëüòàò: ìàòðè÷íûé ýëåìåíò îïåðàòîðà ýâîëþöèè ïîëó÷àåòñÿ èíòåãðèðîâàíèåì ôåéíìà-
íîâñêîãî ôóíêöèîíàëà iA ïî âñåì òðàåêòîðèÿì p(t), x(t) â ôàçîâîì ïðîñòðàíñòâå, èìåþùåì
ôèêñèðîâàííûå çíà÷åíèÿ x′, x ïðè t = t2, t = t1 ñîîòâåòñòâåííî. Ìåðà èíòåãðèðîâàíèÿ ôîð-
ìàëüíî ìîæåò áûòü çàïèñàíà â âèäå

dp(t2)
2π

∏

t

dp(t)dx(t)
2π

. (14)

Òàêèì îáðàçîì, åñëè îïóñòèòü îäíîìåðíîå èíòåãðèðîâàíèå ïî êîíå÷íîìó èìïóëüñó p(t2),
òî êâàíòîâîìåõàíè÷åñêàÿ àìïëèòóäà ïåðåõîäà 〈x′, t2|x, t1〉 çàïèñûâàåòñÿ öåëèêîì â êàíî-
íè÷åñêè èíâàðèàíòíûõ òåðìèíàõ êëàññè÷åñêîé ìåõàíèêè ôóíêöèîíàëà äåéñòâèÿ è ìåðû
Ëèóâèëëÿ. Îêîí÷àòåëüíûé îòâåò äëÿ îïåðàòîðà ýâîëþöèè:

〈x′, t2|x, t1〉 = 〈x′|U(t2, t1)|x〉 =
∫

exp

{
i

∫ t2

t1
dt

(
p(t)ẋ(t)−H(p(t), x(t))

)}∏

t

dpdx

2π
. (15)
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Îáðàòèìñÿ òåïåðü ê ôîðìóëå (11). Òàê êàê ìû èñïîëüçîâàëè îïåðàòîð Ãàìèëüòîíà êâàä-
ðàòè÷íûé ïî èìïóëüñàì, ôîðìóëó (11) ëåãêî ïðîèíòåãðèðîâàòü ïî pi. Âûðàæåíèå äëÿ ôóíê-
öèîíàëüíîãî èíòåãðàëà ñ ó÷åòîì ýòîãî èíòåãðèðîâàíèÿ ìîæíî çàïèñàòü â âèäå

〈x′, t2|x, t1〉 =
1
N

∫
exp

{
i

∫ t2

t1
dt

(mẋ2(t)
2

− U(x(t))
)}∏

t

dx , (16)

ãäå

N−1 =
∫

exp

{
−i

∫ t′′

t′
dt

p2

2m

}∏

t

dp

2π
. (17)

Çäåñü ìû íå áóäåì âû÷èñëÿòü çíà÷åíèå íîðìèðîâî÷íîãî ìíîæèòåëÿ. Îòìåòèì ëèøü òî, ÷òî
îí íå çàâèñèò îò ãðàíè÷íûõ óñëîâèé.

2. ßâíîå âû÷èñëåíèå: ãàóññîâû êîíòèíóàëüíûå èíòåãðàëû

Ìû îïðåäåëèëè êîíòèíóàëüíûé èíòåãðàë êàê ôîðìàëüíûé ïðåäåë èíòåãðàëà ñ äèñêðåò-
íûìè âðåìåííûìè èíòåðâàëàìè. Ïîýòîìó ìîæåò âîçíèêíóòü îïàñåíèå, ÷òî ëþáîå âû÷èñ-
ëåíèå ñ èñïîëüçîâàíèåì êîíòèíóàëüíîãî èíòåãðàëà ïîòðåáóåò âîçâðàùåíèÿ ê åãî îïðåäåëå-
íèþ êàê ê ïðåäåëó èíòåãðàëîâ ñ äèñêðåòíûìè âðåìåííûìè èíòåðâàëàìè. Ê ñ÷àñòüþ, ýòî
íå òàê � â áîëüøèíñòâå âû÷èñëåíèé íåò íåîáõîäèìîñòè ññûëàòüñÿ íà ïðåäåëüíûé ïåðåõîä,
÷òî, ñ ïðàêòè÷åñêîé òî÷êè çðåíèÿ, îïðàâäûâàåò ââåäåíèå íîâîãî ìàòåìàòè÷åñêîãî îáúåêòà.
Ýòî áóäåò ïðîèëëþñòðèðîâàíî â äàííîì ðàçäåëå ñíà÷àëà íà ïðèìåðå ñâîáîäíîãî äâèæåíèÿ,
à çàòåì íà ïðèìåðå ãàðìîíè÷åñêîãî îñöèëëÿòîðà, òàê êàê îáîèì ñëó÷àÿì ñîîòâåòñòâóþò
ãàóññîâû êîíòèíóàëüíûå èíòåãðàëû [3].

Â Çàêëþ÷åíèè áóäåò ïðîäåìîíñòðèðîâàíî ïðèìåíåíèå êîíòèíóàëüíîãî èíòåãðàëà ê çà-
äà÷å êâàçèêëàññè÷åñêîãî äâèæåíèÿ â îäíîìåðíîì ïîòåíöèàëå.

2.1. Ñâîáîäíîå äâèæåíèå
Â ñëó÷àå ñâîáîäíîãî äâèæåíèÿ (äëÿ ïðîñòîòû â îäíîì èçìåðåíèè) V = 0 åâêëèäîâî

äåéñòâèå ïðåäñòàâëÿåò ñîáîé êâàäðàòè÷íóþ ôîðìó ïî x(t)

A =
∫ t2

t1
dt

1
2
mẋ2(t), (18)

è, ñëåäîâàòåëüíî, êîíòèíóàëüíûé èíòåãðàë ãàóññîâ. ×òîáû âû÷èñëèòü ýòî èíòåãðàë, ñäåëàåì
çàìåíó ïåðåìåííûõ x(t) → r(t) (ñäâèã â êàæäûé ìîìåíò âðåìåíè t):

x(t) = xc(t) + r(t), (19)

ãäå ôóíêöèÿ xc(t) óäîâëåòâîðÿåò ãðàíè÷íûì óñëîâèÿì

xc(t1) = x, xc(t2) = x′, r(t1) = 0, r(t2) = 0. (20)

Äåéñòâèå ïðèíèìàåò âèä

A(xc + r) = A(xc) + A(r) + m

∫ t2

t1
dt ẋ(t)ṙ(t). (21)

4



Ñëàãàåìîå, ëèíåéíîå ïî r, ìîæíî çàïèñàòü â âèäå
∫ t2

t1
dt ẋ(t)ṙ(t) = −

∫ t2

t1
dt ẍ(t)r(t), (22)

ïðè èíòåãðèðîâàíèè ïî ÷àñòÿì èñïîëüçîâàíû ãðàíè÷íûå óñëîâèÿ (20).
Òàêèì îáðàçîì, ëèíåéíûé ÷ëåí îáðàùàåòñÿ â íóëü, åñëè ôóíêöèÿ xc(t) ÿâëÿåòñÿ ðåøå-

íèåì êëàññè÷åñêîãî óðàâíåíèÿ ñâîáîäíîãî äâèæåíèÿ:

mẍc(t) = 0. (23)

Ðåøåíèå, óäîâëåòâîðÿþùåå óñëîâèÿì (20), åñòü

xc(t) = x +
t− t1
t2 − t1

(x′ − x). (24)

Îòñþäà ïîëó÷àåì

A(xc) =
m

2
(x′ − x)2

t2 − t1
. (25)

Òàê êàê çàìåíà ïåðåìåííûõ ïðåäñòàâëÿåò ñîáîé ñäâèã, ÿêîáèàí ïðåîáðàçîâàíèÿ ðàâåí 1,
ïîýòîìó

〈x′, t2|x, t1〉 = N exp
[
i
m

2
(x′ − x)2

t2 − t1

]
, (26)

ãäå N � íîðìèðîâî÷íûé ìíîæèòåëü, íå çàâèñÿùèé îò x′, x. ×òîáû ïîñ÷èòàòü N , íóæíî
ëèáî âåðíóòüñÿ ê äèñêðåòíûì âðåìåííûì èíòåðâàëàì, ëèáî èñïîëüçîâàòü êàêèå-ëèáî íåçà-
âèñèìûå ñâåäåíèÿ.

Åñëè ïîòåíöèàë íå ðàâåí íóëþ, òî â îáùåì ñëó÷àå òî÷íîå âû÷èñëåíèå ïðîèçâåñòè íåâîç-
ìîæíî. Òåì íå ìåíåå, íà êîðîòêèõ âðåìåííûõ èíòåðâàëàõ äîìèíèðóåò êèíåòè÷åñêèé ÷ëåí.
Â âåäóùåì ïîðÿäêå â ïîòåíöèàëå ìîæíî çàìåíèòü x(t) íà êëàññè÷åñêóþ òðàåêòîðèþ xc(t).

2.2. Ãàðìîíè÷åñêèé îñöèëëÿòîð
Ãàìèëüòîíèàí îäíîìåðíîãî ãàðìîíè÷åñêîãî îñöèëëÿòîðà ìîæíî çàïèñàòü â âèäå

Ĥ =
p̂2

2m
+

1
2
mω2x2, (27)

ãäå ω � êîíñòàíòà. Äåéñòâèå èìååò ôîðìó

A(q) =
∫ t2

t1
dt

[
1
2
mẋ2(t)− 1

2
mω2x2(t)

]
(28)

è ñíîâà ïðåäñòàâëÿåò ñîáîé êâàäðàòè÷íóþ ôîðìó ïî x(t). Ïîýòîìó êîíòèíóàëüíûé èíòåãðàë
ïî-ïðåæíåìó ãàóññîâ.

Óäîáíî ðàçäåëèòü âû÷èñëåíèå íà íåñêîëüêî ýòàïîâ. Ïðîñòåéøàÿ ÷àñòü, è â íåêîòîðîì
îòíîøåíèè íàèáîëåå ïîëåçíàÿ, � ýòî îïðåäåëåíèå ÿâíîé çàâèñèìîñòè îò ãðàíè÷íûõ óñëîâèé,
ò.å. îò x, x′.

5



Ñäåëàåì çàìåíó ïåðåìåííûõ x(t) → r(t) (òðàíñëÿöèÿ â êàæäûé ìîìåíò âðåìåíè t),
ïîëàãàÿ

x(t) = xc(t) + r(t), (29)

ãäå ôóíêöèè xc è r(t) óäîâëåòâîðÿþò ãðàíè÷íûì óñëîâèÿì (20), è qc îïðåäåëåíî íèæå.
Äåéñòâèå ïðèíèìàåò âèä

A(xc + r) = A(xc) + A(r) + m

∫ t2

t1
dt (ẋc(t)ṙ(t)− ω2xc(t)r(t)). (30)

Ïðîèíòåãðèðóåì ïî ÷àñòÿì ñëàãàåìîå, ëèíåéíîå ïî r. Âûáåðåì â êà÷åñòâå ôóíêöèè xc(t)
ðåøåíèå óðàâíåíèÿ

mẍc(t) + mω2xc(t) = 0, (31)

è ÷ëåí, ëèíåéíûé ïî r(t), îáðàòèòñÿ â íóëü. Çàìåòèì, ÷òî xc(t) óäîâëåòâîðÿåò êëàññè÷åñêîìó
óðàâíåíèþ äâèæåíèÿ, ò.å. óðàâíåíèþ äâèæåíèÿ â ãàðìîíè÷åñêîì ïîòåíöèàëå. Äåéñòâèå (30)
òåïåðü ñâåëîñü ê ñóììå äâóõ ÷ëåíîâ:

A(x) = A(xc) + A(r), (32)

ãäå A(xc) � êëàññè÷åñêîå äåéñòâèå íà òðàåêòîðèè xc. Êîíòèíóàëüíûé èíòåãðàë ïðèíèìàåò
ñëåäóþùèé âèä (ÿêîáèàí ðàâåí 1):

〈x′, t2|x, t1〉 = N exp
[
iA(xc)

]
, (33)

ãäå N � íå çàâèñÿùèé îò ãðàíè÷íûõ óñëîâèé íîðìèðîâî÷íûé ìíîæèòåëü.
Êëàññè÷åñêîå äåéñòâèå. Ïîëàãàÿ τ = t2 − t1, ìîæíî çàïèñàòü ðåøåíèå óðàâíåíèÿ (31)

ñëåäóþùèì îáðàçîì:

xc(t) =
1

sinωτ

(
x sinω(t2 − t) + x′ sinω(t− t1)

)
. (34)

×òîáû îáëåã÷èòü âû÷èñëåíèå êëàññè÷åñêîãî äåéñòâèÿ, ïðîèíòåãðèðóåì ïî ÷àñòÿì â âûðà-
æåíèè (28)

∫
q̇2dt = qq̇ −

∫
qq̈ dt (35)

è âîñïîëüçóåìñÿ óðàâíåíèåì (31). Íàõîäèì

A(xc) =
mω

2 sin ωτ
[(x2 + x′2) cos ωτ − 2xx′]. (36)

Îêîí÷àòåëüíîå âûðàæåíèå äëÿ îïåðàòîðà ýâîëþöèè ïðèíèìàåò âèä

〈x′, t2|x, t1〉 = N exp
[
i

mω

2 sin ωτ

(
(x2 + x′2) cos ωτ − 2xx′

)]
. (37)
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2.3. Êâàçèêëàññè÷åñêîå äâèæåíèå
Ðàññìîòðèì îïåðàòîð ýâîëþöèè äâèæåíèÿ ÷àñòèöû â îäíîìåðíîì ïðîèçâîëüíîì ïîòåí-

öèàëå U(x). Îäíàêî, â îòëè÷èå îò ïðåäûäóùèõ ðàçäåëîâ, áóäåì ñ÷èòàòü, ÷òî h̄ 6= 1. Òîãäà
âûðàæåíèå (16) ïåðåïèñûâàåòñÿ â âèäå

〈x′, t2|x, t1〉 ∼
∫

exp

{
i
A(x)

h̄

}∏

t

dx, (38)

ãäå A(q) � êëàññè÷åñêîå äåéñòâèå:

A(x) =
∫ t2

t1
dt

( ẋ2(t)
2m

− U(x(t))
)
. (39)

Â ïîñëåäíåé ôîðìóëå ñäåëàåì çàìåíó ïåðåìåííûõ x(t) = xc(t) + r(t) ñ ãðàíè÷íûìè óñëî-
âèÿìè xc(t) = x, xc(t′) = x′ è ðàçëîæèì äåéñòâèå ïî ñòåïåíÿì r(t). Òîãäà äåéñòâèå ìîæíî
çàïèñàòü â âèäå

A(x) =
∫ t2

t1
dt

(
mẋ2

c(t)
2

− U(xc(t))−mẍc(t)r(t)− U ′(xc(t))r(t) + O(r2(t))
)

. (40)

Êâàçèêëàññè÷åñêîå äâèæåíèå � ýòî äâèæåíèå â ïðåäåëå h̄ → 0. Â ýòîì ïðåäåëå ëèäè-
ðóþùèé âêëàä â èíòåãðàë (38) äàåò òðàåêòîðèÿ, íà êîòîðîé êëàññè÷åñêîå äåéñòâèå A(q)
èìååò ýêñòðåìóì. Î÷åâèäíî, ÷òî äëÿ òîãî ÷òîáû äåéñòâèå èìåëî ýêñòðåìóì, íåîáõîäèìî
îáðàùåíèå ëèíåéíûõ ÷ëåíîâ â ôîðìóëå (40) â íîëü. ×òî ïðèâîäèò ê óðàâíåíèþ

mẍc(t) + U ′(xc(t)) = 0. (41)

Ðåøåíèåì ýòîãî óðàâíåíèÿ ÿâëÿåòñÿ êëàññè÷åñêàÿ òðàåêòîðèÿ. ×ëåí A(qc) âûíîñèòñÿ èç
êîíòèíóàëüíîãî èíòåãðàëà è äàåò ëèäèðóþùåå ïðèáëèæåíèå â êâàçèêëàññè÷åñêîì ïðèáëè-
æåíèè äëÿ îïåðàòîðà ýâîëþöèè:

〈x′, t2|x, t1〉 ∼ exp

{
i
A(xc)

h̄

}
. (42)
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