CP Violation in K-Meson Decays
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Here we present a pedagogical review of CPand 7 violation in the decays of K mesons. Diagonalization
of the quark mass matrix and the emergence of the complex phase in both the standard and the left-right
symmetric models is considered in great detail. A special emphasis is given to a correct definition of CP-
violating quantities: €,¢’ etc. (with due regard for the Wu—Yang phase convention) and to formulation of
the time-reversal invariance criterion in the elementary particle physics. A particular attention has been
concentrated on theoretical evaluation of the parameters € and € and the CP- and T-violating asymmetries
in the decays K — pvvy and K — 3w.

1 The CKM matrix

1.1 Diagonalization of the Mass Matrix
The initial Lagrangian of the Standard Model (SM) involves 12 massless chiral quarks

DR UE it uft
DF Uk at uk
DE Ul sB R
DL UL N st ek
Df UER bt R
DLy U vl ¢k

which acquire mass due to spontaneous breaking of the SU(2), symmetry. The most general quark
mass matrix induced by the Higgs fields has the form

3
> (DFM};DE + UFN/UF) + He, (1)
i,j=1
where M/ ; and N/ ; are arbitrary 3 x 3 matrices. This mass term can be considered as a perturbation
of the initial SM Hamiltonian, the above quark states form the basis associated with the 12-fold
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degenerate zero-mass level of the unperturbed Hamiltonian. According to the quantum mechanics,
one should find the basis in which the perturbation operator takes the diagonal form

= V;MY], N =V,MY}, (2)

where M = diag(mg, ms,mp) and N = diag(my, me,my); Ya, Y, Vg, and V,, are unitary 3 x 3
matrices; and

dft, Wl db Wb, (i=1,2,3) (3)

are the so called mass eigenstates, which form the sought-for basis. The interaction eigenstates (the
eigenstates of the interaction Hamiltonian) are expressed in terms of the mass eigenstates as follows:

DE =Y, dk  UER=Y,u~,
L=vydk,  UL=V,u

This being so, the interaction between left charged currents and gauge bosons

3
3 (DiLW_UiL + U,.LW+D£) (4)
=1
takes the form
5
Z VIV aW b + ab (ViVyaWrdl = Z“ﬁ 'V Wid; + He., (5)

3,j=1

where
d; = Vijd;, and V =V]Vy (6)

is the Cabibbo-Kobayashi-Maskawa (CKM) matrix [1]. Note that the matrices Y; and Y,, play
no role when considering interaction. Now the left doublets (that appear in the interaction
Lagrangian) have the form

u c t
( Vudd + Vuss + Vipd )’ ( Vead + Vess + Vepb )’ < Viad + Viss + Vipb )

It should be noticed that mass eigenstates are invariant under the transformations V,, — V,®,,
Vd — VdCI)d, where

edu 0 eitd 0
o, = 0 i¢e () , Dy = 0 €% 0 :
0 0 e 0 0 el

thus any matrix of the family (I>LV<I>d may be chosen as the quark-mixing matrix. To exclude this
arbitrariness, one should fix the phases of the quark states:

u Vud
c Vea
fixing the phase of the t quark  allows to make Vid real.
S Vus
b Vb

The phase of the d quark is fixed by the requirement that the above matrix elements are real.
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Thus 5 independent conditions can be imposed on the elements of the mixing matrix and so it
has 4 independent parameters, 1 of which has to be complex (all real-valued U (3) matrices belong
to the SO(3) group). This means that there is one CP- and T- violating parameter in the SM
interaction Lagrangian, whose value cannot be determined from the general principles. In the case
of N flavors, a similar reasoning implies the existence of (N — 1)(N — 2)/2 complex phases; in the
case of two generations, all the elements of the mixing matrix can be made real and the theory is
CP invariant.

It is instuctive to show in detail how the imaginary part of the fermion—fermon—vector-boson cou-
pling constant implies CP and T -violation. We define the action of the C, P, and T transformations
on the fermion fields as follows:

P ()Pt = 409(%), Cy()Ch = —in*(7), To(@) T = iv'y3e(-2), (7)

where Z# = x,. Then the action of these operators on the fermion densities

S(x) = :q(z)q(=): (8)
Vi) = :q(z)v"q(z) :
™ (x) = :q(z)o"q(x)
At(z) = :q(z)y"y°q(z)

P(x) = :ig(z)y’q(z):

takes the form [2] (note that 7 conjugates all complex constants):

Table 1. P,C, and T transformations of the fermion densities.

Transformation S(x) VH(x) TH (x) AH(z) P(x)
and vector field
P S(2) Vu(®) T (2) Au(2) - P(%)
C S(z) — VH(x) — T (z) — AF(x) P(x)
T S(_ 57) VM(_ j) T;W( 55) Au(_ 57) - P(_ j)
©=CPT S(—x) — VH (- x) T #(x) — AH(—z) P(x)

These definitions agree with the transformations of various physical quantities under C, P, and
T (see Table 1). It is seen now that the term®, say,

/ do (Vig y" (1= ")d Wi + Vi dy™(1— )t W) (9)

is both CP and T violating due to imaginary part of V;4: CP transformation changes the fermion
densities: #y#(1 — 45)d Wi < dy*(1 — APt W, , whereas T has no effect on the operators,
however, conjugates the coefficients: V4 <+ V.. Note that the CPT transformation leaves the term
(9) invariant.

LOperator t...d creates t and anti-d quarks and annihilates d and anti-¢ quarks.
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1.2 The strong CP problem

Strictly speaking, one could fix the phases of left-handed and right-handed states separately, ex-
cluding arbitrariness in the chiral phases a:

qR N CiaqR, qL N e—iaqL‘ (10)
This would give rise to the terms
ihYay u + ihidyPd + ... (11)

in the interaction Lagrangian. A strong limit on the CP-odd parameters h; comes from the mecha-
nism of the spontaneous breaking of the chiral SUL(NNy) x SU3(Ny) symmetry in strong interactions.
Let us assume that the vacuum is CP-even. In this case, the v.e.v. of the mass term

Np
H), =" gi(mi —ihiv®)g (12)
=1
can approach its minimum only provided that h, = hg = hs = ... = XA (a consequence of the Dashen

theorem [3]). If we fix the chiral phases of quarks so that the mass term is y°-free, we have to
consider the spontaneous breaking of the CP symmetry:

(0|TLUJ|0) = (0| Df DF|0) = Ceisy5, (13)

where the angles ¢; are CP-violating parameters. Thus we got rid of the SU(Ny) chiral phases. The
U4(1) chiral phase can be absorbed in the so called 6 term giving rise to the strong CP violation:
the measurable quantities are independent of 8 — 2Npa, where « is the chiral phase and 6 is the

coefficient of the CP-odd term [4]

0
- v
Lo 3972 G;WG ) (14)

which is equivalent to (that is, can be replaced with) the ”pseudoscalar mass term”

- 5.
> (1 : ) @7 gi- (15)
i [ — ...
mi Mg

1.3 The CKM Matrix

Performing the above procedure, we arrive at the expression for the quark mixing matrix in the
form proposed by Kobayashi and Maskawa.

Vud Vus Vuw c1 —s1c3 —s183
Vea Ves Ve = s1cy cieacy — s253€0  cicasy + sacze® |
Via Vis Vaw S182  €182C3 + c283€™  ci8283 — cacze®®

where ¢; = cos0;, s; = sin ;. This matrix differs from the mixing matrix advocated by the Particle
Data Group [5],

c12€13 512€13 s13e” 013
_ _ 9013 _ 9013
S§12€23 — C12523S513€ C12C€23 — 512523513€ 523C13 ,
10 0
512823 — C12€23513€"°13  —cC12823 — S12C23513€°13  ca3C13
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in the phases of the ¢,b,t quarks. A popular approximation that emphasizes the hierarchy in the
size of the angles
S19 > S93 > S13, (16)

where s1o2 = A is the sine of the Cabibbo angle, is that one expands the other elements in terms of
the parameter A. Up to and including terms of order A3, the mixing matrix is given by

1—%2 A . AX3(p —in)
- — A AN? ;
AN (1 —p—in) — AN? 1

where A, p,n are assumed to be of order unity. The unitarity of the CKM matrix implies
VanVud + Vi Vea + VipVia = 0. (17)
In the approximation V.4 ~ Vi, ~ 1 one obtains

VJb Vid

st s —1=0. (18)
hrl.-
(psn)
Va
u*b A)\B
AN
0 1 Re

Fig. 1. The unitarity triangle.

This relation identifies a triangle in the p — n plane (see Fig. 1); the angles of this triangle are
measures of CP violation. The origin of the complex CKM phase is still not clearly understood.
It may be that it stems fron the short-distance dynamics [6] or extra dimensions (or something
else) [7].

1.4 Left-Right Symmetric Model

The fermion sector of the SU(3)r, x SU(3)r x U(1)-symmetric model [8] is the same as that of
the SM; the boson sector involves the left WML and right Wf gauge bosons, whose interaction with
quarks cjﬁq is determined by the covariant derivative

5 5

Y =g lty
q+igrW, —

Dyq = Ouq +igt WE? q, (19)

and a suitable SU(3)r, x SU(3)r multiplet of the Higgs fields
( é11 P12 >
P21 P22
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interacts with quarks as follows: 3
g (hij¢ + fijd)q;" + Hee,, (20)

where ¢ = —oy ¢* 05 and the indices i, j denote generation. Vacuum expectation values (v.e.v.) of
the Higgs fields can be taken to be
k 0
<¢> - < 0 :‘ﬁ}/ )

3
— = hijk + fiik' 0 UER _ -
L L _ Las! nR Lnarr 77R
2 I(Ui,Di)< e D]f" — DEMDE + UENLUR,
Z’J:

giving rise to the mass term of the form

where MZ-’j = fijk + hijx’ and Ni’j = fijk’ + h;jk. Diagonalization of the mass matrices M’ and N’
can be made by the same token as in the case of the SM:

DR =Y, dR, Ul =Y, uf,
DY =V, d~, Ul =v, u®,

where

df, uf, db, uF, (i=1,2,3) (21)
are the mass eigenstates. Mixing in the left sector and the elimination of arbitrariness in the choice
of the matrices V; and V,, can be considered in the same way as in the case of the SM. The additional

interaction Lagrangian of the right currents is expressed in terms of the mass eigenstates as follows:

3 3
o c 1498
S (GFW DR+ He) = Y ant W=l + He, (22)
i=1 i=1
where
df = Yidj, Yy = (YDau(Ya)r. (23)

In the case of two flavors,

cosOpr er gin O
Y = i o -
—e"Bginfp cosfp

In the case of N flavors the number of independent CP-violating phases is equal to w

2 The Low-Energy Effective Lagrangian

It is well to recollect that any effective Lagrangian derives from an expansion of the exact amplitudes
at small external momenta. Keeping only a few terms of such expansion (denote them by T'), we
find the Lagrangian L.s¢ such that T' = (out|L.gy|in).

Now we turn to the consideration of the consequences of the CP-violating phase for the hadronic
physics. This can be made in the two stages:

e we construct the low-energy effective Lagrangian in terms of the quark fields, where the CKM
phase gives rise to the imaginary parts of the effective coupling constants, represented by the
Wilson coefficients;

e using some model assumptions, we derive the expression for the Lagrangian in terms of the
meson fields.
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Energy Scale Fields Effective Theory

W.Z,~,9
My T, [y €, 15 Standard Model
t,b,e,s,d,u
l OPE
795 K61 ne=3
< . o d Lo&”, L= 9]
l NC — OO
VM€ Chiral Perturbation
Mk T, K,n Theory (xPT) [10]

Figure 2: Evolution from My to M.

As a result of the first stage of this evolution, one obtains the effective AS = 1 Lagrangian [11]

Lot = Vud Z Ci(p (24)
which is a sum of local four—fermion operators Q;, constructed with the light degrees of freedom,
Q1 = (Saug)y_p (Ugda)y_, (25)
Q2 = (Su)y_p (Ud)y_4

where (gigj)v+a = GY*(1 £ 75)qj, «a and (8 are color indices. The operators )1 and Q2 and the
respective coefficients C1 and Cy are determined by the low-energy expansion of the diagrams in
Fig. 3.

WAV o
o =

1 Q2
Fig. 3. The diagrams for the short-distance processes giving rise to the operators (01 and @2 in the effective
Lagrangian (24).
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The remaining operators

Q35 = (gd)v_AZ (qq)VZFA ) (26)

Q4,6 = (Eadﬁ)V,A Z(GﬁQQ)V¥A7
q

3 _ _
Qro = 5(Ed)y_a)_ eq (@)vaa -
q
3 _ .
Qs1o = 5 (Sadg)y_a ) eq (@s0a)yn -
q

come from the celebrated 'penguin’ diagram:

5 d
M\/ u,d, s
(=
Fig. 4. The ’'penguin’ diagram.
The Wilson coeflicients C; can be represented in the form
Ci(p) = zi(p) + Tyi(p), (27)
where Vo
=t (28)
Vuqus

The CP-violating amplitudes are proportional to y;.
At the hadronic level, the effective Lagrangian is expressed in terms of the

V2 V6 VB
meson 1eldas: = \/5 \/6 \/g ) y
. P

24



The most general effective bosonic Lagrangian of the second order in derivatives, with the same
SU(3)r ® SU(3)r transformation properties and quantum numbers as the short—distance La-
grangian, contains three terms [12]:

_ G «
£ = - \/g VadVas I {98 [O‘L#LM) + €% fgew <>‘UTQU>]
po, 2 I
+ go7 L,u23L11 + §L,u21L13 > (29)

where the matrix

/29
L,=—iU'D,U (U = exp(“/_ ))

Fr

2 1 1
represents the octet of V' — A currents at lowest order in derivatives, @ = diag(g, —3 —g) is the

quark charge matrix, A = (A8 —i)\7)/2 projects onto the 3 — d transition [\;; = &;36;2] and (A)
denotes the flavor trace of A.

The chiral couplings gg and go7 measure the strength of the two parts of the effective Lagrangian
transforming as (81, 1g) and (271, 1R), respectively, under chiral rotations.

In the presence of electroweak interactions, the explicit breaking of chiral symmetry generated
by the quark charge matrix Q induces the O(p°) operator (A\UTQU), transforming as (87, 8z) under
the chiral group.

‘gg‘ 25.1, ‘gg7| ~ 0.29. (30)

The huge difference between these two couplings shows the well-known enhancement of the octet
|AI| = 1/2 transitions. In the No — oo limit, the real parts of these constants are expressed in
terms of the Wilson coefficients as follows [13]:

0@\
B = 2O+ 2 O+ Calp) 16 Ls (%) Colp),
% = TG+ Calu)], (Y
0@\
(986296111)00 = -3 <%3(M)> Cg(,u).

The imaginary parts of them are responsible for CP-violating effects and will be considered further.
With the effective weak Lagrangian at hand, it is very helpful to consider the evolution of a meson
system to the second order in the weak interaction.

3 (CP-Violation in the System of Neutral Kaons

It has become a tradition? to begin a description of the K¢ — K9 system with writing down the
most general expression for CP7T -invariant Hamiltonian

. d (K°\ _ ( Hu Hip K°
‘et \ KO )T Hy1 Hig KY )”

2In this Section, we follow [1, 14, 15
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where K and K are the eigenstates of the strong-interaction Hamiltonian and the matrix H;; is
non-Hermitean.

However, it is well to recollect a derivation of this formula and formulate the assumptions made
in its derivation.

e We consider weak interactions as a perturbation to the strong interactions.

e We consider evolution of the eigenstates of the strong-interaction Hamiltonian to the second
order in the weak interaction and then search for the effective Hamiltonian that would give
the same evolution in the leading order of perturbation theory [16].

The perturbation expansion of the S matrix in the K9 — K° system has the form
Sap = (b|T exp (—i/H{}}%t)dt) la) = 0ap — 2miT 4. (32)

where a,b = K% K% Hin*(t) = e Hy e "t and Hyy is the weak-interaction Hamiltonian. To the
second order in Hyy, we obtain

T = OlHwla) / G(bIT (HH (O F0)) [a)
_ <b\HW|a>+lz[<b|HW|)‘><>‘|HW|a> (Ol Hw|N) (A Hva)

33
2 Ey, — E) + e B, — E) + e (33)

Making use of the Sokhotsky relations one can represent the transition amplitudes T+ (b| Hstrong|a)
as the matrix elements of the effective Hamiltonian

where

b|Hw |\) (A Hw |a)
mg — E)

My = muday+ (b|Hyla) + P / i , (35)

T = 27 Y (O|Hw|\) (A Hwla)s(mk — E»).
A

Note that M = MT and T" = I'. Thus the Hamiltonian

(I +4T7) Ty —iT7)

po () oty +ingfy) — i T gy gy - T2
\ Ha Hu ) .+ iT" I 4T
vty inaty) — i T2t iy - Tt AT

is related to the Hamiltonian of the weak interactions. Eigenstates of this Hamiltonian are identified
with the physical states Kg and Kg, which are expressed through K° and K° in terms of the

parameter
e VHR = vHn (36)
VHio + v Ha
1 € 1 €
21+ [e?) \ —1+¢ 21+ e?) \ 1 —¢€
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the respective eigenvalues give the masses and widths of the K% and Kg mesons:

T

As = H11—\/H12H21=Ms—275, (37)
T

AL = H11+\/H12H21:ML_@7L-

CP transformation exchanges |K°) and |K°) states:
CP|IK®) = €e”|K"), CP|K°) =e “|K). (38)

The phase factor can be chosen arbitrarily, because any quantum-mechanical state is defined up to
a phase. However an interpretation of the matrix elements H,, and parameter € depends on a
particular choice of the phase.

In the case § = 0, the parameters M" and I'” are CP-odd, whereas M’ and I are CP-even.
Assuming that CP-odd parameters are small, I'fy, << T, and M, << M],, we obtain

His — Hoy - ) M{IQ
4y/HioHo + (VHi2 — VH21)?  As— AL

sign(M,). (39)

g:

The formulas (37) agree with the experimental fact My, > Mg, if the sign of the square root
v/ H12Ho1 is chosen so that

F,
v HioHo = M{2 —1 ? for M{Q >0, AM= MKS — MKL =-2 M{2;

/

r
vV HioHo = —M{Q + 1 ? for M{Q <0, AM = MKS — MKL = QM{Q

AT
Experimental data indicate that AM = — R hence A\g — A\, & AM (1+14). Combining the above

formulas, we arrive at

(40)
for both M, > 0 and Mj, < 0. (The assumption that Mg, < Mg, would give the phase factor

—ir in
e 1 instead of €71 .)

3.1 Phase Convention

It is important and helpful to keep track of the phase arbitrariness stemming from the fact that

i}
both ( (1) ) and ( 60 ) describe the same physical state.

The transformation rules induced by the rotation of the phase of the s quark
s —e%s, 55— e %3, (41)
are as follows:
KO — e @K KO 5 K% Hiy— e 2®Hyy, Hoy — €9 Hy,

€—1tgo

IO g L ea
1 —iéetgo’ r—e b

Vs — €9V,
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0 1 0 e 29
=(Y o) (e 0 )

Let the phases of the K% and K° be chosen so that the matrix of CP transformation has the form

0 1
CP“b:<1 0)

(we call it the "default” phase convention). It should be compared with the widely used Wu—Yang
phase convention, in which the phase of Ag is set equal to zero. It should be noticed that in the
Wu—Yang phase convention the operator of CP transformation has the form

0 6—2ia
CPa» = ( i 0 ) :

It should also be emphasized that the value € as was defined above is phase-dependent and so does
not measure CP violation, and the imaginary part of the effective weak Hamiltonian Hyy is not
associated with CP violation (and so it may be larger than real).

We adopt the ”default” phase convention. In this case

e the quantities M” and I'” are CP-odd;
e M’ and I are CP-even;
o Vs is real.

Upon fixing a phase convention, the parameter € makes physical sense and can be related
to measurable quantities; the CP-violating parameters in the effective weak Hamiltonian are M”
and I'.

3.2 Mixing of K° and KP° in the Standard Model

As has been demonstrated, such mixing is accounted for by the AS = 2 effective weak Lagrangian.
Let us consider the computation of the diagrams in Fig. 5 (giving the transition amplitude

5d — sd).

5 Uv@ - d 5 d
' u,c,t '
d ) 3 d 5

Fig. 5. AS = 2 transitions at the quark level.
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Gaillard and Lee in the pioneer work [17] obtained

_ - Gr o
T(5d — sd) = — 7 m(dm sp)(dryuse) ;u:ctgzg] (24, 25), (42)
where () () )
J(x;) — J(x; 1 zvlnx
A S Sl A S A =
(l‘l?xj) x; —QS‘J ) J(m) 1—2z + (1 _x)gv (43)
2
* m;
§=VisVigy, and x; = M;QV
Thus we obtain the effective AS = 2 Lagrangian
G @
[As=2  _ -_r = A
e/ V2 T6rsin? 6y 2
where3
Qo = dM(1—7")s x dyu(l—7")s, (44)
/\ = ZflfjA(CEl,l‘J)
-
With the use of this Lagrangian the mass difference is readily obtained:
AM = Mg — My, ~ —2Mjy = —— (K°|£LA9=2| K0). (45)
2M g
Now one should evaluate the matrix element
M = (K°|dy"(1—7°)s x dyu(l—~°)s|K°). (46)

In early works, the matrix element was evaluated using the so called “Vacuum Insertion Approxi-
mation”. The result is as follows:

8 —o = — 01 = 8
Mgk = §<K°ydfw75s K%Y (K°)dvy,~°s|K°) = 3 2F%. (47)
The first computation of this matrix element was performed in the bag model [18]; in was found
that it is smaller from the naive expectation of Mg by a factor of 2. For this reason, the factor
By in the expression

(KO [dy" (1 = 9°)s] [37(1 = +°)d] [K®) = ;M%FI% Bk (48)

3To simplify these expression it is well to use the unitarity condition &, + & + & = 0.
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is named “the bag constant”. The computation of the bag factors presents the major challenge in
the calculations of CP-violating quantities in nonleptonic reactions.
The short-distance contribution to AM comprises 70 = 80% of the total SM contribution:

AM = —2 M!, =

2Gr g, @ ( Me >2Re)\, (49)

372 77K 4x \37Gev
where (in the approximation z, = 0,2z, << 1,z ~ 1)%

o Tt (1— 7 + 27 Inay)

1
Re) = Re (53 & (e +26c6 (1 ftxt +7 E:Z)Q - lnmc>> (50)

and the factor i accounts for the corrections due to strong interactions, evaluated in perturbative
QCD. The fact that ReA = 1 indicates that the ¢ quark gives the dominant contribution to the mass
difference. The remaining 20 <+ 30% are attributed to the long-distance contribution (that is the
contribution of the 7w, 77 etc intermediate states in formula (35)), which is extremely difficult to
compute exactly.

5v°d d’s

K K

Fig. 6. The K° — K° transition in terms of the effective Lagrangian.

The estimates of the bag constant obtained in the lattice QCD and in some models are

Bg = 085+0.15 (Lattice [19]), (51)
Bk = 0.41+0.09 (Chiral limit,1/N¢ [20]). (52)

3.3 Basic Formula for e

In the above subsection we have considered in detail the determination of the real part of the
amplitude of the AS = 2 transition in terms of the short-distance contribution (the second term
in the expression (35) for M) and the bag constant Bg. The imaginary part of this amplitude,
which appears in the expression (40) for €, can be calculated by the same token. In the case of
imaginary part, one can safely neglect the long-distance contribution (due to low-lying intermediate
states associated with the third term in the expression (35) for M,p). The result is

Creor = Colrcexp (7 ) 6yt (mSofae) — mSolae, o)) ~ RmSo(e)], (59

“In the real world, z,, = 2.5 X 10711, Te =2 X 1074, x: = 4.7.
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where
_ GYFR My My,

T 6V2r2 AMy

(here we have used the experimental value of Mj,, determined from A Mk, in spite of the theoretical
value (49)),

= 3.837 x 10* (54)

So (xc)
So(z¢)

Q

T, (55)

246 (friy)

Ty 3x; 3m% In x;

Suor) = e [m(3) - oy~ afap)

Q

me >~ 1.3 GeV, my = (174.3 £5.1) GeV;

the short-distance corrections due to the strong interactions are absorbed in the coefficients [21]
m =138 £0.20, 172 =0.57£0.01, 73 =0.45=£0.04.

Formula (53) allows to set a limitation on the CP-violating parameter 7 of the SM from the experi-
mental limitations on € (see Fig.7).

J %
‘/ub

AX3

(pyn) ~ (0.17 £0.15,0.30 £ 0.15)

_— Y
ub AN
AN

Ve
\ AN

0 1

Fig. 7. Formula (53) confines € to lie in some vicinity of the indicated hyperbola (see [5]). The combined
set of limitations makes the vertex of the unitarity triangle to lie within the indicated limits.

3.4 (K — mm) Amplitudes

The 27 decay amplitudes of the neutral Kaons in the channel with isospin I are defined by the
matrix elements

3 .
(rm, I|Hy | K% = \/;(A1+B1)e“51, (56)

NEE

<7T7T7 I|HW’I_{O>
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where 0; is the S-wave phase shift of the w7 scattering;
|77, I out) = €2 |rn, I in) (57)

and
A=A, +iA], B;=B;+iBj. (58)

The properties of these amplitudes under the CP-transformation and time reversal 7 are seen from
Table 2.

Table 2. Transformation properties of the isospin amplitudes.

Transformation A’ A" B’ B"
cP + | — | — +
T + — + —

It is seen that the amplitudes A; are CP7T-even, whereas the By amplitudes are CP7T-odd.
Using the relations

Lo - 1
— |ttt + 7w :—\/§I:O+I:2,
Vol ) = VEI=0)+ )= 2)
1
0.0
T = —(I=0)—V2[I=2 ,
) \/5(! ) [I=2))
we obtain the expressions for the amplitudes A(K? — 7*7~) and A(K? — 707°):
. 1 .
AKY 5 7hn7) = Ape’® + — Aye™?, 59
( ) 0 Ntk (59)
AKY = n%7%) = LAoei‘SO — Age™2,

V2

Ao describes the transitions with AI = 1/2, whereas Ay describes the transitions with AI = 3/2.
Assuming that the Hamiltonian for the transitions K — 2m contains only terms with quantum
numbers I = 1/2,I3 = 1/2 and I = 3/2,I3 = 1/2 (that is, it does not contain the terms with
I =5/2,13 =1/2 etc.), we can use the Clebsch-Gordan coefficients

(J,M| ji1,m1; |j2,ma),

E e K9~ 2 Rk LY - ViR
(rm|  Hw; |K),
ri=a B K~ @0 Lk Lob = Uy

to obtain the A(KT — 77 7%) amplitude
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A comparison of the lifetimes of Kg and K leads one to a conclusion that the ratio

| As| 1
= = 1

is very small, which is referred to as the long-standing AT = 1/2 problem”. The experimental
value dy — g >~ (45 + 6)°.
The tree-level K — 7 amplitudes generated by the O(p?) xPT Lagrangian are:

1 2
AO = \/_ ud \/_f {<98+5927) (M%_Mg)_§f2e29896w}7
Gr * 2 2 2 2
Ay = —ZEy oy 5 g7 (M2 — M?) — 3 o b 62
2 \/5 ud ¥ us Qf{ 927( K 71') f € g8 g ( )

Let us introduce the notation

w = % = |wleX, Ay =|Agle!®, §=0y—30, @=2|w|e?. (63)
0

We can now express the amplitudes A(K9 — nt77), AK? — 7%7%) A(KS — nt7~) and A(KD —

7970) in terms of Ay, A3 and the parameter €. For example,
AKY 5700 = 1 {JA(K > 2% — A(R® - %)) (64)
2(1+ [€?)
+eAK® — 7% + A(K° — 7%70)]}
M (1 sinaw — iwsin(a + x) + €[cosa — @ cos(a + x)]) .
2(1 + [€?)

Let us consider the experimentally measurable values

0.0| 70 +—| %0
Tt | K T |K
7700=—< 5 0| €>, 77+f:—< " ,| {5>- (65)
(mO07O0| Kg) (rtn=|Kg)
Proceeding as indicated above, we obtain
_d[sina — @sin(a + x)] 4 €[cosa — & cos(a + x)] (66)
100 = [cos v — @ cos(a + x)] + i€[sina — @sin(a + x)]
and a similar expression for 7, _.
Assuming that CP-violating parameters are small, that is €, «, x << 1, we arrive at
w
=€+ia—1 , 67
7100 €+ —1 1—o ( )
where " "
~d A
Ay 4
In a similar way, one obtains
(K)o
L= =€+ ita—1 —. 68
T (rtr—|KQ) 1-o (68)
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Let us introduce the parameters, which are conventionally used for a description of the effects
of CP-violation:

(rm, I =0|K}) __ .
— — 69
€ (T = 0[K0) €+ 1a, (69)
, i . Ay i@ (AL Al
= —eWmIt =2 (22 _ 20,
© T R T T2 (A'Q A

Note that, in contrast to €, the parameter € is independent of the phase convention. These values
coincide only in the Wu—Yang phase convention. In terms of the introduced parameters, we
have

(70| K9) 2¢ ,
= —€— - ~e— 2€, 70
_ (rtn|KD) ¢ ,
T Ry T e TS

V2

where 4
w| = ReA—2 ~0.045, &~ 45°.

0
2
) | )

Note that €’/e is approximately real. Using the short—distance Lagrangian, the CP—violating ratio
¢’ /e can be written as follows [22]:

From the above it follows that

oo
N+

€ 1—|wl
Re—~——|1-—
ee 6

< Im (V5 V) €® Gr_w__|po (1-9QsB) — 1pe@ (72)
€ bs Ttd 2|e| |Re(Ao)] w ’
where the quantities
PO =" yilu) ((7m)1]Qil K) (73)
contain the contributions from hadronic matrix elements with isospin I and
Qp=—— 2B 74
5=y Im(Ap) (74)

parameterizes isospin breaking corrections. The factor 1/w enhances the relative weight of the I = 2
contributions.

The hadronic matrix elements ((77);|Q;|K) are usually parameterized in terms of the bag
parameters B;, which measure them in units of their vacuum insertion approximation values. In the
SM, P© and P® turn out to be dominated by the contributions from the QCD penguin operator
Q¢ and the electroweak penguin operator Qg, respectively [23]. Thus, to a very good approximation,
¢’ /e can be written (up to global factors) as [24, 25]

6/
<~ [Bél/”u — Qup) — 04 B3] . (75)
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The isospin-breaking correction coming from 7%-n mixing was originally estimated to be Q’Ir;” =
0.25 [26]. Together with the usual ansatz B; ~ 1, this produces a large numerical cancellation in
(72) [27] leading to low values of €’ /e around 7-10~%. A recent improved calculation of 7%-7 mixing
at O(p?) in xPT has found the result [28]

Q77 = 0.16 4 0.03. (76)

This smaller number, slightly increases the naive estimate of €' /e.

Table 3. Theoretical and experimental values of €' /e.

Year Theory (models: Theory Experiment
1/N,, unitarization) (lattice)
~ 1988 0.01 +0.03 [1] (3.241.0) x 1073 [31]
1995 | (6.7 +2.6) x 10-4[25] (3.1+2.5) x 10-4[29)] (1.5 4 0.8) x 1073 [32]

1999 | (—1+35)x 104 [22] | (0.44+2.1) x 103 [30]* (2.1+1.5) x 1073 [5]
~2000

2001 | (1.740.9) x 1073 [27] (1.53 +0.24) x 10~3 [33]**

* This value depends crucially on the mass of the s quark: 0.44 x 10=3 for m,(m.) = 150 MeV and
2.1 x 1073 for ms(m.) = 80 MeV.

** The most recent data: ReS = (1.73 £ 0.18) x 1075,
(http://nad8.web.cern.ch/NA48/Welcome/images/talks/win02/win02.pdf)

4 Time-Reversal Invariance

Throughout this Section it is assumed that all the processes under consideration are adequately
described by some local quantum field theory, that is, CPT is an exact symmetry of the theory.
In this case CP-violation is equivalent to 7T -violation and so we turn to the consideration of the
time-reversal invariance.

Time-reversal invariance in the classical mechanics (Fig. 8):

motion from A to B {z(t): z(T1) = A, z(T>) = B}

and
motion from B to A {z(t): z(T1) = B, z(T>) = A}

are described with the same Hamiltonian.
This is the case provided that H(p,x) = H(—p, ).
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T time

Fig. 8. The reversal of time in classical mechanics.

Time-reversal invariance in the quantum mechanics:

evolution from |A4) to (B| {|v(¢)) : |v(T1) = |A), (Y(T2)| = (B|}
and
evolution from |B) to (4| {|v%(t)): |¢v(T1)) = |B), ((T2)| = (4|}

are described with the same Hamiltonian.
This is the case provided that H = H*.

out

in out’

Fig. 9. The reversal of time in the S-matrix approach.

Time-reversal invariance in the S-matrix approach:

The system described by the quantum field theory is invariant under the time reversal if

e the space of in-states (’ket’-vectors) is isomorphic to the space of out states ("bra’-vectors)®:

V|I) € in 3 (I| € out;

5This isomorphism is nothing but assumption; however, it allows to consider the vectors from in and out spaces
as the vectors of the same Hilbert space H, identified with in.
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e there exists (anti-unitary) operator of time reversal
T :in — out, T :out—in, suchthat (TI|TF)= (F|I)= (I|F)",

which changes the signs of spins and momenta of all particles; this condition can be cast in
the form (¢, Tv) = (T, ¢)* for all vectors ¢ and 1) € H;

e the transition from the state |I) in the state (F'| and the transition from the state |7 F') to
the state (71| are described with the same S-matrix (see Fig. 9):

Misp = (FIS|T) = (TI|S|TF) = Myp_7r. (77)

Table 4. P and T transformations for various quantities.

Action of these operators on the quantum-mechanical states is determined by the condition that the 7-
(or P-)transformed states are characterized by the 7- (or P-)transformed (eigen)values of the respective
operators.

Value Notation | P-transformed | T-transformed | Comment
value value
Coordinate X - X X
o . . . dx
Momentum P -p -p p= i
Angular momentum 1 1 -1 (F x P)

Spin s s -5 Like 1

Electric field E ~E E E=— %0
Magnetic field B B - B B~ 7 x j
Potential Ap Ap Ap

Vector potential A —A —A

Helicity A - A A A=Sp

Transverse polarization* 13 I3 - § = (8,[P1 % P2])
Triple correlation** i —-n -7 n = (P1, P2 X Ps])

* A characterisitic of a three-particle state, if at least one particle has a nonzero spin.
** A characterisitic of a multiparticle state (number of particles must be greater than 3).
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Having in mind that
(TIIS|TF) = (TI, STF) = (S'TI, TF) = (TF, S'TI)* =(TF|S"TI)", (78)
we obtain the condition of T-invariance in terms of the decay and scattering amplitudes:
(FIS|I) = (TF|S'TI)". (79)

In perturbation theory, the S matrix is expanded in the coupling constant g, which is assumed to
be a small parameter:
S =1+igTi + ¢*Ty + ... (80)

Here T} is nothing but the interaction Lagrangian, 77 = L;,¢; the unitarity of the S matrix implies
the Hermiticity of the interaction lagrangian 77. Thus the 7-invariance condition in the leading
order of perturbation theory takes the form

(TF|Lint|TI) = ( F|Lint|I)". (81)

To put it differently, if the complex-conjugated amplitude of the transition between the states I and
F' differs in the leading order of perturbation theory from the amplitude of the transition
between the states 71 and 7 F then the dynamics of such system is not invariant under the time
reversal.

Let me illustrate this statement by considering the example of the decay K — puv-y; for
definiteness, we consider the reference frame comoving with the kaon. Let the average transverse®
polarization of the muon £ # 0. This is possible only if the probabilities of the decay into the states
with positive and negative transverse polarizations of the muon differ from each other:

-

[k, 3w (R (@, )|S| K # [(u(k, —a)v(K)y(q, )IS| K)I*. (82)

Note that the state (u(k, — 8)v(K')y(g, €)| can be obtained from the state

-

((=k, = (=K ) (Za, Ze)| = (T (u(k, 0)v(K')(3,©)|

as the result of the rotation by the angle of 180 in the reaction plane. For this reason,

(u(k, =) (K9, &)SIK) = (T p(k, &)v(K)v(q,&)|S|T K). (83)

The equations (82) and (83) imply the conclusion as follows: if the transverse polarization of the
muon emerges in the first order of perturbation theory, then

(T py|Lind|T K) # (pvy| Lint K), (84)

that is, the dynamics is not invariant under the time reversal.

However, we should take into account the following reasoning. Since the transverse polarization
of the muon is determined by the imaginary part of the decay amplitude, which does not vanish in
higher orders of perturbation theory due to unitarity condition, the transverse polarization of the
muon emerges in higher orders even in the case of T-even interactions.

Thus the transverse polarization of the muon in the decay K — uv~y can be caused by both
electromagnetic and 7-odd interactions (beyond the SM)

'5 = EEM + godch (85)

5That is, transverse with respect to the momenta of the outgoing particles
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where gy is the electromagnetic contribution to the transverse polarization of the muon and £,44
is the contribution of the 7-odd (and, therefore CP-odd) interactions.

The CP-violating interactions can be accounted for by the imaginary parts of the coupling
constants in the effective quark—lepton Lagrangian

Gr . ., _ @ _
Legr = —71;82719(:8’7 (1 — v5)uya(l — v5)p + (86)

+Gssub(l +5)p + Gpsysuv(l + ) p +
+Gy 5y ubya(l = v5)p + GASY* y5uya (1l — v5)p +
+G750°P (1 — v5)uboas(l — 5)p + Hec.

The interactions in (86) arise from new physics. Nonvanishing imaginary parts in the effective cou-
pling constants Gp, Gy, G4, G gives rise to the imaginary parts of the form factors Frg, Fa, Fy, Fr
parametrizing the matrix element of the decay K (p) — ut(k)v(k)v(q)):

Current limitations on the 7-violation parameters in various extensions of the SM allow the
transverse polarization of the muon in the decay K — puvy to be rather large: the left-right
symmetric models based on the symmetry group SU(2);, x SU(2)g x U(1)p_r with one doublet
® and two triplets Az g of Higgs bosons can give a4 ~ 7 x 1073, supersymmetric models —
€oaa ~ 5 x 1073, leptoquark models — &,4q ~ 5 x 1073 [34].

The respective 7-even contribution to the transverse polarization of the muon is determined by
the imaginary part of the decay amplitude (see Fig. 10) and emerges in the second order in .
Straightforward computations of &gy were made by several authors; recent results [35] agree with
each other and give the average value (£gy) ~ 0.5 x 1073 (with the photon cutoff energy ~ 25 MeV).
The previous computations [36] are incomplete: either diagrams in Fig. 10g—10h or the diagrams in
Fig. 10a—10h were not taken into account.

A similar T-even contribution to the correlation n = (By, [Pz X Pa]) in the decay KT — 7w0u vy
is given by similar diagrams and has the same order of magnitude 1.1 x 10~* [37].

4.1 CP and 7T violation in the decays K — 3«

The imaginary part of the effective coupling constants gs, go7 and ge, in the effective weak La-
grangian (29) gives rise to the CP-violating effects in the decays K — 3.
The kinematical variables used to describe the decay K (p) — m1(p1)m2(p2)ms(ps) are as follows:
)2
(51— s2)7 282) Y =
m2 m

(s3 — s0)

2 )
™

S; = (p_pi)27 X =

where “3” is the “odd” pion in either the 7(7Fn¥7T) or 7/(7T7%7%) decay mode. The slope

parameters g and j are defined by the formula for the differential probability of the decay:
|A(K — 3m)> ~ 14+ gY + X + hY? 4 kX2 (87)
The CP-violating quantities are as follows:

(Kt — 3r) —T(K~ — 3n)

or = 'K+ —3m) + (K~ — 3nm)

(88)

and
g(Kt — 3m) — g(K~ — 3m)

T g(Kt = 3m) + g(K— — 3n).

dg (89)
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K+ (pr) ! ! +(q)

g h i

Fig. 10. Diagrams giving a contribution to the imaginary part of the amplitude of the decay K — puv~y.

40



With the assumption that AT < 1/2, the relevant K — 37 amplitudes can be expanded as follows:

/
AKT = atatr) = 2ac<1+ia°+i%§y>—F@Jl+¢@ﬁ+—@(1+i%ﬂy: (90)
AKY = n'7%%) = ac (1+ia® —iaY) — [be(1 +4B0) + ba(1 + ido)] Y.

From here on we restrict our attention to the slope asymmetry (89) in the 7 decay mode. As it
usually is, this asymmetry is determined by the interplay of (i) the imaginary parts of the parameters
a. and by, stemming from the CP-odd effective weak Lagrangian (29) and (i) the imaginary part
coming about the CP-even final-state interactions [38]:

ap — dg

ap — Bo
(lc(bc + b2)

(@”:%@+@)

(acImb, — boIma)) + (acImby — boImay)) . (91)

An evaluation of the strong rescattering phases in the one-loop approximation of the xyPT gives

1 — (4mZ/s0) >
ap = SonF? (2s9 +mz) ~ 0.13, (92)

1 — (4m2/sp)
327 F2

fo=—0p = (so —m2) ~0.05.

The values ac, b, ba, ag, By, and §y can be expanded in powers of the xPT expansion parameter
A >~ p/(4nF), where p defines the momentum scale and F' = 93 MeV. In the case of K-meson
decays, A ~ 0.4. In each order of the chiral expansion it is helpful to isolate the AT = 1/2 and
Al = 3/2 contributions to Ag, the latter contribution being suppressed by the factor w = 0.045.
The point is that, in the 201rder O(p?), the neglect of the AI = 3/2 contribution gives rise to
the relations a, = —% ]]\é—g be and by = 0, which, in their turn imply that Ago,2) ar=1/2 = 0.
However, the AI = 1/2 contribution does not vanish in the order O(p*) and so it dominates the
total O(p*) contribution. It is natural to assume that it is enhanced by the factor w=! = 22.5
(see 61) as compared to the AI = 3/2 contribution in the order O(p*) of the xYPT. The O(p*)
AI = 3/2 contribution is suppressed by the ChPT expansion parameter A2 as compared to the
O(p?) AI = 3/2 contribution A. The above reasoning is summarized in Table 5.

Table 5. Various contributions to 6, = %
Order of xPT | AT =1/2 | AI =3/2 | Numerical estimate
O(p?) 0 A (1+3) %1076
4 AA 2 -5
6 A 4 i
0(p°) ~22 | ~xtA (0.8 +2) x 10
w
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We see that the total contribution is dominated by the O(p*) contribution, which is w™1\? ~ 4
times greater than the O(p?) contribution—due to vanishing of the O(p?) AI = 1/2 contribution.
Maiani and Paver [38] assume that the enhancement factor may run up to 10 < 20. Therewith, the
conclusion by Bel’kov et al. [39] that the O(p®) corrections increase the enhancement factor by the
order of magnitude appear, in view of the above reasoning, highly questionable. It should also be
notices that the multi-Higgs models allow a two-fold increase of the parameter ¢, as compared with
the SM prediction [40].

Acknowledgment : I am grateful to G.G. Volkov for stimulating discussions.
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