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We study the geometric interpretation of two dimensional rational conformal field theories, corresponding
to sigma models on Calabi-Yau manifolds. We perform a detailed study of RCFT’s corresponding to T2
target and identify the Cardy branes with geometric branes. The T?’s leading to RCFT’s admit “complex
multiplication” which characterizes Cardy branes as specific DO-branes. We propose a condition for the
conformal sigma model to be RCFT for arbitrary Calabi-Yau n-folds, which agrees with the known cases.
Together with recent conjectures by mathematicians it appears that rational conformal theories are not
dense in the space of all conformal theories, and sometimes appear to be finite in number for Calabi-Yau
n-folds for n > 2. RCFT’s on K3 may be dense. We speculate about the meaning of these special points

in the moduli spaces of Calabi-Yau n-folds in connection with freezing geometric moduli.

1. Introduction

Two dimensional “Rational Conformal Field Theories” (RCFT) were introduced in [1] as a
particularly nice class of conformal field theories which have more structure and could be potentially
classified. Moreover it was suggested that perhaps they may be dense in the space of all conformal
theories, and so in this way one can potentially get a handle on all conformal theories. RCFT’s
are characterized by having a symmetry algebra extending the Virasoro algebra (chiral algebra), in
terms of which the Hilbert space can be decomposed into finite irreducible representations. Thus
RCFT’s generalize the notion of minimal models introduced in [2]. Their conjecture motivated a
great deal of work on RCFT’s leading in particular to Verlinde algebra [3] and the rich structure
they encode [4]. Moreover it was shown in [5,6] that RCFT’s naturally lead to boundary states,
which in modern terminology we call D-brane states.

In the post duality era, we have learned the importance of D-branes in uncovering non-
perturbative aspects of string theory. Thus it is natural to ask the following question: We consider
strings propagating on a Calabi-Yau background and we vary the moduli of Calabi-Yau. At points
on the moduli which correspond to RCFT’s we naturally have some finite number of ‘special’ D-
branes. What do these D-branes correspond to? How do we interpret their preferred role at those
moduli among the infinitely many allowed D-branes?

Interesting as these question appear, the modern discovery of S-duality raises a further ques-
tion: Is the notion of RCFT an S-duality invariant concept? The answer to this is no [7]. In
fact it could hardly be an S-duality invariant concept because the S-dual theory may not even
correspond to string theory so there is no notion of 2d conformal theory on the S-dual side. Even
if the S-dual theory is a string theory, one can easily see that the RCFT’s on one side do not
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correspond to RCFT’s on the dual side. For example type IIB is self-dual, with the roles of funda-
mental and D-strings exchanged; the rationality of its toroidal compactifications strongly depends
on the Byg but is independent of Bg. However on the S-dual side the roles of Bygs and Bgr are
exchanged. Thus rationality is not an S-duality invariant concept. One might thus consider this
concept as not being a fundamental concept. However, it turns out that at least in some cases
the concept of special points on moduli space makes sense even non-perturbatively. For example
the same considerations that apply to rational points on compactification of strings on 72 lead to
singling out special points on the moduli space of the type IIB string coupling constant 7 which
could potentially have some significance in the full non-perturbative theory. Another way such a
concept may remain relevant non-perturbatively is exemplified by compactification on Calabi-Yau
3-folds. In this case the string coupling constant combines with other hypermultiplets which come
from Kahler moduli (in the type IIB case) and so the question of rationality, which seems to split
between Kahler and Complex moduli, picks out, in a non-perturbative sense, some special complex
moduli on the Calabi-Yau. More generally, at the very least the moduli corresponding to RCFT’s
must be somehow special at weak string coupling and thus must teach us some extra symmetries
about the target space physics.

In this paper we take up the question of RCFT’s for sigma models on Calabi-Yau n-folds.
More specifically we consider the case of complex dimension 1 in detail and use it to advance a
conjecture about rational points for the more complicated case of sigma models on Calabi-Yau
n-folds.

For the case of (complex dimension one) T2 target space we uncover the extra symmetry
principle for the target space for it to correspond to a RCFT. These correspond to tori which
admit Complexr Multiplication. This means that there is a complex number A (not real) for which
2z — Az maps T? to itself. This is not necessarily an isomorphism, and is in general a many to
one map. Moreover the corresponding Kahler class has to be a complex multiplier A for this to
correspond to a RCFT with a diagonal modular invariant. Moreover for each Kéhler class there
exists a canonical complex multiplication which has the significance that gives the corresponding
Cardy states as DO branes localized at preimages of a given point on 72 under this complex
multiplication.

In higher dimensions, mathematicians have a generalized notion of complex multiplica-
tion [8,9,10], which is natural to conjecture is related to the notion of rationality of conformal
theory. This is basically the statement that the mid-dimensional cohomology and the associated
variation of Hodge structure, leads naturally to the period matrix of a higher dimensional torus and
one asks whether the associated torus admits a complex multiplication. In the case of Calabi-Yau
threefolds this leads to a complex torus corresponding to coupling constant matrix of the gauge
fields. In the geometric engineering of N' = 2 theories, this is the associates complex torus encoding
the BPS masses of NV = 2 electric and magnetic charge states. Translated in this way, there is
a mathematical conjecture which suggests that in many cases there are only a finite number of
points on moduli where the theory is rational. This is in sharp contrast to the case of T2 where
the rational points are dense in the space of all conformal theories.

The organization of this paper is as follows: In the next section we review a simple example of
¢ =1 RCFT based on a circle, which will help us to introduce the notations and relevant concepts.
In section 3 we discuss two families of RCFT based on two-dimensional tori with extra symmetries:
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(a) direct product of two circles, and (b) a torus with Z3 symmetry. Both examples have been
extensively studied in the literature, and we use them to illustrate general features of rational
conformal field theories. Section 4 gives a friendly introduction into basics of imaginary quadratic
number fields, which play a central role in the characterization of rational CFT’s. Following these
introductory sections, in section 5 we proceed to the general case of ¢ = 2 CFT based on elliptic
curve, and formulate the criteria for CFT to be rational and, further, to be diagonal. Our results
allow to classify such rational conformal field theories. In section 6 we discuss geometric and
arithmetic interpretation of Cardy states in RCFT based on elliptic curve. Finally, in section 7 we
conjecture a generalization of these results to Calabi-Yau manifolds of higher dimension.

In different contexts, relation between string theory and number theory has been discussed
previously in [11,7,12,13,14,15,16].

2. Review of a Compact Free Boson

We start with a review of ¢ = 1 CF'T associated with a free bosonic field on a circle of radius
R. Since this theory was extensively studied in the literature, and has been nicely reviewed in a
number of recent papers, see e.g. [17,18,19,20], here we briefly describe only some aspects that
will be relevant in the following sections. In our conventions o’ = 1, so that the self-dual radius is
Rsq=1

For generic values of the radius R, the torus partition function has the following form:

_ 1 1o 15
Z(q,q;R)ZW DL E (2.1)
T (ppyer

where ¢ = exp(27iT) and Dedekind’s n-function is defined as
n=g"*1[(1-q"
n=1

The partition function Z(q,q; R) is given by a sum over the even, self-dual momentum lattice I'!:L.
Explicitly, the left and the right momenta read:

p_%(%+m3), p_\/ii<%—mR>. (22)

By definition, the theory is rational if one can represent the partition function Z(q,q) as a
finite sum of the form:

Z(0,9) = Y Mzx;(9)X;(@), (2.3)
Jid
where Mz € Z>¢ and x; (resp. ;) are holomorphic (resp. anti-holomorphic) characters:

x;(q) = try, g o=/,

For the toroidal examples x; and x; are generalized 0-functions with characteristics.
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Modular invariance and existence of the unique vacuum state impose further restrictions on
the matrix M. Namely, uniqueness of the vacuum implies:

My =1 (2.4)
On the other hand, modular invariance of the torus partition function requires:

where matrices S and T determine transformation of the characters under SL(2, Z):

~1/7) Z Siix; (T

(2.6)
(t+1) ZTWXJ

The matrix T is diagonal and can be written in terms of the conformal dimensions A; and the
central charge c:
T, = 5ije2wr(Aifc/24)' (2.7)

There is no such simple general expression for the matrix S. However, in RCFT’s where Verlinde
algebra is an abelian group algebra S;; are proportional to roots of unity, which follows from the
fact that S diagonalizes Verlinde algebra. For example, in the rational ¢ = 1 CFT of a compact
boson, we have: .

Sjj = me_m“ /N, (2.8)
For a given RCFT, it is an interesting problem to classify integer matrices M, which satisfy the
relations (2.4) and (2.5), see [21] for a review.

Now, let us explain a geometric interpretation of the rationality condition in a theory of a free
compact boson. In other words, we want to analyze when the exponent set Z = {i} becomes finite.
From the explicit form of the left and right momenta (2.2) it is clear that this happens when R?
is a rational number:

k
R? = T klcZ,
where k and [ are relatively prime integer numbers. The partition function in this case reads:
Z@D= >, xlx;@-

i+j=0 mod 2k
i—j=0 mod 21

It is manifestly invariant under T-duality symmetry, which among other things inverts the radius
R and exchanges the winding and momentum modes:

1
Zy, RHE, m <> n.

The chiral primaries in this theory are labeled by index j € Z mod 2kl. All theories with
the same value of N = kl have the same fusion ring, which in this simple case is just the group
algebra of:

Z2N .
Therefore, theories with the same chiral algebra, but different modular invariants correspond to
different ways one can decompose N into a product of two integers. In particular, R?> = integer
(or R? = 1/integer) correspond to diagonal modular invariants MJF = 5]'3 (or charge conjugation

modular invariants):
0,9) = > _ x;(9) X;(@)- (2.9)
JET
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2.1. Cardy States

Let us now discuss D-branes in rational conformal field theories. Among all consistent bound-
ary states, there is a special (finite) subset of states, which are invariant under the full extended
chiral algebra. This distinguished set of states, called Cardy states, can be systematically con-
structed in a diagonal RCFT following the original work of Cardy [5].

Let us recall that Cardy states are linear combinations of the Ishibashi states obtained by
imposing a modular invariance on the string world-sheet:

Z \/5_0] j (2.10)

In particular, the number of the Cardy states is equal to the number of the Ishibashi states.
The Ishibashi states, in turn, are defined as generalized solutions to the gluing conditions [6]:

(W = (—)2" (W) B)) = 0 (2.11)

where {2 is a gluing automorphism, and Ay is the conformal dimension of the chiral algebra
operator W. For example, in the case of a free compact boson, the boundary state should preserve
the U(1) current J = iv/2NOX.

Since the Virasoro generators are quadratic in the oscillator modes, the Ishibashi boundary
condition (2.11) is solved by:

(et — Rba"”,)|B)) = 0. (2.12)
We can also write this condition as:

0XH"(z) = RHOX" (Z). (2.13)
Here we restored space-time indices u,v = 1,...,d, and R is an automorphism of the chiral

algebra, such that R € O(d) and |det(R)| = 1. In particular, +1 eigenvalues of the automorphism
correspond to Neumann boundary conditions, whereas —1 eigenvalues correspond to Dirichlet
boundary conditions [17]. For this reason, a boundary state corresponding to an automorphism
with p eigenvalues +1 is referred to as a Dp-brane.

For a given automorphism R, the explicit form of the boundary state |B)) satisfying (2.12) is
given by:

|B)) = ex [—ila“R &”]XZ] D) (2.14)
P Zon —nitp @, p;D)- .
The sum over momenta in this expression goes over all the elements in the momentum lattice,
which satisfy the condition (2.12).

Let us now come back to the case of the diagonal RCFT corresponding to a free boson on a
circle of radius v/ NR, 4. In this case, there are only two choices for the automorphism, R = +1,
corresponding to D1-branes and DO-branes, respectively. In the latter case, we obtain 2N Ishibashi
states, the A-states in the notations of [22,18]:

|An,n)) —exp[ Z —a_ na_]x%:] - +m\/_\/_+m\/_ (2.15)
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where n € Z mod 2N. For the other automorphism one has only two Ishibashi B-states:

=1 n n
|Bn,—n)) =exp | — —Q_pQ_p | —= +mVN,——— — mVN), (2.16)
D[ 3 L] I

where n =0 or n = N.

Using the Cardy’s formula (2.10) and the explicit form for the elements of matrix S, in this
model one finds two boundary states corresponding to D1-branes with different values (£1) of the
Wilson line, and 2N DO0-branes located at the equidistant positions on the circle, see Figure 1:

_J2N p=0
#(Dp — branes) —{2 p—1"

These Cardy states will be our basic building blocks in a specific example of ¢ = 2 RCFT discussed

next.

.. 2N DO-brane

Fig. 1: Cardy states in rational c = 1 CFT can be identified with equally spaced D0-branes
(black dots) on a circle.

3. Simple Examples of ¢ =2 RCFT

Starting with examples in this section, we proceed to our main subject, namely ¢ = 2 RCFT
based on the elliptic curve E. Specifically, we analyze the conditions on the complex structure
parameter 7 and the complexified Kahler modulus p under which the theory becomes rational and
has a diagonal partition function (2.9). These results will help us build some intuition about what

should happen in the general case that will be discussed in the following sections.

3.1. Basic Notations

To begin, we summarize our conventions and recall the discrete symmetries of a general RCFT
based on the elliptic curve (see also [23] for a nice exposition). Throughout the paper we use the

following notations for the real and imaginary parts of 7 and p:

G12 Z,\/ detG

G Gn (3.1)
p=p1+ips = B+ivdetG,

T="T +1Tg =
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where G;; denote components of the (flat) metric on E. Indeed, it is straightforward to check that

ds®> = @lda: + Tdy|? =
T2

= Gyyda? + 2G1adady + Gaady? &2
Since we are interested in geometric interpretation of RCFT, we further assume that:
T2 >0, p2>0 (3.3)
RCF'T based on the elliptic curve E enjoys a large group of discrete symmetries:
PSL(2,Z); x PSL(2,Z), x Zy x Zy X Zy (3.4)

Apart from the last factor, this symmetry group may be viewed as a group of T-dualities. In par-
ticular, the first two factors in this group act via modular transformations on 7 and p, respectively.

For example:
at +b

et +d

PSL(2,Z);:T —

The Z, factors, on the other hand, interchange 7, p, and their complex conjugates. Specifically,
the first Z5 acts as:

Zy: (1,p) — (p, 7). (3.5)

By analogy with the corresponding symmetry of higher dimensional varieties, we refer to this Z,
as to the mirror transform.

The second Z factor in (3.4) is space-time parity transformation acting as follows:

Zy: (7—7 10) = (_F7 _p) (36)

Finally, the last Z5 factor in (3.4) reverses world-sheet orientation:

Zy:(1,p) — (1,—p). (3.7)

3.2. A Product of Two Circles: E = S! x S?

Our first simple example of ¢ = 2 RCFT will be a product of two ¢ = 1 rational CFT’s
corresponding to a product of two circles of radii:

k k
Ry =4/= and Ry =4/,
l1 l2

where k; and [; are some (pairwise co-prime) integers. In these models both 7 and p are pure
imaginary (modulo real integer part, which can be set to zero by PSL(2,Z) transformations):

ki [k
Bl P TN L
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Note, that both 7 and p satisfy quadratic equations with integer coefficients (and the same dis-
criminant).

Using the analogous result for a single compact boson, we find that RCFT based S! x S! has
a diagonal modular invariant if [y = 1 and I, = 1, i.e. up to modular transformations:

k .
k_;a p =1\ kiks.

Another way to describe these 7 and p is to say that 7 is a solution to the quadratic equation:

T=1

kot? + k1 =0, (3.8)

while p is an integer multiple of :
p = kQT

This (strange) relation between 7 and p is a precursor of the general property of the elliptic curve,
called complex multiplication. As we will see in the following sections, all elliptic curves with this
property correspond to a diagonal RCFT, and the converse is also true.
Since in the present example, the RCFT is a product of two theories, the Verlinde algebra is
just a product:
Zop, X Lay,.

Note, that the total dimension of the chiral ring is equal to 4ki1ks. This also gives the number
of DO-branes in this theory. Indeed, boundary states corresponding to D-branes in the ¢ = 2
RCFT in consideration can be obtained by tensoring the suitable Cardy states in the two copies
of ¢ = 1 RCFT. Specifically, a product of Dp; boundary state with Dps boundary state gives a
D(p; + p2)-brane boundary state:

|D(p1 + p2)) = |Dp1) ® |Dp2).

If we tensor two A-type Cardy states, we obtain boundary states corresponding to DO-branes,
4k1ko in number. The DO-branes are distributed on a torus in a regular lattice of 2k, rows and 2k-
columns, as shown in Figure 2. On the other hand, if we tensor two B-type boundary states, we
get four D2-branes, which cover the entire torus and differ in the values of Wilson lines they carry.
Specifically, since each D1-brane on a circle carries +1 Wilson line, by tensoring two of them we
get four boundary states, labeled by (£1,+1).

Finally, tensoring A-type Cardy states with B-type Cardy states gives D1-branes parallel to
the sides of the torus. Namely, if we tensor DO-brane state on the first circle with a D1-brane state
on the second circle, we obtain D1-branes wrapped on the second circle inside £ = S* x S!. Since
we could take 2k; boundary states corresponding to DO-branes and there are 2 possible choices
for the Wilson line on the D1-brane, in total we get 2 x 2k; = 4k; parallel D1-branes. Similar
arguments show that there are 4ky parallel D1-branes wrapped on the other basic cycle of the
torus, see Figure 2. Hence, there are 4(k; + k2) D1-branes in total.

Summarizing, we have:

4k1]€2 p 0
#(Dp — branes) = { A4(k1 + ko) p=1 . (3.9)
p=2

4
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*—@ *—@ 1

DO0O-branes D1-branes.

Fig. 2: Cardy states in rational CFT based on a torus E = S* x S'.

3.8. SU(3) Torus

There is another simple example of ¢ = 2 RCFT based on the torus that has been extensively
studied in the literature [22,24,25]. It is SU(3) WZW theory at level 1 corresponding to elliptic
curve E with extra Z3 symmetry [26]:

T = p = exp(27i/3).
As in the previous example, in this case both 7 and p also satisfy a quadratic equation:
?+74+1=0. (3.10)

The dimension of the chiral ring of this theory is equal to 3, and the Verlinde algebra is just
a group algebra of:
Zs.

Comparing this with the previous example, one might expect that in general the fusion rules are
given by (a product of) cyclic groups. In what follows we will show that this is indeed always the
case; specifically, the Verlinde algebra is a group algebra of:

Zy, X Zn,. (3.11)

This guess includes the special case of a single cyclic group (as in the present example) when one
of the factors is trivial, n; = 1.

Cardy states corresponding to various D-branes in this model have been studied in a number
of papers [22,24,25,27]. Here, we summarize the result:

#(D0 — branes) = 3

. 3.12
#(D2 — branes) =1 (3.12)

The number of DO-branes is expected to be 3 on general grounds. In fact, in all theories the number
of Cardy states corresponding to D0-branes should be equal to the dimension of the chiral ring,
which is indeed 3 in the present case.
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Since generic elliptic curve E does not reduce to a product of two circles, at the moment we
have nothing to say about D1-branes. We can just briefly mention that certain boundary states
in this model, studied in [22,24,25,27], can be identified with D1-branes wrapped on the shortest
cycles of the torus rotated by 7/3, as illustrated on Figure 3. In the general discussion below we
will find the complete set of boundary states in this theory.

A little bit more interesting is a result for D2-branes. Combining it with the result of the
previous example, one might conclude that the number of D2-branes can be at least 1 or 4. Quite
surprisingly, we will show that this a general answer: in all ¢ = 2 RCFT’s based on elliptic curve,
there is either one or four D2-branes. The number depends on certain arithmetic properties of E.

T

2\ 1
/

DO0O-branes D1-branes

Fig. 3: D-branes on the SU(3) torus.

4. Imaginary Quadratic Number Fields

Before we discuss the general case of (rational) conformal field theory based on the elliptic
curve E we need to introduce a few basic notions from number theory that will naturally appear
in our discussion. In fact, some of these objects have already entered our discussion in the implicit
form. For example, in two special cases discussed in the previous section we have noticed that
complex parameter 7 satisfies a quadratic equation of the form, c¢f. (3.8) and (3.10):

at® +br +c=0 (4.1)

with relatively prime integer coefficients a, b, and c¢. We shall call this quadratic equation a minimal
polynomial for 7, and denote by D its discriminant:

D = b% — 4ac. (4.2)

In all cases relevant to physics D < 0, so that 7 has a non-zero imaginary part:
—b++vD
T=—
2a

Mathematically, it means that 7 is valued in the imaginary quadratic number field:
K =Q(VD).

This particular way of writing the number field K indicates that it can be obtained from the
familiar field of all rational numbers, @, by introducing v/D. In other words, every number z in
Q(v/D) can be written in the form:

z=a+ VD,
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where « and 3 are rational numbers, «a,( € Q. Notice, the way we construct the number field
Q(\/E) from rational numbers is very similar to how one usually defines the field of complex
numbers, C, supplementing the field of real numbers, IR, with /—1.

In our applications, 7 is not just a number — it is a modulus of the elliptic curve:

E=C/(Z&Z). (4.4)

It turns out that elliptic curves with modular parameter 7 € Q(\/ﬁ) have a nice property called
complex multiplication [28,29,30]. Elliptic curves with this property enjoy a lot of wonderful arith-
metic and geometric properties.

To explain what complex multiplication means, let us consider endomorphisms of the elliptic
curve E, i.e. holomorphic maps from F to itself:

v : E—=E.

Note, ¢ is a finite degree map (not necessarily degree one). To describe such maps more explicitly,
we can view the elliptic curve F as a quotient of a complex plane (parameterized by z) by a lattice
Z D TZ, cf. (4.4). Then, an endomorphism ¢ simply acts as z — @z. Since Z ® 7Z is a two-
dimensional lattice, we have only have to verify that ¢ maps its generators to some other other

elements in this lattice:
p-1=mi+mr,
: (4.5)
QT =mg+ NoT
Clearly, any elliptic curve has many trivial endomorphisms corresponding to multiplication by an
integer, ¢ € Z. In order to see if there exist any non-trivial endomorphisms, one can take ¢ from
the first equation and substitute it to the second equation. As a result, one finds a quadratic
equation with integer coefficients of the form (4.1). This simple calculation illustrates that elliptic
curves with non-trivial endomorphisms have 7 in some imaginary quadratic field. In fact, it turns
out that an elliptic curve E has a non-trivial endomorphism if and only if 7 obeys a quadratic
equation (4.1) with integer coefficients. In this case, E is said to have complex multiplication (or
to be of CM-type). Summarizing, the endomorphism ring of a general elliptic curve can be one of

the following;:
Z, no CM

End(E) = { _ba/D - (4.6)
Z+ Zar, CM-type, T = %

Thus, complex multiplication gives another way to characterize elliptic curves with such ‘spe-
cial’ values of 7.
There is a close relation between imaginary quadratic 7, which obey (4.1), and binary quadratic

2a b
b 2c )’

In our discussion, such forms will be associated with intersection form of lattices. Notice, the form

forms:

above naturally defines a two-dimensional even lattice. However, this form is not unique. Namely,
for any S € SL(2,Z), the intersection form:

2/ v\ 2a b tr
(% o) =s (5 )5
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defines the same lattice. The invariant associated with such a lattice is the discriminant D =
b? — 4ac. For a given value of D, the equivalence classes of the integral binary quadratic forms
form a finite abelian group, the so-called class group [31,28,32]:

Cl(D).

The order of this group |Cl(D)| = h(D) is called the class number. It is naturally identified with
the number of ideal classes, h(K), of the imaginary quadratic field K = Q(v/D).
The last object we need to introduce is an order, Oy.

O; = Z & Z|far). (4.7)

Here, a a leading coefficient in the quadratic polynomial (4.1) for 7, and f is a positive integer
number, called a conductor of Of. We can view an order Oy as a two-dimensional lattice in the
number field K = Q(\/ﬁ), generated by 1 and far. The reason O will appear in our discussion
is that any element ¢ € Oy obviously gives a complex multiplication, cf. (4.5). Note also, that the
endomorphism ring itself, End (K) is also an order with! f = 1.

5. General ¢ =2 RCFT Based on the Elliptic Curve E

In this section we are going to study general ¢ = 2 conformal field theory based on elliptic
curve with arbitrary parameters 7 and p. We will show that CFT is rational if (and only if) both
7 and p take values in the same imaginary quadratic field. The discriminant of this field gives the
dimension of the chiral ring. We also show that a condition for diagonal modular invariant implies
a further relation between 7 and p. Namely, one has to be a complex multiplication for the other.

5.1. Momentum Lattices

In general, the partition function of ¢ = 2 CF'T based on elliptic curve E =C/(Z & 7Z):

_ 1 1o 1o
20,0 = 5= », a2"q2’ (5.1)

is given by the sum over even, self-dual momentum lattice:

(g)EFM:\/%@Z(i)@Z@)@Z(:)@Z(Z)- (5.2)

This lattice will be one of the central objects in our discussion, and, as we shall see in a moment,

properties of the CFT, like rationality etc., can be formulated and analyzed in terms of momentum
lattices. For this reason, it is convenient to introduce a few more objects associated with the

momentum lattice I'%:2.

1 This special order in K is called the ring of integers.
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First, we can define the following sublattices in I'>2. Let I'y be the lattice of left-moving
momenta p for a fixed value of p (say, for p = 0) and a similar lattice I'y:
ro={n | (§)er2)
(5.3)
= - 0 2,2
F():{p’ (]_))EF’}

Since I'>? is even integer lattice, the same is true about I'g and fo. The rank of these lattices is
not greater than 2, and generically it is zero.
By simply forgetting the right (or left) momentum, we can also define the following projections:

= | (7)erey,
Tr={D | (;) 22 }.

Both I', and I'g can be characterized as sets where p (or p) take their values. In general, unlike

(5.4)

(5.3), 'z r are not lattices. Of course, in some special cases it may happen that the rank of 'z,
is less than 4. As we shall see below, these are precisely the occasions relevant to rational theories.
Note, from the above definitions we obtain straightforward relations:

FO c FL7
f0 - FR; (55)
F() ©® fo - F2’2.

5.2. A Criterion for Rationality

There are various ways of defining rational CFT’s. In our examples associated with tori, it
is convenient to formulate the condition for rationality in terms of momentum lattices: a CFT is
rational if and only if the left momentum lattice I'y is a finite index sublattice in I';,. In such cases,
both I'y and I';, are rank two sublattices in I'>2. Moreover, it is easy to see that they are dual
lattices:

Lo T%, ToT%. (5.6)

Indeed, since I'?? is even, self-dual integer lattice, for any vector (¢,q) € I'>? and a given vector
(p,0) € Ty we have a pairing:

Therefore, any vector in I'y also belongs to I'; . Conversely, to show I'; C I'g let us take a vector
p € I';. Then, using the above equation and self-duality of I'22_ one finds that (p,0) is a vector in
%2, Hence, I'; 2 T. Similar arguments give the second isomorphism in (5.6).

Therefore, we conclude that the study of rational conformal field theories based on the elliptic
curve F is related to the study of integer even two-dimensional lattices. In particular, it gives a
classification of such RCFT’s. We will come back to this later.
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Now, let us discuss the geometric properties of the elliptic curve corresponding to rational
conformal field theory. Suppose that a CFT associated with E is rational, i.e. I'g is a finite index
sublattice in I'y,. Using the explicit expression (5.2) for the right momenta p, we find that the
elements of Iy correspond to integer numbers (m1,ma,n1,n2) € Z*, which obey two independent
linear relations [7]:

my +mep+n17T+netp =0
/ / / / (5'7)
my + myp +ny7 +ny7p = 0.
If we solve, for example, for p from the second equation and substitute the result to the first
equation, we find a quadratic equation for 7, with integer coefficients?:

at®> +br+c=0, ged(a,b,c)=1. (5.8)

with discriminant D = b — 4ac. Since imaginary part of 7 has to be strictly positive, cf. (3.3), we
conclude that 7 has to belong to imaginary quadratic number field K = Q(\/ﬁ)

~b++/D
T=—.

> (5.9)

If we now substitute this 7 back into (5.7), we find that p is linear in v/D over Q. Hence, both
7 and p are elements in K. In order to show that the converse is also true, one can take 7,p € K,
and construct, for example, 7 and 7p in terms of 1 and p. Since both 7 and p are assumed to be
linear functions of v/D with rational coefficients (with 75 > 0 and ps > 0), one can always write 7
and 7p as linear functions of p with rational coefficients. Multiplying the resulting relations by a
suitable integer, one finds two equations of the form (5.7) with integer coefficients, where no = 0
and nj = 0. Therefore, by construction these relations are independent and define a lattice I'.

Summarizing, we obtain an effective criterion for rationality of ¢ = 2 conformal field theory
based on the elliptic curve E:

RCFT <= T,pcQ(vD)

In other words, we found that in order for CFT to be rational, both the target space torus

and its dual should have complex multiplication relative to the same quadratic imaginary field.

5.8. Dimension Of The Chiral Ring And Verlinde Algebra

As we found in the previous subsection, rational conformal field theories based on the elliptic
curve F are naturally attached to even integer lattices. Specifically, let v;, ¢ = 1, 2, be the generators

of the momentum lattice I'g. Since the intersection form is even, we can write it as:

for some integer numbers a, b, ¢, and f, such that gcd(a,b,c) = 1.

2 Alternatively, we could use the fact that any three momentum vectors p € ', (or p € T'r) satisfy a

linear relation over Q, since I'g is a Z @ Z-module.
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By definition, the dual lattice I';, = I'jj is generated by vectors v} with intersection form:

« %« 1 (—=2a b
Ui'vj—f_D( b _20)7 (5.11)

where D = b? — 4ac is the discriminant. It is clear from (5.10) and (5.11) that the dimension of
the chiral ring, given by the index [I'f, : I'y], is equal to:

[T :To] = f?|D.

Notice, that the right hand side is expressed in terms of invariant quantities.
Furthermore, the Verlinde algebra is the group algebra of:

D(Ty) = I;/Ty. (5.12)

In mathematics literature this group is usually called the discriminant group [33,34], see also [32]. It
is a finite abelian group of order f2|D|. Since Iy is a lattice of rank two, in general, the discriminant
group is a product of two cyclic groups, in agreement with what we found in the specific examples
of tori with extra symmetries, c¢f. (3.11). Specifically, D(T'y) is generated by two elements, g and
h, such that:

TR =1 and ¥ h%*f =1.

The structure of this group depends in a crucial way on the arithmetic. Specifically,

ZfXZfD, D =1mod 4
D(FO): Z2fXZZfD’7 D:0m0d4(D’:D/4),b750 .
nga X Z2f<:7 b=0

This gives a general characterization of the Verlinde algebra in the rational conformal field
theory based on the elliptic curve F.

5.4. Diagonal Modular Invariants

Now we turn to the main problem, namely, analysis of the conditions under which the partition
function (5.1) takes the diagonal form (2.9). As we explained in the previous subsections, curve
E associated with a rational CFT has complex multiplication. However, the ring End(E) itself
did not enter our discussion so far. Here, we show that RCFT has a diagonal modular invariant
iff either p or 7 (or modular transformations thereof) belong to End(FE), i.e. iff p is a complex
multiplication for a given 7, up to discrete symmetries (3.4).

Diagonal modular invariant essentially implies identification of left and right momentum lat-
tices. Namely, given an even integer lattice I'g, one can canonically reconstruct the whole momen-
tum lattice I'>2 which is even and self-dual. Specifically, we take two copies of I'y, = T'y:

%2 = (T, Th) (5.13)

with the equivalence relation:
Iy, -T =Ty (5.14)
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to see that the lattice (5.13) constructed in this way is even, let us take a vector (p,p) € I'>2. By
the equivalence relation (5.14) we have p = p + v, where v € I'g, and p € I'§. Therefore,

P P =p"-P=@+P)(p—D) =

(5.15)
= —v(2p+v) = —2vp —v%

Since I'y is taken even, both terms here are even and the claim follows. Furthermore, to show that
I'%2 constructed in (5.13) is self-dual, one can provide a basis, (p;,p;) = {(v},v}), (vj,0)}, where
v; are the generators of I'g, and v; € I'j are the dual generators. Then, the bilinear form looks like

_ _ 0 1
(pi, ;) - (pj,P;) = (1 *> :
The determinant of this matrix is clearly equal to 1. Therefore, I'?2 is self-dual.
Now we want to compare a general lattice of the form (5.11) with the momentum lattice (5.2).
Up to discrete symmetries (3.4) we can choose 7 and p, such that the left momentum lattice is
generated by (vectors proportional to) 1 and 7:

I { T )
Cr VR Vane

It is easy to compute the intersection form of this lattice:

1 T1
2T 2T
* * 2pP2 2P2
'Ui "Uj - T |T‘2 .
2T2p2 27’2p2

Since I'g has to be an even integer lattice, one should be able to write this intersection as (5.11).

Comparing the individual entries, we find that in diagonal RCFT 7 and p look like (up to discrete

_ —b+VD

5y P far (5.16)

. Hence, p is a complex multiplication for an imaginary quadratic 7. More precisely, p should be

symmetries (3.4)):

T

associated with a generator of an order in the imaginary quadratic field K = Q(\/ﬁ):
p e Oy

with the conductor f.

It is easy to verify that the converse is also true. Namely, given 7 and p of the form (5.16), the
corresponding modular invariant is diagonal. Indeed, substituting (5.16) in the formulas for the
momentum vectors (5.2), we find that the momentum lattice I'?2 is of the form (5.13). Specifically,

we have:
—i\/2afTy p=my + mop + N1 T + NopT = (5.17)
= (m1 + feng) + (np — afma + bfng)T. '
It immediately follows that:
Ty ={(px)" €T*?} = ——(ZoZr). (5.18)

2af7'2
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In order to find elements of I'y, we have to solve p = 0. For the right momenta we find:

—i\/2afTo p=m1 +mop+ niT + nopT =

(5.19)
= (my — feng) + (n1 + afmg — bfng)T.
Hence, p = 0 gives two conditions:
my = feng
ny = —afmsg + bfng
Substituting this into (5.17) yields:
Plr—o = i ((2a7‘ +b)(—m2) + (2¢+ b7)n ) el
p=0 \/WTz 2 2 0-
Therefore, we explicitly constructed I'g:
To = {(p,0)T € 122} = — L (Z2ar + ] @ Z[2¢ + br]). (5.20)

V2afro

The resulting lattices I', T'g, and I'*? are related as in (5.13) — (5.14), so that the corresponding
CFT is diagonal. It is straightforward to check this directly computing the partition function (5.1)
for these momentum lattices. As a result, one finds a diagonal modular invariant:

Z(0,7) = Y, (@)X (@),

weT

where the exponent w € Z that labels representations of the chiral algebra can be identified with
left momenta, cf. (5.12):

we /T (5.21)
and the characters x,,(¢) have the form:
1 l(v+u.;)2
Xo(d) == D q2 : (5.22)
n vely

Finally, we can combine all the results in this section to conclude that diagonal ¢ = 2 rational
conformal field theories are classified by the following data:

i) discriminant D = 0,1 mod 4 (a negative integer, such that (—D) is square-free);

i1) conductor f (a positive integer);

i7i) an element of the class group CIl(D).

In terms of this data, the CFT has chiral ring of dimension |D|f?.

Suppose, for example, we want to know how many diagonal RCFT’s have the chiral ring
of dimension 163. Using the above results, we can immediately answer this question. Since
h(163) = 1, the answer is surprisingly simple: there is a unique RCFT with this property. On the
other hand, if we asked a similar question about RCFT’s with chiral ring of dimension 159, we
would find h(159) = 10 such theories. This simple example illustrates sporadic pattern of RCFT’s,
which nevertheless can be completely explained by the methods of number theory.

Note, it also follows from our analysis that the set of ¢ = 2 rational conformal field theories
on tori is dense.
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5.5. A Digression: The First Main Theorem of Complex Multiplication

In this subsection (which can be skipped, especially in a single reading) we digress on another
remarkable property of elliptic curve with complex multiplication. Throughout the paper we mainly
viewed the elliptic curve as a quotient of C by a two-dimensional lattice. However, we could also
view E as an algebraic curve defines, say, by a Weierstrass polynomial:

E:y? =42 — gox — g3 (5.23)
where go and g3 are related to the modular parameter 7 via invariant j-function:

, 1728¢3 0, (1)
j(r) = 3_222: el =

95 — 2795 n(7) (5.24)
= ¢! 4 744 + 196844q + 21493760¢> + 864299970¢° + . . .

Notice, that the coefficients in power series expansion of the j-function are integer numbers.

Even though j(7) is a very non-trivial function of 7, there is a nice characterization of its
values for 7 € Q(v/D), known as the first main theorem of complex multiplication. Namely,
suppose elliptic curve E has a complex multiplication, i.e. 7 obeys a quadratic equation (4.1).
Then, j(7) also obeys a polynomial equation with integer coefficients of degree h (where h = h(D)
is the class number of the field Q(v/D)):

P(z)=z"+a2" ' +.. . +a,=0, a€Z (5.25)

A solution to such equation is called an algebraic integer 3. Therefore, j-invariant of elliptic curve
FE with complex multiplication is an algebraic integer and F is naturally defined over the number
field K(j(7)).

Motivated by this nice result, one might expect that a proper criterion for CFT to be rational
should be formulated as a condition on the algebraic variety to be defined over the algebraic closure
Q, obtained from the field @ by adjoining the roots of all irreducible polynomials like (5.25). It
is easy to see, however, that this criterion would be wrong. Indeed, it would predict “too many”
RCFT’s. For example, in the case of Calabi-Yau manifolds it would predict existence of infinitely
many points (which are dense) in the moduli space, whereas in the later sections we will argue to
the contrary.

More elementary is to see that the above criterion fails already in the case of the elliptic curve
E. Indeed, in general, the converse of the first main theorem of complex multiplication is not true,
so it can not be formulated as “if and only if” condition. On the other hand, from the analysis of
the previous sections, we know that CF'T is rational if and only if E has complex multiplication.
This demonstrates that the right signature of the rational CFT is complex multiplication, rather
than a possibility to define the target space variety over Q.

3 The first main theorem of complex multiplication further says that if z = j(7) is one of these numbers,
then K (j(7)) is the maximal abelian extension of K = Q(v/D), with Gal(K (j(7))/K) = Cl(End(E)) acting
transitively on the set of numbers j(7) [28,31].
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6. Geometric Interpretation of Cardy States

In the previous sections we have established a relation between RCFT data and arithmetic
of the elliptic curve . Motivated by such a relation, one may wonder if it can be extended
to string theory, including D-branes and other non-perturbative objects. Due to their geometric
nature, D-branes seem to be especially promising. In the weak coupling limit they can be viewed
as submanifolds of E of various (co)dimension.

From the CFT point of view, there are some ‘special’ DO-branes, which preserve the full chiral
algebra. The corresponding boundary states were explicitly constructed by Cardy [5]. Therefore,
one could ask: “What is arithmetic/geometric interpretation of the Cardy states?” There are sev-
eral natural candidates for the answer to this question. For example, once we deal with arithmetic
of E, one might consider rational points of E, i.e. solutions of (5.23) with rational values of the
coordinates z,y € Q. However, these can not correspond to Cardy states. Indeed, the number
of rational points on F may be infinite, whereas the number of Cardy states is always finite (and
equal to the dimension of the chiral algebra):

#(Cardy states) = |D|f?,

where D is the discriminant of the quadratic polynomial (5.8) for 7, and f is the conductor.
In this section we study D-branes on elliptic curve E with diagonal modular invariant:

Z(q,7) = > x;(9) X;(@), (6.1)

JET
where the exponent j can be identified with momentum, cf. (5.21):
j€TL/To (6.2)

and the characters have the form (5.22). Following Cardy [5], we show that there are always |D|f?
DO-branes in this theory, which correspond to the regular points of I'z, /T'y. On the other hand, the
number of D2- and D1-branes depends on the arithmetic of the elliptic curve in a very interesting

way. For example,

1 Df odd
#(D2 — branes) = {4 D; Zven .

Note, simple examples studied in section 3 agree with this general result, see (3.9) and (3.12).

Below we explain these results in more detail.

Before we start, let us remind that Cardy states are linear combinations of Ishibashi states
(2.14):
> 1
J— 122 ~U —
B)) = exp | - > ot Ruw@”,| x Y p,B) (6.3)

which satisfy boundary conditions (2.12). It is convenient to write this boundary condition in the
following form:

p=—Rp (6.4)
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Since labels j in (6.2) are identified with momenta, we can say that for a given R the Ishibashi
states are labeled by:

(j’ _R])a ] 61—‘L/FO~
However, since we assume that RCFT is diagonal (6.1), the Ishibashi state (j,7) appears in the
closed string spectrum only if j = j:

It follows that for a given gluing condition (6.4) the Ishibashi states are labeled by fixed points of
R in the exponent set Z:
j=-Rj, jeTL/To. (6.5)

In particular, the number of solutions to this conditions give us the number of the corresponding
Dp-branes. In the following subsections we solve (6.5) for each value of p. Note, that j = 0 is
always a solution to (6.5) for any allowed R, i.e. there is always at least one corresponding D-brane.

6.1. DO-branes

In order to get a DO-brane, we have to impose Dirichlet boundary conditions in both spatial
directions, so that 2 x 2 matrix R must have two eigenvalues —1, i.e.:

R=-1.
In this case, the boundary condition (6.4) has the
bp=p

It does not impose any further constraints on the momentum, so that and p € I'y, /T’y is a solution.
Hence, the number of D0-branes is given by the following universal formula for all models:

#(D0 — branes) = |D|f?. (6.6)

This number is the same as the dimension of the chiral ring, and suggests interpretation of DO-
branes as special points on the torus E. Indeed, we can think of DO-branes as regular points in
the quotient I';, /Ty or else, as preimages of a marked point on a torus E under a specific complex
multiplication 4 (see Figure 4):

Zrprz

4 The complex multiplication p has a number of special properties. First, note that it can be obtained

by taking a derivative of the defining quadratic polynomial for 7:

~ dQ(T) _ 2
p—f—dT , Q(r)=ar" +br+ec

Another distinguished property of p is that it corresponds to a complex multiplication whose square
is multiplication by an integer. Moreover, it is the only complex element (up to integer multiples) in the

End(F) with this property. Explicitly, the square of the element 2ar + b is:
(2a7 + b)? = 4a*7% + 4abr + b° = da(ar® + b1) + b° = da(—c) + b°,
which is the discriminant, D.

112



where, cf. (5.16):
p= f(2at + D). (6.7)

Indeed, one can easily check that p-1 = f(2a7 +b) and p-7 = — f(2c + br) are the two generators
of the lattice I'g, c¢f. (5.20).

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

,,,,,,,,,,,,,,,,,,,,,,,,

,,,,,,,,,,,,,,,,,,,,,,,,,,,

Fig. 4: DO0-branes in rational CFT can be identified with points (black dots) in the lattice
(1,7) modulo {p, pr). In this figure we illustrate this for a specific model where T satisfies
the quadratic equation: 72 +27+2 = 0. In this example, a =1,b=2, ¢ =2, and D = —4.

Geometrically, it is convenient to visualize the set I'f, /T’y as a parallelogram with edges f(2a7r+
b) and f(2c + br) in the lattice I'f.

Note that p = f(2ar + b) is closely related to the K&hler structure of the torus, which is
p = far. In fact, if bf is even p can be viewed as twice the Kahler class (with a suitable shift of p
by bf/2. Thus roughly speaking the Ké&hler class defines the relevant endomorphism of the torus
which defines the Cardy states by its preimage.

6.2. D2-branes

The next simplest case is when we impose Neumann boundary conditions in all the directions:

R=1.

The involution R inverts the exponent set Z =1I'y, /T'y:

R : p——p (6.8)

and flips the parallelogram subtended by vectors f(2ar +b) and f(2c+ br), as shown in Figure 5.
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f(2a+b)
f(2c+hr)

() 4

/

Fig. 5: In the case of D2-brane boundary conditions, the involution R flips the parallel-
ogram made by vectors f(2at +b) and f(2c+ br). The origin (black dot) is always fized
under this involution. The other three potential fized points are denoted by empty circles.

According to (6.5), the Ishibashi states are in one-to-one correspondence with the fixed points
of this involution, modulo the lattice I'g. Geometrically, it is clear that there is either one or four
fixed points on the parallelogram (see Figure 5), depending on whether its edges have odd or even
coordinates in the lattice I', = {1,7}. Indeed, the origin is always a fixed point of R. Let us
see when there are extra fixed points. The potential candidates are middle points on the edges of
the parallelogram and a point in the middle (denoted by empty circles in Figure 5). The explicit
coordinates of these points in the lattice I';, = {1, 7} are the following:

(f6/2, fa), (fe,fb/2), (fe+ fb/2,fa+ fb/2).

It is clear that all of these points are in the lattice I'g if and only if both fb is even. Hence, we
arrive to the following general result:

#(D2 — branes) = {i ij Z\(jedn . (6.9)

Note that in the case of bf even, the four inequivalent D2 branes differ by the value of Z, Wilson
lines along the two cycles.

6.3. D1-branes

Finally we consider the case of D1-branes. In this case we have one Neumann and one Dirichlet
direction, which correspond to +1 and —1 eigenvalues of R, respectively. Allowing for D1-branes
of arbitrary orientation, we can write the corresponding involution R as:

R : pe ap’, (6.10)

where « is some phase, |a| = 1. Note that this is an order 2 operation. Since p takes values in the
lattice I'r, = {1, 7}, the involution R must respect this lattice. In particular it should map a basis

of I';, into another basis:
11— —A—Br
(6.11)
7T—C+ Dt

114



where A, B, C, D are integer numbers, such that AD — BC = 1. Therefore, we get two conditions:

a=—A—- Bt
(6.12)
ot =C + Dt
from which we can eliminate a: A4 Br 6.1
—_T = —. .
C+ Dt

Simply put, the last condition says that —7 should be an involution of PSL(2;Z) acting on T, for
otherwise we wouldn’t have any D1-branes. Then, for every 7, which satisfy a relation of the form
(6.13), there might be different involutions corresponding to different a’s. Therefore, it is natural
to split the question in two parts, and classify first all 7 which solve (6.13), and then classify all
possible a’s.

4f(ai+c) |
T g 1
Re(1)=0 3 g IT|

128 Jor

Fig. 6: Two families of the solution for T lie either on a unit circle or on the imaginary
line. There are also two special cases, T = i and T = exp(2mi/3), represented by black
dots. A number near every point indicates the total number of D1-brane boundary states
in the corresponding RCFT.

It is easy to see that the only 7 (in the fundamental domain), which solve (6.13), are (i) either
pure imaginary, 71 = 0, or (ii) lie on a unit circle, |7| = 1, see Figure 6. To see that these are
the only solutions, with no loss of generality we can assume 7 is in the fundamental domain of
the upper half plane. We are looking for involutions of SL(2,Z) acting on it which give —7. On
the other hand —7 is also in the fundamental domain of the upper half plane. This can only be
consistent with the notion of the fundamental domain if the involution is 4 the identity matrix,
or it is £S5 in which case it maps the boundary of the fundamental domain to itself. There is one
extra case corresponding to the involution T'ST~! which fixes 7 = exp(2mi/3). In the first case we
have 7 = —7 which states that 7 is pure imaginary. In the latter case it implies that 7 is on the
unit circle.
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The two different families of the solutions for 7 correspond to elliptic curves with different
symmetries, simple examples of which were discussed in section 3. Let us now consider each of the
two cases in turn:

(i) — a product of two circles
In the first case b = 0 and the solutions to (6.13) look like:
c

T=4]——.
a

In fact, this is precisely the case discussed in section 3.1, where the torus is a product of two circles:
E=8"x8"
All possible D1-branes in this case were classified in (3.9), with k; = fa and ko = fe:
#(D1 — branes) =4f(a+c) (6.14)

and come from o = 1 or a = —1. They correspond to 2fa equally spaced D1 branes along one
direction and 2 fc equally spaced D1 branes along the other direction of the torus. Moreover each
of these one branes can have a Z, Wilson line on them.

(ii) — a torus symmetric relative to the diagonal

In this case |7| = 1 (which implies a = ¢) and the torus E has extra symmetry corresponding
to the reflections relative to the diagonals. In particular z — oz is a symmetry when o = +7,
which thus generically yields two involutions R. For the case of 7 = ¢ we have 4 involutions given
by z — i*zZ. For 7 = e?™/3 we have 6 involutions given by z — w*Z where w is a 6-th root of
unity. The corresponding fixed characters under this involution will correspond to equally spaced
D1 branes in the direction given by +/a.

The corresponding values of 7 are:

_ —b+VD
N 2a '

For the generic case, the total number of D1-branes, which is just the number of the fixed

D = b — 4d°.

T

lattice points under the two reflections is
#(D1 — branes) =4fa. (6.15)

For the case 7 = i the D1 branes making angles multiple of 7/4. For D1 branes in the direction
2nm/4 (n = 0,1) we have 2f equally spaced branes each of which can have an extra Zs Wilson line.
For D1 branes in the directions 7/4,37w/4 we have 2f equally spaced branes (all branes passing
through the origin) without any extra possibility of Wilson lines. The D1 branes corresponding
to the latter angles do not come from tensoring Ishibashi states of the two decoupled circles, but

2mi/3 we have D1

rather it corresponds to using the extra Z, exchanging the two circles. For 7 = e
branes which make angles of 27n/12, where n = 0,...,5. One can check that for n even there are
3f equally spaced ones and for n odd there are f equally spaced ones. In both special cases (7 =1
and 7 = exp(27i/3)) the total number of D1-branes is 12f.

We have thus seen that the classification of Dp branes for p > 0 is much more sporadic than
those for the D0 branes. This is to be expected because the D0 branes are precisely the ones

naturally picked out by the diagonal modular invariant.
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7. RCFT and Higher Dimensional Calabi-Yau

So far we have talked about CFT’s based on the simplest Calabi-Yau sigma model, namely
the target being T?. More precisely, we focused only on the bosonic sigma model, but in this case
the incorporation of fermions does not modify our discussion, as the fermion partition function is
independent of 72 moduli. It is natural then to raise the question of RCFT’s corresponding to
supersymmetric sigma models propagating on higher dimensional Calabi-Yau manifolds.

Unfortunately not much is known about the exact solutions in such cases, and we only have
existence proof for such CFT’s. The only general classes we know are tensor products of minimal
N = 2 supersymmetric conformal theories (Gepner models) and toroidal orbifolds. It turns out
that both classes are RCFT’s or have moduli for which RCFT’s appear in a dense subspace. It is
the existence of this class of examples which motivates the belief that CFT’s are “exactly solvable”
if they are rational or near one. Consider quintic threefold, for example. There is only one point
in its moduli of Kéhler and complex deformation where the CFT is exactly known and that is the
RCFT corresponding to the Gepner point. One wonders whether there are other points on the
moduli space where they are rational and therefore, perhaps solvable.

In this section we propose a criterion for rationality of conformal theory on Calabi-Yau man-
ifolds which agrees with all the known examples of rational points discussed above (see [35] for
a further evidence in the case of toroidal conformal field theories). However, given mathematical
conjectures a la André and Oort [36,37] our proposal for rationality suggests that RCFT’s are not
dense in the generic case of Calabi-Yau sigma models!

Our criterion for rationality is motivated by generalization of the notion of complex multiplica-
tion to higher dimensional varieties. Indeed, it was pointed out to us by Kazhdan and Mazur that
there already exists a suitable notion of complex multiplication® for higher dimensional varieties
introduced in 1969 by D. Mumford [8]. In particular, complex multiplication was studied in the
context of K3 surface by Piateckii-Shapiro and Shafarevich [9], and more generally, in the context
of Calabi-Yau manifolds by Borcea [10]. The idea is rather simple: One first defines what it means
for an abelian variety (i.e. complex tori) to admit complex multiplication. Then one asks if the
variation of the Hodge structure of the Calabi-Yau M and its mirror W, whose period matrices
lead to a pair of associated abelian varieties admit complex multiplication (of a ‘compatible’ type).

7.1. Complex Multiplication for Complex Tori

Consider a complex n-dimensional torus.
T2n o~ QOn /ZQn.
This is defined by identifications

ZiNZi—F(sij ziNZi—i-’Ej,

5 Mathematically, it says that manifold M has complex multiplication when its Hodge group, Hg(M),

is commutative.
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where 7 is an n X n complex symmetric period matrix. Then we say that the torus admits complex

multiplication if there exists a non-trivial endomorphism
z— Az, (7.1)
which implies that
A=M+NT,
TA=M +N'T,

for some integer matrices M, N, M’, N’. In other words we have a second order matrix equation
T(M+NT)=M +N'T =

TNT +TM — N'T — M =0. (7.2)

Moreover one requires that N has rank n.%

7.2. Calabi-Yau and the Intermediate Jacobian

The notion of considering mid dimensional cohomology elements and integrating over a mid
dimensional integral lattice of cycles to define an abelian variety is well known. For example for
the case of a genus g Riemann surface with a symplectic pairing of 1-cycles:

(Ai, Bj) = bi5 (Ai, Aj) = (Bi, Bj) =0 (7.3)

one considers g holomorphic 1-forms w; normalized relative to the A-cycles

/ Ww; = (5,~j
A

J

and defines the Jacobian by

B;
Similar idea works for arbitrary complex varieties and in particular for Calabi-Yau 3-folds. In
the case of Calabi-Yau threefold 7;; can be identified with the complex torus defining the cou-
pling constants of the associated U(1)" gauge fields and is related to the prepotential F (in the
homogeneous coordinates) by

Tij = 0:0;F.

We say that the Calabi-Yau admits complex multiplication if the corresponding intermediate Ja-
cobian associated with 7 admits complex multiplication.

6 This rules out examples like M = Ecp x E', where Ecyy is an elliptic curve with complex multipli-

cation and E’ is another arbitrary elliptic curve without CM.
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7.8. A Criterion for RCFT for Calabi-Yau Sigma Models

A Calabi-Yau sigma model is completely characterized by its complex and Ké&hler moduli.
Since the notion of complex multiplication is natural only for complex structure of the variety, it
is natural to associate to a given Calabi-Yau M with a given complex and Kahler structure, a
mirror pair of Calabi-Yau (M, W) with fixed complex structures (where we have traded the Kéhler
structure of the original Calabi-Yau with complex moduli of its mirror). This is effectively how
we studied the case of elliptic curve, by viewing 7 and p as defining pairs of elliptic curves. We
propose the following criterion of the Calabi-Yau sigma model to correspond to a RCFT:

Sigma model on Calabi-Yau corresponding to the pair (M, W) is RCFT if and only if M and
W admit complex multiplication over the same number field.

For example, for a Calabi-Yau threefold M satisfying complex multiplication one gets an
equation (7.2) of order two in the (h**(M)+1) x (h?1(M)+ 1) matrix 7. In this case, it has been
shown by Borcea [10] that existence of complex multiplication is equivalent to the condition that
elements of the endomorphism matrix A generate imaginary number field K:

K = End(H?*(M,Q)) ®Q (7.5)

of degree:
(K :Q] = 2(h* (M) +1).

On the other hand, the mirror W admitting complex multiplication gives elements which are in
an algebraic number field of degree 2(h?*(W) + 1) = 2(hb!(M) + 1), and the criterion we are
imposing for RCFT is that they are elements of the same number field”.

7.4. Application of the Criterion

To check the criterion, we have to make sure it agrees with the known cases of RCFT’s for
Calabi-Yau sigma models. Indeed it does. Toroidal orbifolds corresponding to RCFT’s obviously
admit complex multiplication inherited from the fact that the underlying torus admits complex
multiplication (extending our discussion from the elliptic case — the simplest case being orbifolds
of the product of elliptic curves). Much more non-trivial are the Gepner points, corresponding to
Fermat polynomials. It is also known that these also do admit complex multiplication [38,39,40,10].
Below we show how this works for the quintic threefold with one complex moduli. This is already
impressive evidence for the criterion we have proposed for rationality.

We now wish to study how frequently one would encounter rational conformal theory in the
moduli of a given Calabi-Yau sigma model, assuming the criterion we have proposed holds. To get
a feel for this, consider Riemann surfaces. As discussed above we can identify with it an associated
Jacobian. However the moduli space of genus g curves is 3g — 3 complex dimensional whereas the
moduli space of the abelian varieties of dimension g has dimension g(g + 1)/2. Thus for g > 4 the
Riemann surfaces are not dense in moduli of the corresponding tori. The Schottky problem is to
identify which abelian varieties can arise for Riemann surfaces.

7 Clearly, the degree of this number field is bounded by min(2(h% (M) 4 1),2(h"* (M) + 1)).
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Similarly, one could ask which Riemann surfaces admit complex multiplication. Even though
there is a dense set of point in the moduli of complex structure of the tori admitting complex
multiplication this may not hold true for the measure zero subspace of it corresponding to those
coming from Riemann surfaces. Unlikely as this sounds, indeed there is evidence and a standing
mathematical conjecture by Coleman [41] (see also [42] for recent developments) that for suffi-
ciently large g there are only a finite number of Riemann surfaces admitting CM! Indeed a similar
conjecture exists for arbitrary varieties® and it is believed that the number of CM points are dense
only if the relevant moduli space itself is of the form G/H (i.e. a submoduli of the full toroidal
moduli defined by some linear algebraic constraint). In particular, in the case of complex tori (of
complex dimension n) and K3 surfaces this conjecture predicts dense set of CM/RCFT points.
Indeed, in both cases the moduli space turns out to be a coset space:

SO(2n,2n; Z)\SO(2n,2n)/SO(2n) x SO(2n) (7.6)

and
S0O(20,4; Z)\S0O(20,4)/S0O(20) x SO(4)

respectively. On the other hand, for the case of the one parameter family of quintic three-folds,
complex multiplication is conjectured to occur at most at finite number of points. It would be very
interesting to test this conjecture as it seems to be at odds with the common lore for RCFT’s.
This of course might be a blessing in disguise as it seems to point to the existence of some finite
number of interesting points on the moduli of Calabi-Yau compactifications. These may end up
being interesting points when the moduli of Calabi-Yau manifolds get frozen by some mechanism.

7.5. The Example of Fermat Quintic

Finally, a non-trivial test of our criterion can be obtained by considering a one-dimensional
family of quintic three-folds

5.5 .5 .5 .5
M: 2] 425 4+ 25 + 25 + 25 — dYz120232425 = 0.

At the Fermat point, ¥ = 0, the corresponding sigma-model becomes rational, namely it is the
(k = 3)° Gepner model. On the other hand, Calabi-Yau manifold M has complex multiplication at
1 =0 [10,38,39]. This is related to the fact that the automorphism group is bigger for the Fermat
quintic than for any other generic member in this family. Moreover, ¢/ = 0 is the only known
non-trivial CM-point in the whole moduli space of M. In this sense, there is the same amount of
physical and mathematical data on this question, which therefore provides at least one non-trivial
check of our proposal.

8 Mathematically, a basic version of this conjecture is known as André-Oort conjecture [36,37], and we
thank F. Oort and B. Mazur for explaining to us the general philosophy behind it. Roughly, André-Oort
conjecture says that in order for a (sub)family of algebraic varieties to contain a dense set of CM-points,
the corresponding moduli space has to be “Shimura (sub)variety”. For example, the moduli spaces of
elliptic curves and K3 surfaces are of this type, however the moduli space of a Calabi-Yau manifold in

general is not.
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In order to see explicitly that the Fermat quintic has sufficiently many holomorphic endomor-
phisms (and, therefore, admits complex multiplication) let us evaluate the period matrix (7.4) at
¥ = 0. In a particular basis of A and B cycles (7.3), the standard calculation gives [13,43]:

-1 _|_3
(e o)

a+ad —Q

where « is a (non-trivial) 5-th root of unity, a® = 1. Note, that « is a solution to the degree 4
polynomial with integer coefficients:

'+t + ¥+ +1=0.
It is straightforward to check that the matrix 7 satisfies the quadratic matrix equation of the

form (7.2):
TNT +TM —N'T — M =0,

(1 -1 (0 0 , (-1 0 , (-1 0
(o 7)) =Ga) v-(E0) (50 h)

The corresponding endomorphism is given by the matrix:
A— a—1 a+al
“\l4+a+a® —a* )

Notice, that elements of 7 and A take values in a degree 4 number field K, cf. (7.5):

where

K= Q(a)7

which can be obtained from the field of rational numbers, @, by adjoining the fifth root of unity.
Since in the present example h%1(M) = 1, this is in complete agreement with the general formula
for the degree, [K : Q] = 2(h*! +1).
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