LAGRANGIAN FORMALISM ON JET-GAUGE
AND JET-DIFFEOMORPHISM GROUPS:
TOWARDS A UNIFICATION OF GRAVITY
WITH INTERNAL GAUGE INTERACTIONS !

V. Aldaya > 2 and E. Sinchez-Sastre % 3

In this talk the description of gauge theories associated with internal symmetries is extended
to the case in which the symmetry group is the space-time translation group (recovering
Einstein’s theory) using the standard jet-bundle formalism. We also reformulate these theo-
ries introducing the idea of jet-gauge and jet-diffeomorphism groups. Finally, we attempt to
a simple, yet non-trivial, mixing of gravity and electromagnetism (or more general internal
interaction) by turning to gauge symmetry a central extension of the Poincaré group.

1 Introduction

The formulation of gravity as a gauge theory appeared for the first time in Utiyama’s works, following an
structural scheme analogous to that of internal symmetries which had been introduced by Yang-Mills, and
even earlier by Weyl in his attempts to unify electromagnetism and gravitation. After Utiyama’s work, there
have been many authors ([13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29], etc) who have
tried to describe gravitation in the framework of gauge interactions. Nevertheless, there is some ambiguity
about which external symmetry group is the correct one, i.e. Poincaré or just one of its subgroups. Another
difference with respect to the internal case is that when dealing with space-time groups it is necessary to
introduce new compensating fields k%, usually known as tetrads or vierbeins, that allow the definition of a
non-trivial metric g,, starting from the flat metric of Minkowski space-time 7,,,.

The traditional formulation of gauge theories is developped by means of the Lagrangian formalism on the
1-jet bundle J!(E) of a bundle E on the Minkowski space-time. It is also assumed as a starting point, the
hipothesis of invariance of the action associated with some matter fields under the rigid (global) symmetry
Lie group of the free theory. But this procedure would not have a full sense if we desired to study pure
radiation from the very begining, since we would not have any matter Lagrangian. Another problem of the
usual treatment of gauge theories is related to the interpretation of the gauge potentials as connections, which
as is well-known do not transform as a tensor.

In this paper we present gravitation as a consequence of gauging the space-time translation group 7'(4) with
very little deviation from the standard theory. It is worth noting that it is absolutly fair to consider non-trivial
translational potentials A¥ associated with the trivial action of the group 7'(4) on the fibre, though they are
redundant and the constraint k¥ = 0% 4 A" are required to maintain inaltered the total number of degrees
of freedom of the theory. But the relevance of recovering Einstein’s equations in the framework of the gauge
theory of T'(4) is fundamental from the viewpoint of generalizing the conceptual and structural formulation of
gauge gravitation theories. In this paper we also present a deep revision of the Minimal Coupling Principle,
where the interpretation of gauge fields as connections and the requirement of the matter Lagrangians are
removed. The main idea of this reformulation is the concept of “jet-diffeomorphism group” of a manifold
M, JY(Dif f(M)), with coordinates (£#,£#). In this way, the compensating fields (tetrads or vierbeins) k*
can be interpreted as k¥ = &Y, that is, the compensating fields k% can be considered as the 1-jets of the
diffeomorphims £* of Minkowski space-time. As a consequence, both indices of k¥ are space-time indices. We
would like also to remark that we are keeping the name “gauge” for the case of the translation group because
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the general structure of the theory is similar to the structure of gauge theories for internal symmetries. But
as was mentioned before, the additional compensating fields k¥ are related to the coordinates of the bundle
JY(Dif f(M)) and we should properly speak of diffeomorphisms of M.

The version for internal symmetries arises with the idea of “jet-gauge group”, G}(M) = J*(G(M)) with

coordinates (cpa,goz = A&b)), where we denote by G(M) the gauge (current or local) group. The gauge

potentials A,(f) are interpreted as the 1-jets of the Lie group parameters °, departing from the traditional
interpretation as connections. Moreover, in this framework the parameters of the Lie group (that is, the
functions used to gauge the rigid Lie algebra in the standard formalism) acquire dynamical content.

The paper is organized as follows: Section 2 is devoted to the formulation of the variational principles on
the jet bundle J!(F). In section 3 we revise the formulation of the gauge theory for internal symmetries and
show its corresponding decription in terms of jet-gauge groups. Section 4 is devoted to the gauge theory of
the space-time translation group 7'(4) and the Lagrangian formalism on J!(Diff(M)) in order to describe
gravity as a variational problem via the Modified Hamilton Principle on the bundle of the 1-jets of the 1-jets of
the group of diffeomorphisms of Minkowski space-time J*(J(Dif f(M))). In section 5, we show an approach
to the mixing between electromagnetism and gravity. Finally, we conclude in section 6 and incorporate an
appendix about the Lagrangian formalism on J!(J!(E)).

2 Lagrangian Formalism on the Jet Bundle J'(F)

Classical Field Theory is traditionally formulated on the 1-jet bundle J!(E) of a vector bundle E = M on
Minkowski space-time or any other space-time manifold (see e.g. [6, 44]). The sections of E, i.e. mappings
¢ from the base manifold M to the total space E such that m o ¢ = I}, constitute the fields, and the 1-jet
bundle generalizes to field theory the definition space for Lagrangians in ordinary Analytical Mechanics, that
is, T(R3) x R — R, where R is parametrized by the time ¢t and T'(R®) by (¢’, ¢%). We give the formal
construction of the jet bundle of a general bundle F, non-necessarily a vector bundle.

The four first greek letters (o, 3,7, 0) will denote spinorial indices of the matter fields and the rest of the
greek alphabet (e, ..., p, v, ..., 7,..w = 0,1,2,3) will be used to denote space-time indices. Let us consider a
bundle E, 7 : E — M, and name I'(E) the space of sections of E. We define the bundle of the 1-jets of I'(E)

. Jl(E)EM (1)

K
where the equivalence relation A is defined as follows:

= =z
(p,2) ~ (¢, ") = p(z) = ¢'(x) (2)
Oup(xz) = 0
V (g, ), (¢',2') € T(E) x M. The cartesian projection (¢, z) — x defines a natural projection n* : J1(E) —
M.
Locally, we can parametrize E by co-ordinates (z#, %) defined on 7=1(U), U C M. In fact, let us define
the following functions on I'(7~1(U)) x U:

" (p, ) = 9 (p())
en(pyx) = Oup®(p(x)). (3)

They are compatible with the equivalence relation A and, therefore, go to the quotient defining the corre-
sponding functions (%, ¢f).

The starting point of the geometric approach to the variational principles is the definition of the La-
grangian density as a real function £ : J'(E) — R on the bundle J*(E) of a vector bundle E. Lagrangians
depend locally on the arguments (z*, p®, @ﬁ), although usually, due to the Poincaré invariance, £ will not
depend explicitly on x*.

Let ¢ be a section of E. The I-jet extension (or prolongation) of ¢, j!(¢) = P, is the only section of
J'(E) such that j! is an injection of I'(E) into T'(J*(E)) and 6% |j1(4) = 0 where 6% are the structure
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1-forms defined on J'(E) by

0% = dp® — p,dx". (4)
Given an arbitrary vector field X on E, X € I'(T'(E)) = X(E),
0 0
X =X!——+X“ , 5
ot + Op® (5)

acting on the space-time and on the fibre, its 1-jet extension (or prolongation) through the injection j! is the
only vector field j1(X) = X on J(E) such that X projects on X, that is,

> =, O
X=X+X— 6
o (6)
and it is an infinitesimal contact transformation, i.e.
L6 =Cg6°, (7)
where L ¢ is the Lie derivative with respect to the vector field X, and Cg are constants.
This second condition implies that

) GRN ¢

CEZTPB—@MW’ (8)

- 0X“ oxXv D& oxv
X — A o B 9
12 am,u 801/ axﬂ + <8Q06 cpl/ agpﬁ > QO/L ( )
Given a Lagrangian density £, the Hamilton functional (the action ) S is the mapping from I'(E) to R
defined by
S:T(E)—> R

s@= [, LG, (10)

Vi € T(E), where w = da® A dz' Adx? A dz® is the volume 4-form on M and 7' w its pull-back to J'(E) (to
be denoted just w in the sequel).

The Ordinary Hamilton Principle states that the critical sections (trajectories) of the variational problem
are the solutions of

09X = [ Lelei @) =0,

where X is an arbitrary vector field on F.
As is well known, this principle leads to the usual Euler-Lagrange motion equations

e (02 o

o> dxt O

The variational calculus can by generalized through the Modified Hamilton Principle, which varies sections
of J1(E) rather than sections of E. To this end a modified Hamiltonian action S* : T'(J*(E)) — R is defined
as follows:

Ste') = / Orc, (12)
o1 (M)

where ©pc, the Poincaré-Cartan(-Hilbert) form is a n = dimM form which generalizes that of Mechanics,
g—;(dqi — ¢'dt) + Ldt = p;dq* — Hdt:

Opc = oL (dp™ — pdz”) N0, + Lw
O
oL oL
= dp® N6 e _ L
O g (3 o ) “
= 7whdp® N0, —Hw, (13)



where 0,, = ia%w. In the regularity case, i.e. det(%) # 0, #H is the covariant Hamiltonian and 7# the
x I v
n covariant momenta.
The Modified Hamilton Principle stablishes that the physical trajectories are those sections of J1(E),

points in T'(J*(E)), where the derivative of the action (12) is zero:

(68') 1 (XV)

/ Lx1©pc =0, VX'ec X(JYE))
e (M)
= iX1d9pc|¢1 =0. (14)

Equations (14) generalize the Euler-Lagrange ones (11) and, in the case of regularity, reproduce them
and provide the covariant Hamilton equations[44]:
OH  0p° oM ok

8771'& - 81’“ ) 84)0& = —W . (15)

3 Gauge Theory of Internal Symmetries and Jet-Gauge Groups
Let us consider a matter Lagrangian density

Linart (¢, ‘Pﬁ) (16)
and the corresponding action

S = /Ematt w. (17)
Let us assume that S is invariant under a global (or rigid) Lie group of internal symmetry G, i.e.,
Lz, (Lmarr w) =0 (18)
where X(a) = jl(X(a)) is the jet extension of the generator

0
_ B
X = X9 550 (19)
of G (whose components on 687 have been suppresed since we have supposed that G does not act on the
base manifold M) satisfying the commutation relations

(X)X = X(@0) X)) = CaX(s-

We use the labels (a), (b),... to denote group indices. Needless to say that the term LLgw = 0 since
div(X) =0.

According to the general expression for the jet extension and the assumption of the internal action of G,
the invariance of the action under the rigid group G may be written simply as:

B 8L:matt

[e% o o7 a‘cma [e% o
8Y "gga (0%, %) + X500 L™, 02) =0. (20)

(a)8¥Pu g "

X(a)‘cmatt(@av QO,O,:) = X(o;,)

Now we wish to study the invariance of the action under the (“current”, “local” or) gauge group G(M).
The corresponding Lie algebra is the following tensor product:

FIM) @G ={fYXw}, (21)

where F (M) is the multiplicative algebra of real analytic functions on M, and G is the Lie algebra of the Lie
group G. Now the jet extension of the generators of this new algebra takes the form:

ﬁaf(a) b
dxr ) dps

0
DX, = f@xe
FO Xy = F9XGs9" 5

+ <f @ X0 + X{ya® (22)
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We see that the jet extension of a generator in (21) is no longer a tensor product but, rather, it acquires

extra terms: @
___ _ af@ 9
@ X gy = F D Xgy + X&) 50° 2——.
P X @) = X @) + Xayp¥” 5 Bt

(23)

Therefore,

f(a)X(a)»Cmatt 7£ 0

and, in order to restore the invariance, we have to introduce new compensating fields (usually known as
Yang-Mills fields) A,(f) with the following transformation law under G(M):

of(@
_ a) __ b a c
Xy = 0L = fOCLAP + 2, (24)
where C}. are the structure constants of the Lie algebra G.
Then, we must consider the generators acting also on the new fields Aff):
0 af(@ 0
(a) — fl@)ya B (0) ra A(c)

f X(a) = f X(a)ﬁgo nga + <f CbCA;L + 6(1;:“’ 8A(a) . (25)

m

Now the situation is as follows: we have introduced new fields Aff)

to modify the behaviour of the original
Lagrangian of matter so that we have to find, on the one hand the expression for the new Lagrangian Ematt
containing the matter fields and their interaction with the new compensating fields Afla) and, on the other,
the free Lagrangian £y corresponding to the new fields, which should depend on the new fields variables and

their first derivatives, i.e. A,(f), A,(,ag Let us establish the required process under the aspect of a two-parts
theorem to be referred to as Utiyama’s Theorem (as suggested in mathematical literature) without aiming
at a too formal presentation. Proofs of theorems will be presented elsewhere.

Theorem 1.A (The Minimal Coupling): The new Lagrangian describing the matter fields as well as

their interaction with the new compensating fields A,(,a),
Lonatt (9%, 05, AY) = Linare (%, 05 — ADXE 50°), (26)

is invariant under the current group G(M) in the sense that

f(a) X(a)Ematt ((pa, (pz‘, Al(ja)) =0. (27)

Thus, as Corollary 1.A, we conclude that the matter fields interact only with the new compensating
fields and not with their derivatives and the actual interaction term appears in the Lagrangian through the
combination

o = o — A X(ope” (28)

usually known as covariant derivative of the matter fields (on this respect, see the end of this subsection).
The introduction of the new compensating fields naturally leads to considering a new action accounting
also for the dynamics of these new fields with Lagrange density Lo:

S = / (Lomatiw + Low). (29)

Since we have already seen that [ Ematt w is invariant under G(M), imposing the invariance of S’ requires
the invariance of [ Lo w itself. That is, the free Lagrangian Lo, containing the new compensating fields
and their first derivatives, must be invariant under the current group G(M):

f(a) X(a)L:O (Aff)v A(bc)u') =0. (30)

V7

In the proof of the following “theorem” we solve this system and obtain the structure of L.

111



Theorem 1.B (Structure of the free Lagrangian Lj): The necessary condition for Ly to be invariant

under the current group G(M) is that Ly depends on the fields A,(f) and their “derivatives” A,(f,), only through
the specific combination:

F,Sff) _ Al(ia A(a) C (A(b)A(c) Al(/b)A;(f))a (31)
i.€e. -
F@OXq) Lo(AD, AD)) = 0= Lo = Lo(F7)) - (32)

The expression (31) is traditionally called “curvature” of the “connection” Aff) (see again the end of this
subsection).

It should be remarked that the actual dependence of Ly on the tensor F' is not fixed and must be chosen
with the help of extra criteria, for example the invariance under the rigid Poincaré group. In particular, to
account for the standard Yang-Mills equations the Lagrangian must be of the form

dimG
Lo~ Z FQF@poepey. (33)

For space-time symmetries the ambiguity in the specific dependence of £y will be patent.
Euler-Lagrange equations

Let us consider the Lagrangian density Li,; = Zmatt + Lo, where Zmatt(goo‘, s A,(,a)) = Lonart (9%, on -
A,(f)X &) ﬂgoﬁ ). Then, the equations of motion are given by:

d aﬁrn,att ) aAcmaift B a‘cmatt
- - +XP Al =0 34
dxH ( &pg &pa (a)a™ " 8905 ( )
d (9[,0 (d) Y~0 8[»0 1 a gaﬁmatt _
yho (agﬁ?) + b AC or " 5Kt ga = 0. (35)

Remark: To finish the section corresponding to internal symmetries, we would like to note that, on sections,
F{2) = 9,A(" — 9, Al — %(AEL”)AS,C) — AP AD). (36)
Introducing the notation (spin connection)
= AP,
and taking into account the commutation relations
(X)X (@) = X@Xw)5 = Ca Xy

)

a .
the tensor F| ﬁy can be turned into a curvature tensor:

« a 1 a b c a b c a
R,uyﬁ = F( )X(a),ﬁ = 3uFu5 - 5‘1,1’#5 - *Cbc(A( )Al(/ )(X(a))ﬁ - Az(/ )AEL)(X(a))a)

Accordingly, the Minimal Coupling prescription can be easily reformulated by saying that the matter La-
grangian incorporating the interaction terms is obtained from the original one by replacing all derivatives of
the matter fields with covariant derivatives, and that the Lagrangian for the connections must be a function
of the curvature.

Now we would like to present a conceptual and structural revision of the standard formulation of gauge
theories, in such a way that the gauge group acquires dynamical character, and associated natural structures,
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which substitute the well-known spin connections, appear as physical fields (and these are tensorial objects)
irrespective of the existence of fermionic matter.

Let G be a Lie group of internal symmetry, G(M) the gauge group (also named current group), whose
elements are the mappings from Minskowski space-time M into G (thus G(M) may be viewed as the set
of sections of a principal bundle with structural group G). Let {z*} be a coordinate system on the base
manifold M and {¢*} the corresponding coordinate system on the fibre G. Let’s introduce the bundle of the
1-jets of the gauge group G(M):

JHG(M)).

The formal definition of J'(G(M)) is given through the relation of equivalence ~! in the following way:
JHG(M)) = G(M) x M/ ~'

such that
(@,m) ~* (@', m)

for all (®,m),(®’,m’') belonging to G(M) x M, if and only if

1)
2)

B(m) = ®'(m)
3)

9,®(m) = 9,9'(m).

This definition may easily be extended to the order r.
A coordinate system for J1(G(M)) would be

{xua Qoaa 905}7

where ¢f is not necessarily the derivative of any section ¢®(z). In order to introduce “derivatives” of the
fields in the theory, we introduce the bundle of the 1-jets of the 1-jets of the gauge group

JHIHG(M))),

defined in an analogous way as J!(G(M)) (see the Appendix).
A suitable coordinate system for J!(J(G(M))) is, according to the appendinx devoted to the Lagrangian
formalisn on J!(J1(E)),
{=#, 0%, ©0 0%, €h .}

According to the more usual field theory notation we have replaced the coordinates y and z of the appendix
by ¢* and .

Once we have a certain coodinates system we can construct Lagrangian densities defined on J!(J!(G(M)))
and now we will explicitly proceed to study the abelian and non-abelian internal cases.

3.1 Abelian internal gauge interaction

The associated Lie group is U(1) and the coordinates that we will use {¢, ¢,.; @ ., ¢, }. Due to the invariance
under Poincaré group the Lagrangian will not explicitly depend on z*. The more general scalar Lagrangian
on JH(JY(U(1)(M))) is given by the following combination with coefficients that will be determined later:

Ll = aduud™” + b, " F + cph oY, + edd, + foud" + g . d"
+heudt + jod .

Now we write the motion equations derived from the Modified Hamilton Principle:

a9 (LM [ 86 o (LM (06, -
ur: For (8%) <8x B ¢’“> 96, <8¢w> (W B ¢"’“> =0
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vo o_ UV v o a¢l/
(an n“p+lm“77p+M7“n”)< ¢uu)0

L:l 1 i bl El’l 8¢y —0
96, (am) (a ) 96, (aqﬁu,H) (ax“ ‘”“) -

(6¢ 7u>_0:>¢u— u®

0 g () 5+ 5 (s (o %)
a5 () (a5 —0e) =0
—2a0,,¢"" — 2b0,,¢"" — 2en'” 0,07, — en 0u¢ + 2f¢" + he” + ' (0 — ¢,,) =0
se e (53,) + 5+ 35 (s,) (7 —22)
56 (3 (32 o) =
—290,9" — ho,¢" + egt, + en"” (Oudy — du) +2j¢ =0 .
Making the following choice of coefficients:

2 =1

2f = —m?
2b=-1

00,5 :

Q@ o >
Il
v~ S o

2j = —M?
we arrive at the following equations:

6¢a,p : ‘bu,v - ¢u,;¢ = au¢p - au¢z/
6¢7U : ¢7M = u¢
8y i —0u@"H + 0upt” —mPP” =0 = 0,(8¢" — 9"¢") —m?¢¥ =0

= [N (0,07 +m?) — 0,0,]¢" =0,
where we have used the two previous equations. This equation contains two variants: Maxwell equations
(m = 0, the electromagnetic field being A* = ¢*) and Proca equations (m # 0). If m? # 0 then, deriving

with respect z¥ the last equation,

Nuw (0507 + m?)9” ¢p* — 0507 0,¢" =0
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we get the transversality condition
ouot = 0.
And finally,
6 0,0Mp+ M?*¢p=0.
This is the Klein-Gordon equation for the scalar field ¢. The role of these extra fields is quite analogous to

that of the Goldstone bosons which appear in the Spontaneous Symmetry Breaking mechanism.
With the additional choice h = e = 0, the Lagrangian [Z‘lq’;el takes the form

2 1 M2
Lot = *<¢u,u¢“’” — Bua ) = TS0 + SP b — - 00.

3.2 Non-abelian internal gauge interaction

ll

The coordinate system in this case is denoted by (¢¢, In analogy to the previous case, let us

)-
,u, v
consider the following Lagrangian on J1(J(G(M))):

1, ,
Lom—aver = Liiper + 0CGIL05 01" + BCE.Cac adh 850 ¢

where
2 2
1,1 o v ¢ v m* 1, .
Ll = 50h. 08" — 6L0) = bt + 5000 — 0,

and CY.. are the structure constants. Using the Modified Hamilton Principle the motion equations read:
oio: g, (o) (=) g, (g, ) (3o o) =0
v o6 , 8¢?ﬂ OzH 0P , oLy u OzH T
ayqsz u¢a _ 4a z’u
1,1 b 1,1 b
5ot 0 L 99” n 0 L op;, b ) —o
' 092, \ 0¢Y, OxH i o¢, \ 0¢Y , Ozt i
" Sab(Ou8” — 7,) = 0 = 96" = ¢,
d [,1’1 8,61’1 o [:1’1 o b
05+~ (=) * oo * 50 (o) (e~ %)
T D5 b5 ANCL z
1,1 b
SO (LMY (00
¢ \ 09}, ,, oxH e

L0 + 00 — aCl1e,aBu($TGN) — MY + Ch 207765 + 550 L) + 4BCY,Cue g 950™ 6

FOLa( ™ W5+ 8 T SOl — 8h) =0

Using the equation 0, — 0,9y = &}, it follows

1/;1,’

Cicawfbn%wsz + 8™ NI (D0 — ¢%,) =0

and, therefore, the third motion equation reads:

115



—0u0" G + 0,0t — 2% — ACue, O 6) + ACh ("6 — 0 84)05, + ABCH.Cue g 85,0677 = 0.
Making the choice of coefficients: a« = —1 and 483 = 1, we obtain

0,01+ 00" — G, + CacaD (6 67) — Cho(D" 6, — 09} + O3 Cue g #5067 = .
Taking m = 0, this equation is the Yang-Mills motion equation, if we identify A,(f) = ¢,, as the gauge

fields.
Finally,

. d (LY oLttt 9 (LYY (a¢b
s~z (o) * 7 * 5 (5ar,) (705~ )
0 £t 3(;5?, b
Toge (Mau) (W ) ¢) -0

00" " + M*¢* =0 .

This is the Klein-Gordon equation for the scalar fields ¢®.

4 Gauge Theory of the Space-Time Translation Group 7'(4) and
Jet-Diffeomorphism Groups

Let us consider the matter action

S = /‘Cmatt(gpazwg)d‘lx ) (38)

04—390@

where ¢y, = 557 on jet sections.

The general form of a generator of an arbitrary Lie algebra G (of a Lie group G) is:

0 0
X=Xt—+X° 39
aor X ppe (39)
and its jet extension:
—a O
X=X+X,— 40
R (40)
where
—a 0X¢ X oxv o0X¥
X =4 P - AR 41
B Qxm + 0P P ((’“)x# + AP <p”) Y (41)

The invariance condition of the action under the Lie group G implies the following invariance condition for
the Lagrangian density:

XL o) + L(p%,05)0, X =0 . (42)

Let us take G = T'(4), the space-time translation group. The generators of the translation group are given by
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0
_xyu 9
X(@) = X0y gpn (43)
X E“; y =05, (44)
where (a) = (v) is the group index.
The rigid (global) translational invariance condition reads
9L =0, (45)

that is, the Lagrangian density does not depend explicitly on x.
From the algebra point of view, making the parameters of the group depend on x is equivalent to multiply
the generators by arbitrary functions of x :

0 0
gauge _ Y p = fH(p)——
X XH(z) B = f (x)(‘?x# (46)
~-gauge 8 8
X909 _ _ v fe! . 4

The invariance is broken and in order to restore it we introduce the compensating fields k}, (and their inverse
qb: k;gh = oY), whose transformation law under the local T'(4) is given by:

af(x
sz = 0k, =k, gmgf ) (48)
We must consider the generators also acting on the new compensating fields:
0 0
dgauge — fu o (v) 4
=5gauge =104 8 ~ a
XN = pgavge L XU 4 K pw 50
+ 'anDﬁf + kY o 8]6570 P ( )
where
X, = ¢ 0uf" (x) (51)
- _ OXpe  OXyn y N
Xy = pye + o%r k), — 0o XPkE ) = k050, f" () + k¢ ;00 f1* — KL ,00 f* (). (52)

Note that the expression of Yk:; _ arises from the general expresion of Yj

Theorem 2.A (The Minimal Coupling): The new Lagrangian describing the matter fields as well as
their interaction with the compensating fields k};

~

Lmatt(‘Paa @Z‘a kZ) = Ematt (@a7 kz(pzof) (53)



is invariant under the gauge group in the sense that

—5gauge >

X Lmatt (@a, Qaga kZ) = 0 . (54)

Theorem 2.B (The matter action): The new action describing the matter fields as well as their interaction
with the compensating fields &,

~

Smatt - /Afmatt(ﬂoav QOg, kZ)d4£l7 (55)

is invariant under the local T'(4), where

A = det(q,,) - (56)
Theorem 3.A (The Lagrangian £, for the compensating fields): The necessary condition for Ly to

be invariant under the local T'(4) is that Lo depends on the fields k), and their “derivatives” k}, , only through
the specific combination:

Ty, = q (kD gkt — kI gky) - (57)

Theorem 3.B (The action for the compensating fields): The new action describing the compensating
fields k7,
n

So = / Lo(K: kt ) = / ALo(TY,)d*z (58)
is invariant under the local T'(4) .

Conclusion:
Starting with an invariant action under the rigid 7'(4)

S = /ﬁmatt(ga"‘,gofj)d% (59)

we have proved that the new action

5= / E(o™, ol K KE ' (60)

is invariant under the local T'(4), where

L(¢™, 0%, kb k2 ) = Lonate (9%, 05, k2 + Lo(K2, kL) (61)

with
Lonatt (9%, 0%, k) = Alrmar (9%, kLS | (62)
Lo(k kb ) = AL(TL) | (63)
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A = det(q;,) - (64)

Remark: We can introduce in the theory gauge fields A,(,” ) associated with the action of the translations
generators on the fibre. Nevertheless the matter fields components are inaltered under 7'(4) and we can
impose the constraint k# = 6% + A¥, so that the total number of degrees of freedom does not change.
Geometrical interpretation:

Using the compensating fields k;; we can construct the metric tensor

Juv = 44495 Moo (65)

with Levi-Civita connection

1

=977 (0ugpv + Ovgpp — OpGpuv) (66)

o(L-C) —
rof >:2

and the curvature tensor of this connection

Ry = 9,17 — 9,7~ 4 T2l — el

L=Opdl=0) (67)

We can decompose the Levi-Civita connection in two parts:

o(L-C) _ po _ o
F;w = F;w KW, , (68)
where
Zl/ = kng,y - 7qﬁkg,u (69)

is not a Levi-Civita connection but a Cartan connection. The other term is known as contortion and is given
by

o — 1 o o o
Kuuzi(nu—’—nu_nu) (70)
with
To =k aasTh =17, —T7,. (71)

7,7, can be interpreted as the torsion of the connection I',,.

Now we can see that the Hilbert-Einstein Lagrangian density, which depends on the scalar curvature of the
Levi-Civita connection, is equivalent to a certain choice of Lagrangian 55(4) of the compensating fields kj; in
the gauge theory of the translation group:

L titbert—Finstein = ART ™) = AngRf,fl%_C) = Aﬁg(4) + divergence , (72)
where
ﬁT(4) — TH TP 1 ev, of _’_1 0, ve, o 0,0, ve (73)
0 T TvoTeld 477 " Nup 277;177 ﬂp 77#77,;77 ’
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which turns out to be the Lagrangian of the teleparallel description of gravity. Therefore we finally regain
Einstein equations:

_ 1 _
RGO = 29w BP9 =0 (74)

Now we would like to present the corresponding jet-diffeomorphism formalism. We are allowed to define
the bundle of the 1-jets of the group of diffeomorphisms

Diff(M) x M

JHDif f(M)) = T ; (75)

~

where the equivalence relation is defined as follows:
1) m=m',

2) &(m)=¢"(m),
3) 0,8 (m) =0, (m),

V(&*,m), (&, m') e Dif f(M) x M.

A coordinate system for JY(Dif f(M)) is {&€*,£}. Note that, as usual in jet theory, £# parametrize trans-
formations in the tangent bundle of the base manifold M, T(M), which are not the derivative of the dif-
feomorphism &* of M, except for jet extensions. The quantization of gravity requires the elimination of the
diffeomorphims constraints, so this parametrization will be very relevant at quantizing because the jets £/ are
not simple changes of coordinates, i.e., they are not “gauge” in the strict sense of leaving the solution manifold
invariant pointwise. At this point we would like to remark that the structure just defined, J(Dif f(M)), can
be identified with the frame bundle with the Minkowski space-time as base manifold. The general definition
of the frame bundle with an arbitrary n-dimensional base manifold M is given by the following total bundle
space

F(M) ={(m,a1,az2,....,a,)/m € M, (a1,az,...,a,) basisof T, (M)} , (76)

where T,,,(M) is the tangent space of M in the point m.

Note that the structure group of this bundle is the linear general group GL(n). This fact is the reason to
take into account the gauge theory of this group among the possible gauge theories for gravity, as can be
seen in the literature.

It is also worth noting that given a group, the 1-jets of this group also has group structure in general.

In order to allow in the theory the presence of the derivatives of the previous coordinates {&#, £}, we define
the bundle of the 1-jets of the 1-jets of the group of diffeomorphisms

JHTN(Dif f(M))),

with associated coordinate system
{€", 605806, 80 ) (77)

v

introduced in the gauge theory of the space-time translation group in the previous section, may be now
viewed as the jets of the diffeomorphisms of Minkowski space-time £*:

where in general £, # 0,§" and &, # 0,€/. In this framework the compensating fields kf, which were

& =kb.

v

Then the Minkowski metric 7,, can be transformed with £# = k¥ and a metric g,,,, can be defined and thanks
to the fact that the gauge theory of the translation group yields Einstein’s theory, the same result follows in
this construction.
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5 Mixing of Electromagnetism and Gravity

The simplest procedure to approach the non-trivial mixing between electromagnetism and gravity is to
consider the central extension of Poincaré group as a rigid symmetry, P, by the group U(1):

G=PRU1)=P. (78)

Then the commutator of boosts and translations is modified in such a form that
i i (1 -
[K*, Pj] = &5 c—2Po +=2], (79)

where E is the generator of U(1). The group index (a) now runs over {(u) translations, (vo) Lorentz, (elec)

U(1)}. As a report on central extensions of Lie groups with trivial cohomology, i.e. pseudo-extensions, and

the role that they play in representation theory, we refer the reader to Ref. [50] and references there in.
According to [40] the Lagrangian for the free compensating fields should be a general function of the form

Ly = EO(]:;S;‘/)v ]:,SZp)v ]:P(Leylec))’ (80)
where the presence of the mixing constant

Cplee = _”(npu(sg - ﬂo;ﬁg) (81)

Hop =

in the electromagnetic field strength, due to the central pseudo-extension, is to be remarked, x being the
coupling constant of the mixing.
Let us suppose that the Lagrangian for the free compensating fields has the form:

1
Lo = SA(FLIFEm 1 F), (82)

where Flelonr = Fé;le)n”“n”” , and write the curvatures of the compensating fields in the following way:
F@ = kSkEF

where

a) — a a 1’\(7 b c b c
FI2) = A - ) + SOE (a0 AP — 4P AP,

ALa) = qZAz(/a) ]

Here, (a) runs over the entire group P and 6\;}; denotes its structure constants including the mixing constant
(81). Explicitly:

€ _ € € €d o €l o
F,S,f’) — AL,pu) _ A,(J,Z) _ ,790(14& )Al(, P _ A,(j )AL p))7
1
ele _ ele € ele € 0 € [
P = A~ Al ~ Lot (a0 a0 — a0 a0,

with AS? = ¢/ AS? and AYY = g5 AY) = g (kS — 65) = 65 — g5
We have not considered F| ﬁi), corresponding to the subgroup of translations, because the Lorentz curva-

ture is enough to describe pure gravity in vacuum.
The Euler-Lagrange motion equations read:

oLo  d [ or
W o g \ga0m | =0 = (83)
GA# T 6Ap,,a
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Celey ALV Flm 4 BhTh — KETE + KETY + (kiky — ki k) AY, — (kiky + ki) AL, =0,

where
F(ele)uu _ Fsile)gpugku’
g7 = KR
A(I)L = ﬁupAS;”p) )
Ty = ap(ké kg — kg k0) 5
0Ly d 0Ly
(2): (cle)  dxo (cle) | = 0 = (84)
DAL DALk
dd (AF(ele),uo) =0;
o
0Ly d 0Ly
(3) 8kll’j _d:pff<8k{,‘0> =0 = (85)
vo 1 v (UA) v
Fro) — SO =T
where
7;1/ = Eu(mzz) + Ey(ele) )
The tensor

nu(ele) = _Fa(ele)uFlEele)a + %6ZF£§le)F(ele)a)\

defines the energy-momentum tensor corresponding to the electromagnetic field (with Flelew g’\”FS\le)),
and

; 1
T = 2570l g FeIe A0
is a direct consequence of the mixing, and it is quite particular, since in the absence of matter and considering
the mixture between electromagnetism and gravity, we would have a non-trivial energy-momentum tensor.

Equation (83) gives the form of the Lorentz potentials in terms of ky, g5 and their derivatives. Note that
for the gauge theory of Poincaré group in vacuum the Euler-Lagrange equation for the Lorentz potentials
reads: ( (

knge — kngp + ké‘Tepp + (kb kg — kg‘k:Z)AESJV — (klE, + kﬁké’)Ag’;y =0,

whose solution is given in equation (107). In [13] the Lorentz potentials, in the case in which the existence of
matter is also considered, are explicitly written (under some assumptions) in terms of the tetrad fields and
their derivatives, and using similar steps one could obtain the explicit form of AS,” ") to the first order in K,
but for the moment we shall not use this explicit result.

Equation (84) can be rewritten in the form of Maxwell equations in a gravitational field, but containing
an electromagnetic current J*(™i*) made of gravitational potentials:
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By g (AL — AL = g,
with
, 1
JHmin) =~ Cels 0, (g g (AP AL — AW ALE)]

Note that if we do not consider the mixing between electromagnetism and gravity, the previous motion
equations reduce to those of the case of gauging Poincaré group in vacuum.

In order to study the solution of the equations with mixture a good aproximation will be working at first
order in the mixing coupling constant  since it is expected that its value is about 1078 times the electron
mass [41].

The form of these equations is rather complicated, so that we shall restrict our attention here to the
equation for the electromagnetic field:

Dy (AFEeIRTy — ¢ |
Let us write the electromagnetic field of the theory with mixture to the first order in x:
ele) __ ele)0 ele)l
A1) = A0 4 g Aletelt

and, for simplicity, the rest of the compensating fields will be considered to zero order in k.
Order by order in «, the electromagnetic motion equation leads to:

Zero order:
B, [Ag" g7 (ALY — AL =0, (86)

which shows that A,(fle)o is the usual electromagnetic potential in the presence of a gravitational field, without
mixing.

First order:
1

€ o ele ele ele v, v
0o {Ag" g™ (ALY — A — DMl (AP AT — AGAO)} =0, (87)
1
ele _— ele
MP#’& = 7ECp7UE'

Here the Lorentz potentials AS,” ") coincide with the Lorentz potentials of the case of gauging the Poincaré
1

: Poinc. __ 1 o : : :
group in vacuum, .A(Jp)ﬂ = 5Tuop + 5(Topp — Thou) , since we are working to the first order in .

Note that a simple “mathematical” solution for A,(ﬁff)l would be

ele 1 ele € o j [
A = Laret, a0 400 — 5, AP 499 — 40 AP, 9
where the last equality follows from the antisymmetry of the Lorentz potentials Af,“ V) = —AS,V“ ), and the latin

index runs from 1 to 3. Just having a look at this result, we conclude that the electromagnetic field of the
mixture theory between electromagnetism and gravity in the context of gauging the central (pseudo-)extension
of Poincaré group by U(1), contains an additional contribution made of pure gravitational potentials and this
could be the origin of some electromagnetic force associated with (very massive) rotating systems, as A&Oi)
is somehow associated with “Coriolis-like forces”.
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5.1 Particle in the presence of the mixed electromagnetic and gravitational fields

Now we would like to consider some situations of physical interest in order to proceed further in the under-
standing and consequences of the mixing between electromagnetism and gravity. A natural example is the
“geodesic” motion.
We shall apply the Minimal Coupling Prescription (developped in the previous sections) to the Lagrangian
dx,

of a particle of mass m, momentum p, (= mu, = m=3*) and charge e:

1
Lonatt = %pupun“"~ (89)
Now we have to replace p, by &, (P feA,(fle)). Note that we are assuming that the particle does not have spin,
that is why the term associated with the Lorentz subgroup does not contribute to the “covariant derivative”.
The modified Lagrangian reads:

~ 1

1
Lomat Kt (p — €Ak (p, — e AL )T = — g (p, — e AL (p, — eAl?)) =

2m 2m

%uuuygﬂu o eup,A(ele)ugwj + %A(ele)p,A(ele)ngj ,
although in what follows we shall neglect the misleading term %A(ele)“A(ele)”gW, which, by the way, does
not appear when working directly with the Poincaré-Cartan form instead of with the Lagrangian.

We also consider the Lagrangian for the free compensating fields Eo(f,gi),f,gf,e),f,gf,le)) and the action
S = fﬁTotd4x with Lpor = Limars + Aﬁo(f,gf,), .7-';(;,9), f;(tile)), invariant under the local group ’ﬁ(M)

As regards the interaction between a particle and a field, in general, it is required to distinguish between
the coordinates y? where the fields are evaluated and the coordinates x¢ for the particle. In L£,,44+ the fields
are evaluated at the position of the particle, where the interaction occurs, but in Lg the fields are evaluated
at y°.

Let us write the Euler-Lagrange motion equations:

The equation for the particle,

8['Tot d <8£‘Tot> -0 — 62matt d (aEmatt) _ 07

0x° dr \ Ou° 0x° dr ou’
results in
dut 1 e
Gpo—— = WU (= Ouguo + 500 G) — —u (O, A — 0, AT')) . (90)

—C)e

Note that the Levi-Civita connection I‘,(ﬁ, associated with the metric g, is defined as usual, that is:

- € 1 €0
Fiﬁj e = 59 (augua + &lgua - aag;w) )
and
_ _O)e 1
Ffﬁz,eC) = Ffﬁz © Geo = 5(8MQV0 + augua - 699;w) .
On the other hand,

uuuy(_ayg/‘a + 58‘79!“’) = _iuuuy(a,u«guo’ + augp,a) + gu“u”&,gw = _uHuVF(L—C)'

uv,o
Then, we arrive at:

dut
o gy = WIS — D (0, AL - 0,4(1). (1)
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The last equation would be the usual motion equation for a particle in the presence of both gravitational
and electromagnetic fields, although the difference manisfests itself in that the fields satisfy motion equations
with mixing terms.

Decomposing the electromagnetic field to the first order in x,

AELele) — Aftele)o + HAELEIE)I ,

the motion equation for the particle reads:

dut* L-C € le)0 le)0 ke l l
Guo =g = *“HUITEW,U ) - EU”(&TAELE 0 BuAff g ) — Eu“(&,Aff N - auAc(re 8)1) ‘ (92)
This equation is compatible with that obtained in Ref.[41] by group-theoretical methods, although, there,
the results were given up to a lower order in the group law, making the exact identification of terms by no
means direct. Putting the approximate solution (88) into (92), the general comments after (88) do apply
here.
As far as the field equations are concerned, and assuming that the Lagrangian density for the free
compensating fields has the form ALy ~ A(J-‘,Sile)f (ele)uv ]—'P(/;V)), the motion equations for the fields are
similar to those of the previous section except for additional terms due to the presence of the particle:

o,el

2) O, (AF(ClOrTy — eyt |

ele o ele)uv v v v v
1) CYAD R o phTh — KLTE, + KETY, + (Kiky — kky A, — (kiKY + KEE)AY, =0,

vo 1 v 2 v
3) F{v) - §5chg>\ ) = w(Tot)

with
:(Tot) = Ey(mzx) + ny(ele) + ny(matt)

defining the total energy-momentum tensor, where

v(miz aEmatt
T =k kD

1
Tu ele ele)v ele)o v (ele) ele)o A

1
Tt = L gy AL

Similar comments to those made for equations (83), (84) and (85) also apply here.

Finally, we consider these equations to the first order in k. In equation 1), the electromagnetic tensor

is already accompanied by the constant C’((Teég), which is proportional to k, so that we must replace F(€le)nv

with the unmixed electromagnetic tensor in order to obtain an equation for the Lorentz potential to first
order in k.
With respect to equation 2) we have:

Zero order:
OalAg"“g™ (AL — AF)) = ew (93)
AELele)O

is the usual electromagnetic field without mixing.

First order:

€ o el le 1 ele v v
On {Aghg? (AL — AL = SME(AL AT — AP AL} =, (94)

As in equation (87), up to first order in &, the Lorentz potentials coincide with the Lorentz potentials of
the gauge theory of Poincaré group in vacuum.
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6 Outlook

The possibility of formulating the Lagrangian version of the already proposed revision of the Higgs-Kibble
mechanism, in a group approach to the quantization of Yang-Mills theories [45], to provide mass to the
massive vector bosons, using only the group parameters without extra fields, is also expected to be carried
out in the near future.

Related to the unification between gravity and the internal gauge interactions it is also known that a semidirect
action of the group of diffeomorphisms on the gauge group

Diff(M) ®° G(M)

exists and that given a gauge group G(M) it is possible to find a formal group composition law for G(M).
Therefore we can also find a group composition law for that semidirect product of groups, what implies a
non-trivial mixture between gravity and the internal interactions. This new mixing just proposed here is
quite different from the one described in this work and deserves further study.

Appendix. Lagrangian Formalism on J'(J!(E))

The space J!(J!(E)) is the bundle of the 1-jets associated with the fibre space (J!(E), M, n!). The coordinate
system for J*(J*(E)) will be defined by

(", y"yns 25, 20 ) - (95)

A Lagrangian density of type £! is an application of JYJY(E)) on R.
The 1-jet prolongation of ¢!, jl(p!) = ¢! is the only section of (J!(J'(E)), M,n) such that j! is an
injection of I'(J!(E)) into T'(J*(J(E))) and

0115 =0 (96)
0, % =0, (97)
where the structure forms 64! are now
ob = dy® — 25, da” (98)
0, =dy — 27 da” . (99)

The jet extension (prolongation) condition requires

25, = 0y y” (100)

WV

Zp, = Oy - (101)
Given a vector field on JY(E), X! € T(T(J(E))), its 1-jet extension (or prolongation) through the

injection ;' is the only field j'(X!) = X! such that it is an infinitesimal contact transformation, i.e.,

Ly 091 = A7 + AT 001 (102)
Ly Ot = A% 0010 4+ AS0L10 (103)

where the 1-jet extension of X! is determined from the general form of X1,

0 0 0 0 0
Xbl—xr — 4 X~ 4 X 4 XY —— 4 X 104
695# + aya + M 6yﬁ + K 62,3; + 12214 azﬁ,l/ ( )

Hence
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o OX L OX©

5= B8 — 25 By (105)
. 0xX« 0X°
Qo e o4
wB oyB Ao oy (106)
. oxX« 0X°
A%’” = 5~ z5 3 (107)
’ oy © Oyy
. X 0X°
a.,v _ Mo Zaa 108
;B 8y5 s ayf ( )
and the components X"i‘“ Xl‘,’" . read:
- ox“ 0X° . .
— _ @ B a;o 3
X5 = e 25 S + Alga, + AR 2, (109)
- oXe 0X° . .
— v o B a0 B3
Xg,u T 9k - Zﬁa Ot + AV;,@Z,M + Ausﬁzd,u : (110)

Given a Lagrangian density £1!, the Hamilton functional S''! is the application of I'(J!(E)) on R defined
by

S () = / LY () (111)
() (M)

Vol € T(JYE)).
The Hamilton Principle states that the trajectories of the variational problem are the solutions of

[ Ll e =0 (112)
Jt(eh) (M)

VX! e (T (JHE))).
This principle leads to a set of Euler-Lagrange equations of the form

oLt 4 (oL
- = 11
oy®  dx# < 025, ) 0 (113)
oLt d (oLht
- =0. 114
dye  dan (823’H> 0 (114)

Given a L1, the Poincaré -Cartan form is given by

Opc = LM w + 01N Qo + 01 N QU (115)
where
oLyt
Qo Y 116
o= (116)
1,1
an =279 (117)
Bzﬁ‘,y
0, = (=)*dz® Ao AdEF A LA dDD (118)
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Given @};é on J(JY(E)) the modified Hamilton functional S'1! is the application of T'(J*(J!(E))) on
R defined by

S (phh) z/ S (119)
P11 (M)
Vel e T(JH(JY(E)))

The Modified Hamilton Principle states that a cross section is critical if and only if

(681 pra (X1 = / Lx110p5 =0 (120)
11 (M)

vXLl e (T (JHJIYE)))
The critical sections are thus the solutions of

ix11dO PG| 11 = 0 (121)

from where the system of equations which come from the coefficients of X 5{” and X [f, read respectively:

0 oLM (aye N\ 9 9Lt (dyy
028, 075 <8x _> "o, o (ax —> =0 (122)
0 oL (oy” o oLYt [0y

925, 9o ) T g8 Fgn o) =0 12
s (o =)~ oy g, (o =) =0 o

When this system admits the trivial solution (regularity condition for £1:1), the 1-jet prolongation condition
is satisfied, and then the remaining equations (from the coefficients of X¢ and X respectively)

1,1 1,1 1,1 Ié] 1,1 B
_d (0L 0L O (L) Oy a9 (OL) (0 s\ g (104
dzt \ 922, dyg  Oyg \ 9z, Oxr TH oy \ 825, Ozt o

1,1 1,1 1,1 B 1,1 B
(et partt o (ot oy Y o (00NN (2 s\ o
dzt \ 0z9, dy>  Oy> \ 9z, oxr  TH oy~ \ 825, Oz T
reproduce the Euler-Lagrange equations of the Ordinary Hamilton Principle and thus both principles are
equivalent.
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