DISPERSION RELATIONS IN THE HISTORICAL ASPECT

Yu.S.Vernov

Institute for Nuclear Research of Russian Academy of Sciences, Moscow, Russia

Forty years ago N.N.Bogoliubov proved dispersion relations (DR) for πN elastic scattering amplitude [1]. Earlier DR have been formulated in papers of Gell-Mann, Goldberger, Thirring, Miyazawa, Nambu and Oehme [2-5].

But only after Bogoliubov’s work it was recognized that DR (or more generally analyticity of an elastic scattering amplitude in s plane) are the fundamental properties of a scattering amplitude.

On the one hand DR allow us to check axioms that underlie quantum field theory (QFT),on the other hand they are a very effective tool for the investigation of elementary particle scattering.

DR show that axiomatic approach in QFT is very important not only as consistent and rigorous method in QFT, but also as a way to obtain nontrivial physical results.

In fact, analyticity of a scattering amplitude means:

1. the existence of correlations between low and high energies elementary particles physics;

2. the connections between the behavior of scattering amplitudes at physical and nonphysical s and t;

3. the connection between the behavior of the scattering amplitudes of particle and antiparticle, especially at high energies ;

4. the relations between the behavior of real and imaginary parts of the scattering amplitudes. Without analyticity real and imaginary parts of a scattering amplitude can be regarded as two independent functions.

Besides, analyticity in s plane is crucial for the derivation of many rigorous bounds on scattering amplitudes.

Why analyticity is such a nontrivial phenomena?

Why we can’t simply admit it at the very beginning as we admit the continuity properties, the existence of the necessary number of derivatives and so on?

Very simple example can clarify this point. Let’s consider the function

F (s) = +∞∫ −∞ e^{isx}F (x)dx.

In accordance with Lehmann-Zimmermann-Symanzik reduction formulae a scattering amplitude has the similar form, only F (x) is integrated over 4 dimensions. Let’s suppose that the integral is meaningful at complex s = s_1 + is_2 as well. But exp(−s_2x) grows fast at s_2 > 0 and x < 0 (as well as at s_2 < 0 and x > 0). So we have no arguments for the existence of this integral and, consequently, for the direct extension of a scattering amplitude on such s.

It is necessary to stress that in spite of the fact that analyticity is a direct consequence of causality and other general principles of QFT the proof of analyticity is very complicated (only in the case t = 0 the proof can be sufficiently simplified, but even in this case the proof includes a few subtle points).

After the first papers the method of DR was developed in many directions. Let’s mentioned some of them:

1. The proof of DR for various amplitudes; 2. The generalization of mathematical methods;

3. The extension of the region of values of t, for which analyticity in s has been proved;

4. The derivation of the new relations which are rigorous consequence of analyticity (various sum rules, integral relations between real and imaginary parts of a scattering amplitude, logarithmic DR);

5. The derivations of many rigorous constrains on the behavior of scattering amplitudes, especially at high energies:

i) Pomeranchuk type theorems, ii) Connections between the behavior of real and imaginary parts of the symmetric elastic scattering amplitude,

iii) Upper and lower bounds on scattering amplitudes.

Unfortunately I have no time to speak about such important directions in theory of DR and topics related to them as: 1. DR for partial amplitudes, 2. DR and low energy physics of hadrons, 3. Dual models, Veneziano model and many others, 4. ”Derivative” DR, 5. DR in non-local theories, 6. . . .

Now let’s consider the directions mentioned above.

First of all I would like to stress that it is impossible to refer to all important papers in this field and I apologize that the list of references is not full.

DR for various processes were obtained in the papers of Bogoliubov and Shirkov [7], Logunov, Soloviev, Tavkhelidze, Bilenkij [8-11], Okubo, Polivanov, Chew, Goldberger, Low, Nambu, Jin and Todorov [12-16].

DR for decay processes were obtained by Goldberger and Treiman [17], Todorov and Khrustalev [18].

Very important step in this direction was done when Logunov obtained DR for inelastic (for instance, 2-3 particles) processes [19]. This work gave rise the study of inelastic processes and then inclusive processes in the frames of axiomatic field theory (Logunov, Mestvirishvili, Petrov and their collaborators, see, e.g. [20]).

Analytical properties of 3 − 3 and n − m scattering amplitudes were investigated in [21-23].

The mathematical methods were developed in papers of Bogoliubov, Vladimirov, Logunov, Medvedev, Polivanov [24-28]. The detailed proof of DR made in the book of Bogoliubov, Medvedev, Polivanov [29]. Others proofs of DR are due to Oehme [30], Symanzik [31], Bremermann, Oehme, Tailor [32], Lehmann [33]. In the last paper the analyticity in t variable has been also proved.

The further expansion of the validity of DR were obtained by Hepp [34] and especially by Bros, Epstein and Glaser [35], who proved that scattering amplitudes are analytical functions of s at all t, but the domain of analyticity is smaller. Such domain of analyticity implies the validity of so called ”quasi-dispersion relations”, which contain additional integral in complex s plane.

Various applications of scattering amplitude analytical properties can be illustrated by the simple example as follows.

Let F (s) be a function analytical everywhere excluding the cut (1, ∞). (In reality the scattering amplitude has also a left cut, but this fact doesn’t change the conclusions given below). In this case analyticity implies for s outside the cut:

F (s) = 1 π ∞∫ 1 ImF (s^′)ds^′ s^′ − s

. (1)

We recall that F (s − iϵ) = F^∗(s + iϵ). Eq.(1) is valid if F (s) → 0 at |s| → ∞. In the real case in accordance with Froissart-Martin bound [36,37]

|F (s)| < π m^2_π sln^2 s s_0 (2) only the weaker condition is fulfilled, namely

F (s)/s^2 → 0, s → ∞. (3)

This condition is also valid at complex s in view of Phragmen-Lindelöf theorem (see, e.g. [38]). Thus eq.(1) is valid for the function [F (s) − F (0) − F^′(0)s] /s^2:

F (s) = F (0) + F^′(0)s + s^2 π ∞∫ 1 ImF (s^′)ds^′ s^{′2}(s^′ − s)

, (4)

The relations at s > 1 directly follow from (1) (or (4)) when Ims → 0.

ReF (s) = 1 π P ∞∫ 1 ImF (s^′)ds^′ s^′ − s

, (1^′)

ReF (s) = F (0) + F^′(0)s + s^2 π P ∞∫ 1 ImF (s^′)ds^′ s^{′2}(s^′ − s)

, (4^′)

where ”P” denotes the principal value of the integral.

To exclude unknown constants F (0) and F^′(0) it is sufficient to consider proper combination of DR. After trivial calculations we come to the relation

Φ(s_1, s_2, s_3) = 1 π P ∞∫ 1 ImF (s^′)ds^′ (s^′ − s_1)(s^′ − s_2)(s^′ − s_3)

, (5)

where

Φ(s_1, s_2, s_3) =

ReF (s_1) (s_1 − s_2)(s_1 − s_3) + ReF (s_2) (s_2 − s_1)(s_2 − s_3) + ReF (s_3) (s_3 − s_1)(s_3 − s_2) . The dispersion integral in (5) contains the integration over very high (unattainable by experiment) energies. To get over this difficulty one has to take into account that according to optical theorem ImF (s) > 0 at s > 1, and thus the sign of nonobservable part of the integral in (5) is positive. It gives the possibility to replace DR by finite energy inequalities which are valid independently on total cross section high energy behavior. Besides in accordance with bound (2) the unknown part of dispersion integral is of little importance if we consider DR at energies much lower than maximal energies attainable by experiment. In the most important case of πN elastic scattering such part has been rigorously estimated from above [39]. In principle it is possible to construct DR which contain integral convergent faster than in (5). To do this it is sufficient to consider DR for Φ(s_1, s_2, s_3) − Φ(s_1, s_2, s_4). The proper choice of DR connects with the inaccuracy of experimental data. All tests of DR showed their correctness for hadron scattering amplitudes.

Let’s point out that DR can be also used for the estimation of integrals over very high energies.

Very important consequence of analyticity is the existence of various sum rules. The first sum rules (finite energy sum rules) have been derived in paper of Logunov, Soloviev and Tavkhelidze [40].

Any sum rule can be obtained in such a way. Let’s consider ∫ C ρ(s)F (s)ds, where ρ(s) is an entire function, contour C consists

of segments (1 + i0, s + i0), (s − i0, 1 − i0) and circle with center in 0 and radius s, s is an arbitrary physical energy. Taking into account Cauchy theorem we obtain that_s ∫ 1 ρ(s)ImF (s)ds = −Im ∫ ◯ ρ(s)F (s)ds (6)

if Imρ(s) = 0 at s > 1.

At high but finite energies a scattering amplitude is a smooth function. So we can with sufficient confidence continue it from physical s to complex s and calculate the integral over the circle. If F (s) has a resonance between 1 and s, then left side of sum rules in main is determined by this resonance and sum rules give us the possibility to predict the parameters of resonances from the knowledge of high-energy behavior of the scattering amplitude and vice versa.

The choice ρ(s) = s^n leads to finite energy sum rules.

The choice ρ(s) = exp(^{−s}_{s0} ) leads to Borel sum rules (in this case we can put s = ∞). Borel sum rules were obtained in the paper of Shifman, Vainshtein and Zakharov [41] by another way. Finite energy and Borel sum rules were widely used in QCD (Krasnikov, Kuzmin, Matveev, Tavkhelidze et al. [42-46], Shifman, Vainshtein, Zakharov, Voloshin et al. [41,47], Bertlmann, Launer and Rafael [48], Narison [49] etc., see also review [50]).

The choice ρ(s) = exp(^{−s}_{s0} )^n leads to rapidly convergent sum rules (Vernov [51], Bertlmann, Launer and Rafael [48] (case n=2)). The properties of the latter sum rules have been investigated in papers of Fischer and Kolář [52]. General properties of Borel sum rules were considered in papers of Vernov and Mnatsakanova [53], Enkovszky and Struminsky [54].

Another possibility is to use relations between integrals of real and imaginary parts of the scattering amplitude.

Let us consider_{s2} ∫ s_1

ρ(s)ReF (s)ds,

where s_1 and s_2 are arbitrary. Using DR (for simplicity eq.(1^′)) we come to the relation:_{s2} ∫ s_1

ρ(s)ReF (s)ds = 1 π ∞∫ 1 ImF (s^′)ds^′P

s_2∫

s_1

ρ(s)ds s^′ − s . The attractive feature of this kind relations (especially important for theoretical investigations) is the substitution of the pole singularity in DR by more smooth (usually logarithmic) one. Relations of this kind were derived and investigated in papers of Vernov and Mnatsakanova [55] and Grunberg and Truong [56]. The properties of various integrals of scattering amplitudes were studied in papers of Fischer and Kolář [57], Lomsadze [58] and cetera.

DR were obtained not only for F (s), but also for some functions of F (s). The interesting example is DR for lnF (s) - LDR (Jin and McDowell [59], Odorico [60], McClure and Jorna [61]). They can be derived as according to Jin and Martin result [62] F (s) has no more than two zeroes. The last fact is the direct consequence of analyticity and positiveness of ImF (s). Indeed, if eq.(1) is satisfied then it is evident that F (s) has no zeroes at s < 0. If s = s_1 + is_2, then

ImF (s) = s_2 π ∞∫ 1 ImF (s^′)ds^′ (s^′ − s_1)^2 + s^2

≠ 0.

Thus F (s) has no zeroes in the domain of analyticity. General case can be easily reduced to considered one. In fact, if F (s) has two zeroes, for instance, at real points α and β, then f(s) =^{F (s)}_{(s−α)(s−β)} satisfies eq.(1) and so has no zeroes.

Let’s point out that owing to positiveness of ImF (s) δ(s) - phase of F (s) - satisfies the double inequality 0 ≤ δ(s) ≤ π. (7)

So the integral in LDR rapidly converges and the upper bound on unknown part of this integral can be easily obtained.

In fact lnF (s) satisfies the condition

lnF (s) s → 0. (8)

Thus only one subtraction in LDR is necessary. The condition (8) follows on the one hand from bound (2) and on the other hand from the lower bound on F (s, 0) derived by Jin and Martin [62]. The mentioned bound (refined by Wit [63]) is:

|F (s)| > Cs^{−2} at s → ∞. (9)

To prove this inequality it is sufficient to consider ∫ C F (s)s ds, where contour C consists of real axis and semicircle in upper half-plane. Assuming that F (s)s^2 → 0 at s → ∞ and applying Cauchy theorem we come to the conclusion: ∞∫ 1 ImF (s)s ds = 0.

Thus σ_{tot}(s) = 0 at all s. Ineq.(9) is proved, but one comment is needed. In fact, ineq.(9) as well as other rigorous bounds is valid only at some sequence of s_i, (s_i → ∞ at i → ∞). Under very reasonable (not rigorous) restrictions on the possible oscillations of an amplitude they can be extended for all asymptotic energies.

Let’s stress that lower bounds are interesting in itself. They belong to rigorous restrictions on a scattering amplitude the existence of which crucially depends on the analyticity of F (s, t) in s plane.

Other very important examples of such bounds are ”Pomeranchuk type” theorems. In accordance with crossing symmetry :

F^+(s, t) = F^−(u, t) (10),

F^+(s, t) is an elastic scattering amplitude of a particle, F^−(u, t) is an elastic scattering amplitude of an antiparticle on the same target. At high energies s ≈ −u. The behavior of an analytical function at s → ∞ is tightly connected with its behavior at s → −∞. (We restrict ourselves only to asymptotic case).

So analyticity of the scattering amplitude gives rise very nontrivial relations between F^+(s, t) and F^−(s, t). The first result was obtained by Pomeranchuk [64]. He proved that if σ^+_{tot}(s) → C^+ and σ^−_{tot}(s) → C^−,

then C^+ = C^−

if only 1 lns ReF^+(s) ImF^+(s)

→ 0 at s → ∞.

Generalizations of this result were obtained in many papers (Sugawara, Kanazawa [65], Weinberg [66], Meiman [67], Amati, Fierz, Glaser [68], Martin [69], Eden [70], Wit [71], Logunov, Mestvirishvili and Volkov [72], Cornille and Martin [73], Roy and Singh [74], Vernov and Mnatsakanova [75], Grunberg and Truong [56] Truong and Lam [76], Fischer and Kolář [57], Lomsadze et al. [77] and so on). There are detailed reviews of ”Pomeranchuk type” theorems in papers of Logunov, Mestvirishvili and Khrustalev[38] and Fischer [78].

Different variants of ”Pomeranchuk type” theorem can be uniquely obtained as follows.

For simplicity let’s suppose that

F^+(−s + iϵ) = (F^−)^∗(s + iϵ). (11)

Thus F_a(−s + iϵ) = −F^∗_a (s + iϵ), (11^′),

where F_a(s) ≡ F^+(s) − F^−(s). In reality these equalities are valid if we substitute s by w = s − m^2 − M^2 (m and M are masses of scattered particles) and consider F (w). Evidently difference between s and w is negligible at s → ∞. Let’s assume that | F_a(s) |< s(lns)^γ , s → ∞, γ > 0. (12)

Inequality (12) is also valid for all complex s if |s| → ∞ in accordance with Phragmen-Lindelöf theorem:

| F_a(se^{iφ}) |< s(lns)^γ, s → ∞, γ > 0. (12^′)

Let’s consider

∫_{Fa(s}′_{)ds}′

s^{′2} over the contour which consists of segments (−s, −s0),

(s_0, s) and two semicircles in upper half plane with center in zero and radiuses s_0 and s. Owing to eq.(11), Cauchy theorem implies the relation: s∫ s_0

Δσ(s^′)ds^′

s^′

= −i π∫ 0 F_a(se^{iφ})dφ se^{iφ}

+ C(s_0). (13)

where Δσ(s^′) ≡^{ImFa(s′)}_{s′} and C(s_0) denotes the integral over semicircle with radius s_0. From inequality (12^′) the integral in right part of eq. (13) can be easily estimated from above and thus_s ∫ s_0

Δσ(s^′)ds^′

s^′

< π(lns)^γ. (14)

Inequality (14) implies the existence of the sequence s_i (s_i → ∞ at i → ∞) such that Δσ(s_i) < γπ(lns)^{γ−1}. (15)

According to ineq.(2) γ ≤ 2, thus in all cases Δσ(s_i) < Clns.

Evidently if γ < 1 Δσ(s_i) → 0 at s_i → ∞. By the same way it is easy to see that Δσ(s_i) → 0 under the weaker condition^{Fa(s)}_{s lns} → 0 at s → ∞ (Martin [69]). From ineq.(15) it follows that either Δσ(s) = 0 infinitely many times at high energies or Δσ(s) at ”almost all” high energies satisfies ineq.(15). Let’s point out that only analyticity of F (s) in upper half plane without semicircle of arbitrary radius s_0 is essential for the validity of the statement. In particular, it means that ”Pomeranchuk type” theorems are valid for NN scattering. Ineq.(15) is a consequence of analyticity and additional condition (12).

The new important restrictions on Δσ(s) can be obtained if one use in addition some consequence of unitarity and analyticity in t plane.

Results of this kind were obtained in the paper of Logunov, Mestvirishvili and Volkov [72] who used essentially the rigorous upper bound on^{ReF ±(s)}_{ImF ±(s)} , which follows from unitarity and analyticity in t plane. According to Logunov, Mestvirishvili and Volkov results σ^+_{tot}(s) and σ^−_{tot}(s) at s → ∞ only simultaneously either grow to infinity or tend to zero or are bounded by some constants from above and from below.

Besides in the most important case when total cross sections are unbounded

σ^+_{tot}(s) σ^−_{tot}(s)

→ 1. (16)

The same result has been obtained by Eden [70] in case of σ^±_{tot}(s) ∼ (lns)^m. In papers of Grunberg and Truong [56] it have been proved that for unbounded total cross sections^{σ+tot(s)−σ−tot(s)}

σ^+_{tot}(s)+σ^−_{tot}(s) → 0 in average. In fact if only σ ± tot(s) do not tend fast (as

some power of s) to zero, then eq.(16) is valid in all cases when^{ReF +(s)}_{ImF +(s)} is bounded from above at s → ∞. If | | | ReF^+(s) ImF^+(s) | | | → ∞ then

ReF^+(s) ReF^−(s)

→ −1

(Vernov, Mnatsakanova [79]). So we come to the conclusion that^{σ+tot(s)}_σ−_{tot(s)} → 1 for the wide class of possible (and in fact realistic) behavior of σ^±_{tot}(s).

It is very interesting that analogous condition for differential cross sections proved by Logunov, Nguyen van Hieu, Todorov and Khrustalev [80], van Hove [81] and Meiman [82]: | | | F^+(s, t) F^−(s, t) | | | → 1 at s → ∞ (17)

is fulfilled for almost arbitrary behavior of F^±(s, t). The only additional condition which is necessary relates with the possibility that F^±(s, t) may have infinite number of zeroes. At t = 0 (precisely at t such that t lns → 0) the necessary restriction of the number of the scattering amplitude zeroes are fulfilled an so for such t eq.(17) can be proved without any additional assumption (Kinoshita [83], Vernov [84]).

Ineq.(15) shows under what conditions Δσ(s) → 0. At modern energies Δσ(s) tends to zero sufficiently fast (as some power of s). So it is important to find under what conditions such behavior of Δσ(s) is realized. The necessary conditions have been obtained in [38,67] and [85]. The result is that Δσ(s) tends to zero as some power of s if | |^{ImFa(s)}

ReF_a(s) | | is bounded from above at s → ∞.

Other theorems for fast vanishing of Δσ(s) were obtained in [38] and [57]. Let’s point out that those ”Pomeranchuk type” theorems which are obtained without using unitarity are, in fact, the consequences of the connection between the behavior of real and imaginary parts of antisymmetric amplitude.

The similar relations for symmetric amplitude, i.e. for sum of particle and antiparticle amplitudes, were first obtained in papers of Khuri and Kinoshita [86] and then were studied by many authors [38,56,59,77,87,88] etc.

DR exist not only for F (s, t), but for all^{dnF (s,t)}_{dtn} as well, t is physical inside the domain of F (s, t) analyticity. This important result has been proved by Martin [89].

Moreover the number of subtractions in DR for F (s, t) and its derivatives is the same. Thus, if F (s, t) satisfies eq.(1) (for simplicity we consider only this case) then

d^nF (s, t) dt^n = 1 π ∞∫ 1 d^nA(s, t)

dt^n ds^′ s^′ − s

, (18),

where A(s, t) ≡ ImF (s, t).

Eq.(18) is of decisive importance in an enlargement of F (s, t) domain of analyticity in t plane from Lehmann to Martin ellipse. The most important step in such enlargement is the proof of the follows statement (Martin [89]):

Let F (s_0, t) be an analytical function of t in some circle with center in zero and radius t_0. Then F (s, t) is an analytical function of t in the same circle at arbitrary s. The proof follows directly from (18). For simplicity let’s consider s_0 < 1 and s outside of the cut.

In accordance with the supposition made above the Tailor set^∞ ∑ 0 1 n! d^n F (s_0,t) dt^n | |_{t=0}

converges if |t| ≤ t_0. But in view of (18) | | | d^nF (s, t) dt^n | | |_{t=0} < μ(s)

d^nF (s_0, t) dt^n | | |_{t=0} ; μ(s) = max | | | s^′ − s_0 s^′ − s | | | at 1 ≤ s^′ ≤ ∞.

(19) Indeed, | | | d^nF (s, t) dt^n | | |_{t=0} ≤ 1 π ∞∫ 1

| | | s^′ − s_0 s^′ − s | | | d^nA(s^′, t) dt^n | | |_{t=0}

ds^′ s^′ − s_0 . Let’s recall that owing to unitarity^{dnA(s′,t)}_{dtn} | |_{t=0} > 0, this statement follows directly

from the expansion of F (s, t) in Legendre series and the unitary condition for partial amplitudes.

It is evident that condition (19) is sufficient for the proof that^∞ ∑ 0 1 n! d^nF (s,t) dt^n | |_{t=0}

converges at arbitrary s.

Let’s recall that if t > 0 belongs to Lehmann ellipse, then t ∼^1_s at s → ∞. The necessary analyticity of F (s_0, t) has been proved by Bros, Epstein and Glaser [35]. It is easy to see that analyticity in the above mentioned circle implies the analyticity in the ellipse with focuses in points corresponded to the forward and to the backward scattering and the extreme right point t_0. Let’s recall that in reality t_0 = 4m^2_π. (Sommer [90], Bessis and Glaser [91]).

It is of great importance that validity of DR at t = 0 leads to their validity inside Martin ellipse, what is more in accordance with the result of Jin and Martin [92] the number of subtractions (if even) remains the same.

Now let’s turn to upper bounds on F (s, t). The most important example of this kind of bounds is Froissart-Martin bound (2). It is remarkable that only extremely weak condition for possible F (s, t_0) growth is necessary to obtain such bound.

Indeed, in paper of Logunov, Nguyen van Hieu and Todorov [93] it has been proved that under the usual Froissart arguments

|F (s, 0)| < C s^{n+1} t_0

(20)

if |F (s, t_0)| < exp(sn). (21)

Ineq. (20) implies that at least n + 2 subtractions are needed in DR for F (s, 0), so at least n + 3 (if n is odd) - in DR for F (s, t_0).

So we have obtained the new bound on F (s, t_0):

F (s, t_0) s^{n+3}

→ 0. (22)

The consequence of this condition is bound (2), in which^π_{m2π} is replaced by

4(n+2)π

t_0 . The final bound (2) derived by Łukashúk and Martin [37] follows from the

fact that in view of the same arguments^{F (s,t)}_{s2} → 0 at s → ∞, (t < t_0) and so in fact n = −1 in eq. (22).

Let’s stress that only the convergence of

∫_∞ 1 A(s,t)ds s^3 is necessary for the validity of

the asymptotic bound (2). What is more the slightly stronger bound (s_0 is replaced by (lns)^{32} ) is valid (see the second paper in [74]). For the existence of finite energy upper bounds it is necessary to have the additional restriction on this integral, namely:_∞ ∫ 1 A(s, t_0)ds s^3

< C, (23)

where C is some known constant.

Let’s recall that A(s, t_0) > 0 owing to unitarity. Thus

s_2∫

s_1

A(s, t_0)ds s^3

< C, (23^′)

where s_1 and s_2 are arbitrary points.

Ineq.(23^′) implies the existence of upper bounds for various integrals of A(s, 0) over interval (s_1, s_2) or by the low of the mean the existence of the upper bound on A(s, 0) in some points inside (s_1, s_2).

The first bound of such kind for πN scattering was obtained by Ynduráin [94], who used the connection between the integral in (23) and D-wave scattering length in t channel. The various bounds of this kind were obtained in [95-97]. In paper [98] it has been proved that at high but finite energies bounds of this kind have the same functional form as Froissart–Martin bound.

Very interesting consequence of analyticity, unitarity and crossing symmetry is the existence of absolute (that is numerical) bounds for π^0π^0 elastic scattering amplitude. The first bound of this kind was derived by Martin [99]. The improved bounds were obtained in paper of Łukashúk and Martin [37] and then in papers [100-104]. Above mentioned bounds are bounds in nonphysical region, where |s| < 4m^2_π, |t| < 4m^2_π and |u| < 4m^2_π. As it has been shown by A.Martin [99], such bounds in fact imply the restrictions on the physical amplitudes, namely, on the integrals of the scattering amplitude over all physical region.

At any physical energy the upper bound on π^0π^0 total cross section without unknown or phenomenological constant has been obtained by Mnatsakanova and Vernov [105]. This bound is the consequence of analyticity in s plane and the above mentioned absolute bounds.

In conclusion let’s briefly consider the status of DR in gauge theories. Two problems arise when we try to extend the usual methods of proving DR on gauge theory, say QCD. The first problem is related with the fact that in covariant gauges the underlying space is not Hilbert one but indefinite metric space. The second is related with confinement. Nevertheless as it was proved in series of Oehme’s papers [106] under some additional but very natural assumptions it is possible to prove that DR remain hold for gauge theories.

I am deeply thankful to M.N. Mnatsakanova for her inspiring and fruitful help at all stages of this paper preparation.

References

[1] N.N. Bogoliubov. Lecture at Int. Congress on Theoretical Physics, Seattle, 1956 (unpublished).

[2] M. Gell-Mann, M.L. Goldberger, W.E. Thirring. Phys. Rev. 95 (1954) 1612. [3] M.L. Goldberger, Phys. Rev. 99 (1955) 979.

[4] M.L. Goldberger, H. Miyazawa, R. Oehme. Phys. Rev. 99 (1955) 986. [5] R. Oehme, Phys. Rev. 100 (1955) 1503; 102 (1956) 1174. [6] M.L. Goldberger, Y. Nambu and R. Oehme, Ann. Phys. (New York) 2 (1956) 226.

[7] N.N. Bogoliubov, D.V. Shirkov. Dokl. Akad. Nauk SSSR 113 (1957) 529.

[8] A.A. Logunov, A.N. Tavkhelidze, L.D. Soloviev. Nucl. Phys. 4 (1957) 427. [9] A.A. Logunov, A.N. Tavkhelidze. Nuovo Cim. 10 (1958) 943. [10] A.A. Logunov, L.D. Soloviev. Nucl. Phys. 10 (1959) 60. [11] A.A. Logunov, S.M. Bilenkij, A.N. Tavkhelidze. Nuovo Cim. 10 (1958) 953. [12] S. Okubo. Prog. Theor. Phys. 19 (1958) 43.

[13] M.K. Polivanov. Dokl. Akad. Nauk SSSR 26 (1958) 419 (in Russian). [14] G. Chew, M.L. Goldberger, F.E. Low, Y. Nambu. Phys. Rev. 106 (1957) 1337. [15] Y.S. Jin. Nuovo Cim. 12 (1959) 445. [16] I.T. Todorov. Acta Phys. Hung. 19 (1960) 199. [17] M.L. Goldberger, S.B. Treiman. Phys. Rev. 110 (1958) 1178. [18] I.T. Todorov, O.A.

kh Nucl. Phys. 13 (1959) 675.

[19] A.A. Logunov. Dokl. Akad. Nauk SSSR 120 (1958) 501.

[20] A.A. Logunov, M.A. Mestvirishvili, V.A. Petrov. ”Obshcie printcipi kvantovoi teorii polja i vzaimodeistvija adronov pri visokikh energijakh”, in ”Obshcie printcipi kvantovoi teorii polja i ikh sledstvija”, p.183, Nauka, Moscow, 1977 (in Russian).

[21] A.A. Logunov, B.V. Medvedev, M.A. Mestvirishvili, V.P. Pavlov, M.K. Polivanov, A.D. Sukhanov. Teor. Mat. Fiz. 33 (1977) 149 (in Russian).

[22] A.A. Logunov, L.M. Muzafarov, V.P. Pavlov, A.D. Sukhanov. Teor. Mat. Fiz.

40 (1979) 179 (in Russian).

[23] B.V. Medvedev, V.P. Pavlov, M.K. Polivanov, A.D. Sukhanov. Teor. Mat. Fiz.

52 (1982) 163 (in Russian).

[24] N.N. Bogoliubov, V.S. Vladimirov. Izv. Akad. Nauk SSSR, Ser. Mat. 22 (1958) 15 (in Russian);

Nauch. Dokl. Vissh. Shkoli, fiz.-mat. nauki 3 (1958) 26 (in Russian); 2 (1959) 179 (in Russian).

[25] N.N. Bogoliubov, V.S. Vladimirov. ”On some mathematical problems in quantum field theory” in Proc. of the International Congress of Mathematicians, 1958, Ed. Todd A.-NY, Cambridge University Press, p.19.

[26] V.S. Vladimirov, A.A. Logunov. Izv. Akad. Nauk SSSR, Ser. Mat. 23 (1959) 661 (in Russian).

[27] V.S. Vladimirov. Dokl. Akad. Nauk SSSR 134 (1960) 251 (in Russian). [28] V.S. Vladimirov. Izv. Akad. Nauk SSSR, Ser. Mat. 26 (1962) 825 (in Russian).

[29] N.N. Bogoliubov, B.V. Medvedev, M.K. Polivanov. ”Voprosi Teorii Dispersionnikh Sootnoshenii” (Fizmatgiz, Moscow, 1958) (in Russian).

[30] R. Oehme. Nuovo Cim. 10 (1958) 1316. [31] K. Symanzik. Phys. Rev. 105 (1957) 743.

[32] H.J. Bremermann, R. Oehme, J.G. Taylor. Phys. Rev. 109 (1958) 2178. [33] H. Lehmann. Nuovo Cim. 10 (1958) 579. [34] K. Hepp. Helv. Phys. Acta 37 (1964) 639.

[35] J. Bros, H. Epstein and V. Glaser. Nuovo Cim. 31 (1964) 1264;

Comm. Math. Phys. 1 (1965) 240.

[36] M. Froissart. Phys. Rev. 123 (1961) 1053;

A. Martin, Phys. Rev. 129 (1963) 1432.

[37] L.Łukashúk and A. Martin. Nuovo Cim. 52A (1967) 122. [38] A.A. Logunov, M.A. Mestvirishvili, O.A. KhrustalevTeor. Mat. Fiz. 9 (1971) 153 (in Russian);

Particles and Nuclei 3 (1972) 3; 515 (in Russian).

[39] Yu.S. Vernov, M.N. Mnatsakanova and M.S. Chubarov. Teor. Mat. Fiz. 59 (1984) 233 (in Russian).

[40] A.A. Logunov, A.N. Tavkhelidze, L.D. Soloviev. Nucl. Phys. 4 (1957) 427. [41] M.A. Shifman, A.I. Vainshtein and V.I. Zakharov. Nucl. Phys. B147 (1979) 388; 448; 519.

[42] V.A. Kuzmin, A.N. Tavkhelidze and K.G. Chetyrkin, Pisma v Zh. Eksp. Teor.

Fiz. [JETP Lett.] 25 (1977) 456 (in Russian).

[43] V.A. Kuzmin. Proc. Int. Conf. on High Energy Physics, Tbilisi (1976), p.108. [44] K.G. Chetyrkin, N.V. Krasnikov and A.N. Tavkhelidze. Phys. Lett. B76 (1978) 83. [45] N.V. Krasnikov, A.A. Pivovarov and A.N. Tavkhelidze. Preprint CERN TH- 3422, Geneva, CERN (1982).

[46] A.Yu. Ignatiev, V.A. Matveev, A.N. Tavkhelidze, K.G. Chetyrkin and M.E. Shaposhnikov. Proc. Int. Seminar ”Quarks-82”, Sukhumi (1982), p.28.

[47] M.B. Voloshin. Nucl. Phys. B154 (1979) 365.

[48] R.A. Bertlmann, G. Launer and E. de Rafael, Nucl. Phys. B250 (1985) 61. [49] S. Narison and E. de Rafael. Preprint CPT 81/p 1287 (1981). [50] L.J. Reinders et al. Phys. Rep. 127 (1985) 1.

[51] Yu.S. Vernov. Proc. Conf. ”Hadron Structure - 83”, Smolenice, (1983), p.523. [52] J. Fischer and P. Kolář, Preprint BUTP-86/10 (1986).

[53] M.N. Mnatsakanova and Yu.S. Vernov. Proc. Int. Sem. ”Quarks-88”, Tbilisi, (1988), p.201.

[54] L.L. Jenkovszky and B.V. Struminski. Proc. VI Seminar on Problems of High Energy Physics and Quantum Field Theory, Protvino, (1983),2, p.127.

[55] Yu.S. Vernov and M.N. Mnatsakanova. Czech. J. Phys. B26 (1976) 105. [56] G. Grunberg and Tran N. Truong. Phys. Rev. D9 (1974) 2874; Phys. Rev.

Lett. 31 (1973) 63.

[57] J. Fischer and P. Kolář. Phys. Rev. D17 (1978) 2168;

J. Fischer et al. Phys. Rev. D13 (1976) 133.

[58] Yu.M. Lomsadze and Sh.Yu. Lomsadze, Proc.III Seminar on Problems of High Energy Physics and Quantum Field Theory, Protvino, (1980), 1, p.73.

[59] Y.S. Jin and S.W.McDowell. Phys. Rev. 138 (1965) B1279. [60] R. Odorico. Nuovo Cim. LIV A (1968) 96. [61] J.A. McClure and S. Jorna. Nuovo Cim. 67A (1970) 667. [62] Y.S. Jin and A. Martin. Phys. Rev. 135 (1964) B1369. [63] R. Wit. Zh. Eksp.Teor. Fiz. [JETP] 49 (1965) 538.

[64] I.Ja. Pomeranchuk. Zh. Eksp.Teor. Fiz. [JETP] 34 (1958) 725 (in Russian) (Sov. Physics-JETP 7 (1958) 499).

[65] M. Sugawara and A.Kanazawa. Phys. Rev. 123 (1961) 1995. [66] S. Weinberg. Phys. Rev. 124 (1961) 2049.

[67] N.N. Meiman. Zh. Eksp.Teor. Fiz. [JETP] 43 (1962) 2277; 68 (1975) 791 (in Russian).

[68] D. Amati, M. Fierz and V. Glaser. Phys. Rev. Lett. 4 (1960) 89. [69] A. Martin. Nuovo Cim. 309 (19650) 704. [70] R.J. Eden. Phys. Rev. Lett. 16 (1966) 39. [71] R. Wit. Acta Phys. Slov. 23 (1973) 203.

[72] G.G. Volkov, A.A. Logunov and M.A. Mestvirishvili. Teor. Mat. Fiz. 4 (1970) 196 (in Russian).

[73] H. Cornille and A. Martin. Phys. Lett. 40B (1972) 671; Nucl. Phys. 49B (1972) 413.

[74] S.M. Roy and V. Singh. Phys. Lett. 32B (1970) 50 (see also S.M. Roy, Physics Reports 5C (1972) 125.

[75] Yu.S. Vernov and M.N. Mnatsakanova. Teor. Mat. Fiz. 34 (1978) 153 (in Russian).

[76] T.N. Truong and W.S. Lam. Phys. Rev. D6 (1972) 2875. [77] Yu.M. Lomsadze and B.A. Agranovsky. Jad. Fiz. 30 (1979) 754. [78] J. Fischer. Phys. Rep. 76 (1981) 157.

[79] M.N. Mnatsakanova and Yu.S. Vernov. Proc. XIII Seminar on Problems of High Energy Physics and Quantum Field Theory, Protvino, (1991), p.205.

[80] A.A. Logunov, Nguyen Van Hieu, I.T. Todorov and O.A.Khrustalev. Phys.

Lett. 7 (1963) 69; 252; Zh. Eksp. Teor. Fiz. [JETP] 46 (1964) 1079 (in Russian).

[81] L. van Hove. Phys. Lett. 3 (1964) 63.

[82] N.N. Meiman, Zh. Eksp. Teor. Fiz. [JETP] 46 (1964) 1039 (in Russian). [83] T. Kinoshita, Phys. Rev. D2 (1970) 2346.

[84] Yu.S. Vernov, Teor. Mat. Fiz. 4 (1970) 3 (in Russian).

[85] Yu.S. Vernov. Proc. Lebedev Physical Institute, 53 (1971) 102 (in Russian). [86] N.N. Khuri and T. Kinoshita. Phys. Rev. B137 (1965) 720; Phys. Rev. B140 (1965) 706.

[87] R. Wit. Phys. Lett. 15 (1965) 350; TPJU-20/65 Jagellonian University, Cracow, Poland.

[88] Yu.S. Vernov. Zh. Eksp. Teor. Fiz. [JETP] 50 (1966) 672; 53 (1967) 191 (in Russian).

[89] A. Martin. Nuovo Cim. 42 (1966) 930.

[90] G. Sommer. Nuovo Cim. LII (1967) 373; Nuovo Cim. LII (1967) 850. [91] J.D. Bessis and V. Glaser. Nuovo Cim. L A (1967) 568. [92] Y.S. Jin and A. Martin. Phys. Rev. B135 (1964) 1375.

[93] A.A. Logunov, Nguyen Van Hieu and I.T. Todorov. Usp. Fiz. Nauk, 88 (1966) 51 (in Russian).

[94] F.J. Ynduráin. Phys. Lett. 31B (1970) 368. [95] A.K. Common. Nuovo Cim. 69A (1970) 115. [96] R. Blankenbecler and R. Savit. Phys. Rev. D5 (1972) 2757. [97] P. Grassberger and H. Kühnelt. Nucl. Phys. B53 (1972) 125;

P. Grassberger, D. Schwela and H. Kühnelt. Nucl. Phys. B57 (1973) 317. [98] Yu.S. Vernov and M.N. Mnatsakanova. Teor. Mat. Fiz. 52 (1982) 199 (in Russian).

[99] A. Martin. High-energy physics and elementary particles (IAEA, Vienna, 1965), p. 165.

[100] B. Bonnier and R. Vinh-Mau. Phys. Rev. 165 (1968) 1923. [101] J.B. Healy. Phys. Rev. D8 (1973) 1904.

[102] G. Auberson, L. Epele, G. Mahoux and F.R.A. Simaõ. Nucl. Phys. B73 (1974) 314; Nucl. Phys. B94 (1975) 311.

[103] C. Lopez. Nucl. Phys. B88 (1975) 358; Nuovo Cim. Lett. 13 (1975) 69. B96 (1975) 515.

[104] C. Lopez and G. Mennessier. Nucl. Phys. B96 (1975) 515; B118 (1977) 426. [105] M.N. Mnatsakanova and Yu.S. Vernov. submitted to Proc. of St. Petersburg Workshop on HEP&QFT.

[106] R. Oehme. Mod. Phys. Lett. 13 (1993) 1533; πN-Newsletter No.7 (1992) 1.